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Abstract

A schemefor combiningauto-calibrationandscenecon-
straints in the “structure-from-motion” problem is pro-
posed.Thisschemefocuseson therecoveryof theabsolute
quadric usingauto-calibration while imposingorthogonal
sceneplaneconstraints.First, an initial estimateof theab-
solutequadric is obtainedusinga linear method. A non-
linear constrainedoptimizationstepis thenappliedto re-
finethisquadricandthecamera intrinsic parametersto up-
gradetheestimatedprojectivereconstructionto Euclidean.
Finally, a bundle adjustmentalgorithm optimizesthe Eu-
clideanreconstructionto givea statisticallyoptimalresult.
Constraints from orthogonal sceneplanesare applied to
the initial estimationand refinementstepsof the absolute
quadric. Theperformanceof the schemeis demonstrated
onbothsimulatedandreal videodata.

1. Intr oduction

The “structure-from-motion”problemconcernsthe re-
covery of both the scenestructureandmotion of the cam-
era(s) from a set of images. Methods for solving this
problemvary largely dependingon thecameramodelcho-
sen, thesebeing, notably, the projective [4, 5] and the
affine [20, 16] cameramodels.Thetypeof imagefeatures
beingused,eg. imagelines,points,or conics,on the other
hand,determinesthenumberof imagesrequiredfor shape
reconstruction[6, 9, 1]. If no specialinformationaboutthe
cameraor the sceneis availablethenonly a projectivere-
constructionof the scenecan be obtained,cf. [4, 13, 5].
Sinceprojectivestructuresarenotsuitablefor visualization,
it is oftendesirableto obtaina Euclideanreconstructionup
to anunknown similarity transformation.

Traditionally, theEuclideanstructureof ascenehasbeen
obtainedvia two differenttypesof methods.Thefirst typeis
oftenreferredto asstratification, sinceonestartswith apro-
jectivereconstructionandthenfindsanaffine ’stratum’and
finally a Euclidean’stratum’to give thedesiredreconstruc-
tion. In the upgradefrom projective to Euclideanrecon-
struction,somesceneconstraints,eg. somedistanceor an-�
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gularmeasurements,cf. [2] maybeincorporated.Thesec-
ondtype,oftenreferredto asauto-calibration, takesintoac-
countsomea priori informationabouttheintrinsic parame-
ters,eg.known skew and/oraspectratio(see[12, 21, 8,15])
or constantintrinsic parameters(see[4]). The main focus
of this latter type of methodis on finding the intrinsic pa-
rameters,ie. auto-calibratingthecameras.

Thepurposeof thispaperis to combinethesetwo meth-
ods,makingit possibleto incorporatebothconstraintsfrom
the sceneand constraintson the intrinsic parameters.In
particular, we will focuson the useof the naturalcamera
model(ie. amodelthathaszeroskew andunit aspectratio)
andorthogonalsceneplanesasconstraintsfor the estima-
tion of the absolutequadricandto optimizethe Euclidean
reconstruction.Theproposedmethodwill haveanumberof
advantagescomparedto usingonly onetypeof constraint:
(i) using all available constraintswill increasethe accu-
racy of reconstruction,(ii) degenerateor near-degenerate
casescanbeavoidedby usingdifferenttypesof constraints,
(iii) robustnessis increasedsince the linear initialization
stephasmoreconstraints.

The useof the naturalcameramodel is justified by the
highqualitydigital andvideocamerasavailabletoday. Even
if the skew is non-zeroandthe aspectratio of a camerais
notunity, thesetwo entitiesareknown to beinvariantunder
thechangeof focussettingandsothey canbepre-calibrated
andtreatedasconstant.Theuseof orthogonalsceneplanes
is justified by the presenceof many suchplanesin man-
madeobjects,eg. indoorscenes,buildings.

