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The two generator restricted

Burnside group of exponent five

George Havas, G.E. Wall, and J.W. Wamsley

The two generator restricted Burnside group of exponent five is

shown to have order 53lt and class 12 by two independent

methods. A consistent commutator power presentation for the

group is given.

Introduction

In 1902 Burnside [4] wrote "A still undecided point in the theory of

discontinuous groups is whether the order of a group may be not finite

while the order of every operation it contains is finite". This leads to

the following problem, now called the Burnside problem: "If a group is

finitely generated and of finite exponent, is it finite?" This is a very

difficult question so a weaker form known as the restricted Burnside

problem has also been investigated. The restricted Burnside problem is

"Given integers n and r is there a largest finite group B(n, r) with

v generators and exponent n ?" Of course an affirmative answer to the

Burnside problem is automatically an affirmative answer to the restricted

Burnside problem.

Let F be the free group with r generators and let N be the

normal subgroup of Fp generated by all elements x , as in F , then

B(n, r) = F^/N is clearly an r generator group of exponent n . Further

every r generator group of exponent n is a homomorphic image of

B(n, r) so the unrestricted problem may be stated "Are the groups B(n, r)
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finite?" It is known that the groups B(2, r ) , B(3, r), B(k, r) and

B(6, r) are finite. On the other hand Novikov and Adyan [II, 72, 73] have

proved that, for all odd n not less than U38I and all r greater than

1 , B{n, r) is infinite. More recently Adyan [7] has announced that the

bound on n has been reduced to 665 •

For the prime exponent case of the restricted Burnside problem the

relationship between groups and Lie algebras can be utilized because the

(p-l)th Engel relation holds. Kostrikin LSI proved that a Lie algebra of

characteristic p satisfying the wth Engel condition, for m less than

p , is locally nilpotent. Consequently, the restricted Burnside problem is

answered affirmatively for prime exponent.

Even in cases where the Burnside group B(n, r) is known to be finite

or the restricted Burnside group B(n, r) is known to exist, sometimes

little more is known. For example, the orders of B(2, r), B(3, r) and

B(6, r) are known for all r but until recently the order of B{k, r)

has been unknown for r greater than 2 while the order of B(p, r) has

been unknown for all prime p greater than h and r greater than 1 .

Utilizing the relationship between groups and Lie algebras, Kostrikin

[6] showed that 5 3 1 < |B(5, 2)1 2 531f and that B(5, 2) has class at

most 12 by showing that the two generator free Lie algebra of character-

istic 5 satisfying the lfth Engel condition, E(5, 2) , satisfies

5 3 1 - |S(5, 2 ) | S 531f , that the largest class 10 homomorphic image of

E(5, 2) has order 5 3 1 , and that E(5, 2) has class at most 12 .

Later, by purely combinatorial means, Kostrikin [7] determined other bounds

on Engel algebras. For example he showed that the class of ff(7, 2) was

at least 18 and that the largest class 11̂  homomorphic image of E(j, 2)

has order 7 1 0 7 5 , This provides a lower bound for |B(7, 2)| .

Recently Bayes, Kau+sky and Wamsley [3] have determined that the order

of B(k, 3) is 2 6 9 and that the group has class 7 by computing a

consistent commutator power presentation for that group. Work is currently

in progress on computing a consistent commutator power presentation for

B(U, U) (Alford, Havas and Newman [2]).

In this paper we describe the application of Lie algebraic methods and

nilpotent group calculation methods to an investigation of B(5, 2) . We

briefly describe the methods and present a complete multiplication table
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for B(5> 2) in terms of a consistent commutator power presentation.

Lie algebraic methods

The key to the application of Lie algebras to investigation of

restricted Burnside groups is given by the results of Sanov [14] and

Kostrikin [7], Sanov showed that the Lie ring of B(P, *") corresponds

exactly to #(p, *") to class 2p - 2 . Kostrikin extended the result by

showing that for 2 generators the correspondence extends to class 2p .

Krause and Weston [9] and Havas [5] determined that E(5, 2) has

order exactly 53lt and class 12 , in different ways. Krause and Weston

found a matrix representation for £(5, 2) based on Kostrikin's original

calculations while Havas used a general purpose computer program for

calculating Lie algebras to calculate E(5, 2) ab initio. These

calculations alone do not throw significantly more light on B(5, 2) by

virtue of the problem of the correspondence between the Engel algebra and

the associated Lie ring of B(5, 2) at classes 11 and 12 .

The final step was provided by WaI I in an as yet unpublished

refinement to the work described in [?6]. Investigating the correspondence

between the Lie ring, L(p, r) , of B(p, r) and E(p, r) he showed that,

in general, additional relations hold between commutators in £(P, r )

beyond those that hold in £(p, r) . Specifically for p equal to 5,7

and 11 and r greater than 2 he showed that at class 2p - 1 some of

these relations are nontrivial modulo E(p, r) .

What Wai I did in fact was determine certain additional relations which

hold in Lie rings associated with prime exponent groups. Utilizing Hughes'

groups constructions (see Wall [75]) he proved their independence from the

Engel relations in the specific cases mentioned.

WaiI's relations start at weight 2p - 1 and exist at that and higher

weights. For weights up to 3p - 3 WaI I has shown that no further

relations are necessary provided that the distinct Kostrikin symbols of

weight P - 1 less than the given weight are independent in the free Lie

algebra.

The distinct Kostrikin symbols for weights 7 and 8 are independent

in the two generator free Lie algebra over GF(5) • This is proved by

Kostrikin [7] and can also easily be seen from Havas' computations.
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I t follows that the addition of Wall's relat ions to £(5, 2) wil l

give £(5, 2) . The re la t ions are as follows.

Wall defined a par t icu la r associative polynomial f(x, y) , comprising

monomials of weight 8 over GF(5) > containing 70 terms. If

fix, y) = Z.fc.*. . . . t we denote ! . * . ( . . . (a, t . ) , . . . , t . J by

[s | /(a;, y)] . Denoting the generators of 2?(5, 2) by 1 and 2 , the

add i t i ona l r e l a t i o n s holding in £ ( 5 , 2 ) beyond those holding in £ ( 5 , 2)

a re

[((2, 1), l) | / ( I , 2)] = 0 ,

[((2, 1), 2) | / ( I , 2)] = 0 ,

[(((2, 1), l ) , 2] | / ( I , 2)] = 0 .

These relations were determined by Havas1 program and found to be trivial.

It follows that the associated Lie ring of B(5, 2) is S(5, 2) , whence

our result.

Nilpotent group computation methods

MacdonaId [70] and Wamsley [7 7] have developed algorithms which, given

a presentation of a group G and a positive integer a , construct the

largest nilpotent of class c quotient group of G . The treatment here

is based upon Warns ley's method.

Starting with a finite presentation of a group

Wamsley describes a method for computing a consistent commutator power

presentation for the largest nilpotent class a quotient group G/G

A commutator power presentation is a presentation of the form

«„ 14* - ̂ r*1'^21 - <"•"'.
j ' ^J j+1 ,7+2 n ' I

( D. / . . > , , , \

Z. CXIT. t -+l) d(t- ,w)
(2. = a . . . . a to

occur for each £ .
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Given such a presentation for G any element of G can be written in

171 171 TU

the form a a ... a , with 0 5 m. < p. if a power relation exists
X £- Yl %/ Is

for i . This is the normal form. A commutator power presentation is

consistent if each element of G can be written uniquely in the normal

form.

The method is used in the following way. A consistent commutator

power presentation for G/G' is computed by abelianizing the relations of

the presentation for G . If a , ..., a, is the generating set for G/G'
1 u

then n - I relations define a7 , ..., a in terms of a , ..., a7 .

The other relations are called nondefining.

Suppose a consistent commutator power presentation as above is

available for G/G . The process is continued in the following way. New

generators a , a , ... , one for each nondefining relation, are added.

For example the sth nondefining relation, say

ra a -i = aB(j,i,j+l) 6(«/,i,
L j ' £J j+l j+2

would become

This is a commutator power presentation for a maximal class c t

generator extension of G/G . It remains to make this presentation

consistent, then a presentation for G/G .

Warns ley describes a collection process which will convert a word in

the a^'s to a word in the normal form in a finite number of steps. He

defines an equation to be consistent relative to a presentation if

collection of the left hand side yields the same as collection of the right

hand side. Then he proves that a commutator power presentation is

consistent if and only if the following equations (where brackets indicate

order of collection) are consistent:

( 1 ) (akaj^ai = alSaoai) ' l 5 i < J < f e 5 " >
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(2) [aka.)af ' = ak[af] , 1 5 j < k 5 „ ,

(3) [ak
k]a. = ak[al

k~\] , 1 < j < * « n .
Equations (2) and (3) are only required when power relations exist for a.