2. Background

Auto-calibrationwhich involvesthe recovery of the ab-
soluteconicor theabsolutequadrichasbeenattemptedby
variousresearchers.The earliestwork on recovery of the
absoluteconic (ie. auto-calibrationof thecamera(s))is the
algorithm by Faugeraset al [3], whereone camerais in-
volvedandits intrinsic parametersareassumedfixed.Hey-
denandÅström[7] laterretrieveEuclideanstructurevia the
computationof the absolutequadric,assumingalso fixed
cameraintrinsic parameters.Triggs [21] proposesthe use
of quasi-linearconstraintsfor the absolutequadric, with
the sameassumptionimposed. Pollefeys et al [14] incor-
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poratetheso-calledmodulusconstraintto thestratification
approachto upgradeprojectivestructureto affineandfinally
the recovery of the absoluteconic to upgradethe structure
to Euclidean.In their otherwork [15], they first assumethe
principal pointsin all imagesvanishto linearizethe equa-
tionsfor computingtheabsolutequadric.A nonlinearopti-
mizationprocessis thenfollowedwhichallowstheintrinsic
parametersof theimagesto vary independently.

Although Pollefeys et al [15] have indicatedthat scene
constraintscanbeincorporatedinto auto-calibration,nofur-
ther investigationshave beenreportedin the literatureon
theuseof suchconstraints.Liebowitz andZisserman’s re-
port [10] is perhapstheonly onethatdetectstheimagepro-
jectionsof parallelandorthogonalscenelinesandusesthem
to estimatethevanishingpointsandasconstraintsfor esti-
matingtheabsoluteconic. However, their methodrequires
thecomputationof the fundamentalmatrix, andthat limits
theirmethodto workingwith two images.

In this paper, we show that sceneand auto-calibration
constraintscanbe easilycombinedfor the structure-from-
motion problem. In particular, we focuson the useof or-
thogonalsceneplanesthatcanbeeasilyfoundin buildings.

3. The proposedscheme

A numberof stepsareinvolvedin our scheme.First,us-
ing thelist of trackedimagefeaturepoints,a projective re-
constructionof theimagedsceneis obtainedvia aniterative
factorizationanda projectivebundleadjustment.An initial
estimateof theabsolutequadric,which embodiesinforma-
tion for Euclideanupgrade,is thencomputedusing linear
constraintsfrom a specialcaseof the naturalcameraand
from orthogonalsceneplanes.This is followedby anonlin-
earconstrainedoptimizationto refine the estimatedabso-
lutequadricandthecameraintrinsic parameters.In theop-
timizationprocess,constraintsfrom thenaturalcameraand
from orthogonalsceneplanesareenforced.By usingthere-
finedestimateof theabsolutequadric,theprojective struc-
ture obtainedfrom the first stepis upgradedto Euclidean.
A final Euclideanbundleadjustmentis employedto further
optimizethestructureandintrinsiccameraparameterssoas
to obtaina statisticallyoptimalresult.

3.1. ProjectiveReconstruction

Givenascenepoint �����
	 � �
�����
������� , its projection� � �
	 � �
��������� ontoanimageplaneis governedby:� � � � � ��! " #%$"  &'$" " �
()+*�, -.,0/21 � � (1)

where the superscript3 denotesthe 3 th scene(or image)
point from a list of scene(or image)pointsand

� � an un-
knownscalar. Thefirstmatrixis thecameramatrix 4 which

embodiesthe unknown focal length
 

andprincipal point5 #%$768&'$:9
of the camera. The secondmatrix is the motion

matrix which containstheunknown rotation

,
andtransla-

tion

/
of thecamerato thescenepoint. Thespecialform of4 arisesfrom theuseof thenaturalcameramodel.

Whennoneof theseparametersareknown a priori , (1)
is oftenput in thecompactform

� � � � �<;�� � , where ; is
a =?>
@ projectionmatrix. With theavailability of A images
and B scenepoints, the =7AC>�@ joint projectionmatrix D ,
the =EAF>?B joint imagemeasurementmatrix � , andthe @G>?B
joint shapematrix � arerelatedby�H� �JII � IILKMK�K �ONI � N I

...
. . .