3
and a, t respectively.

The presentation for the extension of G/G is forced to be

consistent by solving these consistency equations. Since the presentation

for G/G was consistent this results in power relations for some of the

a , a These relations are echelonized. Those with p. not

equal to 1 are retained in the new presentation while any redundant a.

(p. equal to 1 ] are eliminated by substitution.

Finally, if G = <a , ..., a, | R = R = ... = H = 1> , the last

step is to ensure that the equations R. = 1 are consistent relative to
1s

the commutator power presentation.

At this stage the process yields a consistent commutator power

presentation for G/G .

Bayes, Kautsky and Wamsley [3] implemented Warns ley's method for

machine computation. They found it convenient to restrict the scope of the

program to p-groups so that they could extend G/G by a series of
G

extensions by elementary abelian p-groups, rather than by a full class at

a time.

The consistent commutator power presentation for B(5» 2) given below

was computed using essentially that program.

A c o n s i s t e n t commutator power p r e s e n t a t i o n f o r B ( 5 , 2)

We denote the basic generators of B(5, 2) by 1 and 2 , and the

additional generators introduced by 3 to 3*+ • For brevity we omit the

power relations (which specify that each generator has order 5 ) and those

commutator relations that specify that a commutator is trivial. For

convenient reference we also list the defining commutator relations
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s e p a r a t e l y .

The r e l a t i o n s which def ine commutators 3 t o 3h a r e :

3 = [2 , 1 ] , k = [ 2 , 1 , 1 ] , 5 = [2 , 1 , 2 ] , 6 = [2 , 1 , 1 , l ] ,

7 = [ 2 , 1 , 2 , 1 ] , 8 = [2 , 1 , 2 , 2 ] , 9 = [ 2 , 1 , 2 , 1 , l ] ,

10 = [2 , 1 , 2 , 2 , 1 ] , 11 = [2, 1 , 2 , 1 , 1 , 1 ] , 12 = [2 , 1 , 2 , 1 , 1 , 2 ] ,

13 = [ 2 , 1 , 2 , 2 , 1 , 1 ] , lit = [ 2 , 1 , 2 , 2 , 1 , 2 ] ,

15 = [ 2 , 1 , 2 , 1 , 1 , 2 , 1 ] , 16 = [ 2 , 1 , 2 , 2 , 1 , 1 , 1 ] ,

17 = [2 , 1 , 2 , 2 , 1 , 1 , 2 ] , 18 = [ 2 , 1 , 2 , 2 , 1 , 2 , l ] ,

19 = [2, 1, 2, i , 1, 2, 1, 1 ] , 20 = [2, 1, 2, 2, 1, 1, 2, l ] ,

21 = [2, 1, 2, 2, 1, 2, 1, 1] , 22 = [2, 1, 2, 2, 1, 2, 1, 2 ] ,

23 = [2, 1, 2, 1, 1, 2, 1, 1, 1 ] , 2U = [2, 1, 2, 2, 1, 1, 2, 1, l ] ,

25 = [2, 1, 2, 2, 1, 2, 1, 1, 1 ] , 26 = [2, 1, 2, 2, 1, 2, 1, 1, 2 ] ,

27 = [2, 1, 2, 2, 1, 2, 1, 2, 1 ] , 28 = [2, 1, 2, 2, 1, 2, 1, 2, 2 ] ,

29 = [2, 1, 2, 2, 1, 1, 2, 1, 1, 1 ] , 30 = [2, 1, 2, 2, 1, 2, 1, 2, 1, l ] ,

31 = [2, 1, 2, 2, 1, 2, 1, 2, 2, l ] , 32 = [2, 1, 2, 2, 1, 2, 1, 2, 1, 1, l ] ,

33 = [2, 1, 2, 2, 1, 2, 1, 2, 2, 1, l ] ,

3*t = [2, 1, 2, 2, 1, 2, 1, 2, 2, 1, 1, 1] .

The nontrivial commutator relations are:

[2, 1] = 3, [3 , 1] = k, [3 , 2] = 5, [!», l ] = 6,

[It, 2] = 7.92.10.111\12.133.l1t.l5.l62.17.l82.193.212.22lt.23.2!+3.26'(.

303.313.32.3*t,

[h, 3] = 93.11.12\l32.15.173.l83.19' t .20' t .2l ' t .22' t .232.2lt2.252.26\

27".292.302.32.33'1,

[5, 1] = 7, [5, 2] = 8,

[5, 3] = 10lt.13.11*lt.15.172.19.202.21.222.23.2lt2.252.263.27.29.302.

312.323.33,

[5, h] = 12.132.15^.l63 .173. l8\ l9u .20\21.233.2l t .252.26\273.293.

30\32V33,

[6, 1] = H3.l63.192.232.2lt.252.262.292.30'\31.323.332.3lt2,

[6, 2] = 93.H3.122.132.152.l62.17.l82.192.22.232.253.272.293.312.32".

333.3U,

[6, 3] = ll3.15".l62.203.213.2l+3.253.27't.293.323.333,

[6, k] = 192.23^.2l*\25V29.302.322.3U,

[6, 5] = 15.l62.19*.2l\2lt\262.27.29' t .302.313.32\33.3>t3, [7, l ] = 9,

[7, 2] = 102.12.132.l>t2.l6.172.l83.19.20\21.23'1.2lt.28't.292.303.323.333.3l»\
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[7, 3] = 12*.132.15*.l6*.172.193.202.21.253.26*.27*.292.30*.312.323.33,