...�JIP � IP KMK�K �QNP � NP
(SR) � �H� ; I

...; P
(SR) * � I K�K�K � N 1T � � D�� (2)

wherethesubscriptU denotesthe U th camera.
Setting all the

� � V to � for the affine cameramodel,
TomasiandKanade[20] pioneeredtheuseof thefactoriza-
tion methodto retrieve the joint projectionmatrix D and
joint shapematrix � from the joint image measurement
matrix � . For theprojectivecameramodel,Sparr[18] pro-
posesusingthesubspacemethodto iteratively refineall the� � V ’s. In the sameyear, Sturm andTriggs [19] proposea
differentschemethat requiresestimationof thefundamen-
tal matricesandtheepipoles.Our Matlabcodeis basedon
themethodof [18]. Initially, all the

� � V ’s areassumedto be
unity. At eachiteration,the

� � V ’s arerefinedwith the sub-
space(4-dimensionalsubspaceof W N ) constrainton � being
enforcedwhile minimizing theimagepoint reprojectioner-
rors. The matrix � is thenupdatedwith the refinedvalues
of
� � V ’s andre-factorizedto give new D and � matricesfor

thenext iteration.Themethodhasbeenshown to givevery
goodestimatesof the

� � V ’s andvery rapidconvergence.

3.2. Linear estimation of the absolutequadric

Thestructurecontainedin theshapematrix � is projec-
tive only, sincefor any joint projectionmatrix XD andjoint
shapematrix X� that satisfy(2), XD�Y and Y[Z I X� alsoform
a solution,where Y is any non-singular@\>0@ matrix. This
meansthat the projectionmatricescanbe soarrangedthat
thefirst projectionmatrix ; I �]	E^ _ � andtheotherpro-
jectionmatrices; V �`	7a VcbdV � , for some a V%e W
fhgif andbdVEe W f .

To upgradethe projective structureto Euclidean,a ma-
trix Y must be recovered for an appropriateprojective
changeof coordinatesin the estimatedscenepoints. That
is, weestimatematrix Y suchthat; V Ykjl4 V 	 , V -m, V / V � 6 for Un� � 6�opopoq6 A o (3)
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Since ; I �
	E^ _ � , matrix Y takestheformr 4 I _s � tvu (4)

where s � 5xw I 6 wzy 6 w f 9 � andtheunknown, non-zeroscalart is oftensetto unity. It follows that; V XY XY � ; �V jl4 V 4 �V o
Here, XY representsthe matrix that containsthe first three
columnsof Y . This leadsto; V r 4 I 4 �I 4 I ss � 4 �I { s { y u ; �V j+4 V 4 �VT ; V}| ; �V j+4 V 4 �V 6 for U~� � 6Moqopoq6 A (5)

The @\>0@ matrix, denotedby | in (5), is the singulardual
quadricthat containsthe coordinatesof the planeat infin-
ity (vector s ) for affine reconstructionandtheDIAC (dual
imageof the absoluteconic) 4 I 4 �I for Euclideanrecon-
struction.

If imagefeaturepointsfrom two orthogonalplanesin the
sceneareidentifiedthenanadditionallinearconstrainton |
canbeimposed,ie. � � |�� � " (6)

where

� � 5 B I 6 B y 6 B f 6 Bd� 9 � and � � 5 A I 6 A y 6 A f 6 A�� 9 �
arethecoordinatesof thetwo orthogonalplanescomputed
from theprojectivestructurerecoveredin Section3.1.