[7, U] = 152.l6'*.19''.203.213.233.25.262.27.29.313.32't.333.3UIt,

[7, 5] = 172-l8.202.212.222.2l»3.263.29.30.33",

[7, 6] = 19".23.2U3.3O3.33.3lt3, [8, l] = 10,

[8, 2] = llt.l72.l8.202.21*.22.2lt.253.26*.282.29*.303.313.332.3lt,

[8, 3] = ll4lt.17.20lt.212.22.2U3.25.263.293.31.322.333,

[8, U] = 17.l83.20.21.22*.2lt.25*.27.303.31*.3lt2,

[8 , 5] = 22 \26 3 . 27 3 . 28 \30 .32 3 . 33 \3U 2 ,

[8 , 6] = 20*.213.2lt3.253.262.27*.293.302.31*.322.333,

[8 , 7] = 222.26.273.3O.31.322.3it' t, [9, l ] = 11, [9, 2] = 12,

[9, 3] = 152.l63.192.20l t .212.23.25".263.271 | .29.312.32.3U2,

[9, h] = 193.23*.253.29*.303.323.33.3lt,

[9, 5] = 202.21.2lt.25*.272.30*.32*.3lt, [9, 6] = 23* .29.322.31*",

[9 , 7] = 2l+.253.293.30.322.3l+3, [9, 8] = 26.27-30" . 31" . 323. 33.3^3,

[10, 1] = 13, [10, 2] = lU,

[10, 3] = 17'*.l8.203.2l' t .22.2lt\253.263.273.293.30.31.331*.3lt3,

[10, h] = 202.2U'*.263.302.31.31t2, [10, 5] = 223.263.273.3l" .31*,

[10, 6] = 2U".253.293.3O2.32".33, [10, 7] = 26.273.302. 31*. 32*.33-3lt2,

[10, 8] = 28*.31*.33-3lt3, [10, 9] = 333 .3^2 , [ l l , l ] = 29-32,

[11, 2] = 15*.l62.19*.203.213.2lt2.253.26*.27*.29.30*.31*.322.33.3lt,

[11, 3] = 191*.23\2U\25'*.29' t .30.32z.332, [11, U] = 23^.29*. 32.3kz,

[11, 5] = 2U.253.292.30.32.3U2, [11, 7] = 29-32, [11, 8] = 3O-323.331*,

[11, 10] = 32.3V1, [12, 1] = 15,

[12, 2] = 172-l82.202.212.253.26".28.291' .303.323.333.31t3,

[12, 3] = 203 .263 .272 .29.302 .3l" .322 .332 .3^,

[12, k] = 2V.25 .29 .30" .32 \33 3 , [12, 5] = 262. 3O3. 31*. 32. 332 .31*,

[12, 6] = 29.32*.3l*2, [12, 7] = 30.32*, [12, 8] = 31*.33-3lt3,

[12, 9] = 32*.3V4, [12, 10] = 332, [13, 1] = 16, [13, 2] = 17,

[13, 3] = 202.21.2lt.252.262.27.292.31*.323.333.31*3,

[13, It] = 2U3.252.292.303.323.33.3l»\ [13, 5] = 26*. 303.31.33.3U3,

[13, 6] = 29*.3V*, [13, 7] = 303.32.333.3l*3, [13, 8] = 31*.332,

[13, 9] = 32.31+2, [13, 10] = 332.3U, [lit, 1] = 18,

[lit , 2] = 22.263.272.28*.30.323.33*.31t,

[lU, 3] = 22".26.303.313.323.33.31t3, [lit, It] = 26.273.30. 31.33* .3h2 ,

[lit , 5] = 2 8 \ 3 1 3 . 3 3 2 . 3 V \ [Ht, 6] = 303.323.332.3lt, [lh, 7] = 31*.33.3lt3,

[lit, 9] = 332, [15, 1] = 19,
[15, 2] = 20*.212.2lt3.253.26.27'*.293.302.322.33*.3!t3,
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[15, 3] = 2»ill.25I>.29.303.32.332.3lt'1, [15, k] = 293.34,

[15, 5] = 30*.322.333.3U3, [15, 7] = 322.3l*, [15, 8] = 332.3»*\

[15, 10] = 3U2, [16, 1] = 3U2,

[16, 2] = 20\2l \25 ' ' .26\273.293.30.3l \322.333.3U\

[16, 3] = 2UV25*.303.32\332.3U, [l6, 4] = 29\323.342,

[16, 51 - 302.33.3U, [16, 7] = 322.3U, [16, 8] = 332.3U\ [16, 10] = 342,

[17, 1] = 20, [17, 2] = 22".263.27.282.303.312.323.33.3l*",

[17, 3] = 26\27.30.312.32".332.3l*, [17, k] = 3O2.33-3U3,

[17, 53 = 312.333.3U3, [17, 6] = 323.3U2, [17, 7] = 332-34\ [17, 9] = 3k2,

[18, 1] = 21, [18, 2] = 22, [18, 3] = 26*.27.30lf.311\323.33s.3>*2,

[18, It] = 33.3U2, [18, 6] - 323.3l*2, [18, 7] = 332.3U\ [l8, 9] = 3U2,

[19, 1] = 23, [19, 2] = 253.29.303.322.33, [19, 3] = 29.323.34,

[19, 5] = 322.3l+2, [20, 1] = 2k, [20, 2] = 26.273.30.31;322.33-34,

[20, 3] = 30*.32*.33*. [20, U] = 32*.34*. [20, 5] = 34*. [21, l] = 25,

[21, 2] = 26, [21, 3] = 30.322.33.3U2, [21, k] = 322.34\ [21, 5] = 333.3U,

[22, 1] = 27, [22, 2] = 28, [22, 3] = 31.332, [22, 4] = 333.3U2,

[23, 2] = 291*.323.3U*, [2k, l] = 29, [2k, 2] = 3oV32".33,

[25, 2] = 30\32\332.3>*, [25, 3] = 32\3l»2, [25, 5] = 3k3,

[26, 1] = 332.34, [26, 2] = 31*.33.34, [26, 3] = 33*.34, [26, 4] = 34*.

[27, 1] = 30, [27, 2] = 3k3, [27, 3] = 333.3U2, [27, k] = 3*t3,

[28, 1] = 31, [29, 2] = 32".3U, [30, 1] = 32, [30, 2] = 332.3U3,

[31, 1] = 33, [32, 2] = 3k2, [33, l] = 3k .

It follavs immediately from the consistent commutator pover presentation

that B(5, 2) has order 53" and class 12 .

A comparison of the methods

The Lie algebraic computations are easier than the direct group

computations. This is to be expected for the Lie ring of B(5, 2) is

given by the homogenous components of the consistent commutator power

presentation and is thus a sub-part of that presentation. The relative

degree of difficulty is illustrated by the timing considerations for the

respective computer calculations. The computation of £(5, 2) takes 9

CPU seconds while the computation of the consistent commutator power

presentation for B(5, 2) takes 15 minutes on comparable machines.

On the other hand, the consistent commutator power presentation gives

the full multiplication table for the group, while the Lie algebra method
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yields merely the Lie ring of the group, and it is very difficult to fully

relate the group and its Lie ring.

As regards other Burnside groups there is some hope that the Lie

algebra methods may yield new information about S(5, 3) and 5(7, 2) .
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