Findingtheunknownsin (5) is adifficult nonlinearprob-
lem. An alternative,assuggestedin [15], is to assumefur-
ther that the camera’s principal point is approximatelyat
the centreof the imagebuffer. So, after settingthe origin
of the imagecoordinatesystemat the centreof the image
buffer,

5 #%$ V 6�&'$ V 9 canbe set to
5 "�6�"�9

for all U . This leaves V astheonly unknown intrinsic parameterfor eachimage
andeach 4 V 4 �V asa diagonalmatrix whosefirst 2 diago-
nal elementsareidentical.Exceptfor thefirst imagewhich
providesidentity equationsto (5), eachof theotherimages
provides4 equationsfrom thespecialform of 4 V 4 �V . The
specialform of 4 I 4 �I reducesthe numberof unknowns
in | to 5: | I�I 5 � | y8y 9 , | I � , | y � , | f � , | �8� . Otherele-
mentsof | are0, exceptfor | f�f which is � . Theinclusion
of a sceneconstraint(Equation(6)) thusallows usto solve
for all the unknowns using2 images( A`�k� ). In our ex-
perimentsreportedhere,morethan2 imagesfrom a video
sequencewereusedto recover | . More imageswerecho-
sensincea degenerateconfigurationor critical motion that
might affect any particularimagepair is unlikely to affect
theentireselectedsetof images.

3.3. Refining the absolutequadric

Theinitial estimateof | obtainedfrom thelinearmethod
above must be refined, taking into accountthe situations

where
 V , #%$ V , &'$ V , for all U , are variablein the video se-

quence.Also, thesceneconstraintsgivenin (6) have been
simplifiedin orderto providelinearconstraintsfor comput-
ing | . Theexactconstraintsshouldincludeanormalization
factorthatinvolves | , ie.� � |��� � � | � � � � |�� � " (7)

for two orthogonalplanes

�
and � in thescene.

Theform of 4 V for thenaturalcameracanbeimposedin
the nonlinearoptimization. Writing (5) and(7) in matrix-
vectorform anddroppingthesubscript� for thefirst image,
wehave thefollowing constrainedminimizationproblem:���p����i� ����� ������ � ����� ����� � � � ���� � � � � � � � ��� � P� Vp� y0�����

  V b¡ 5   V b 9 � 5   V b 9 - ¢ V¡ ¢ �V ¢ V �����
y

(8)

subjectto � �8£ ¤ 5x¥ ��¤ b
9 � 5�¥ ��¤ b 95�¥ ��� b 9 5x¥ ¤¦¤ b 9 � "�o (9)

Here
  V e W
§ g I $ , b©¨ *  y«ª # y$ 68#Q$M&'$76�#%$76 w I 6� yI ª & y$ 6& $ 6 wzy 6 � 6 w f 6 w y I ª w yy ª w yf 1 � e W I $ is thevectorform con-

taining the elementsof | , and
¢ V�¨ 	  yV ª # y$ V 6�# $ V & $ V 6# $ V 6i yV ª & y$ V 68& $ V 6 �d��� contains the elementsof 4 V 4 �V .

Equation(9) is the sum of several orthogonalscenecon-
straintsfrom (7) and

¥ ��¤ e W I g I $ . We notethat b contains
only the coordinatesof the planeat infinity andthe intrin-
sic parametersof the first image,while

¢ V (where U�¬� � )
containsonly the unknown intrinsic parametersof the U th
image. The summationin (8) startsat the secondimage
sincethecameramatrix for thefirst imagesatisfies(5) triv-
ially. Thetotal numberof unknownsin theabovenonlinear
constrainedoptimizationis =EA ª = . This parameterization
automaticallyimposesthecondition ­¯®�° 5 | 9 � " .

To geta rapidevaluationof theestimateof theabsolute
quadricusing the above method,we chosethe fmincon
routineof Matlab andsubmittedto it the analyticalgradi-
entsof the objective andthe constraintfunctions. fmin-
con minimizesthenonlinearsystemof equationsusingthe
Quasi-Newton method. On the assumptionthat the initial
estimatesof theparametersarecloseto thetruesolution,the
iterationshouldconvergeto a minimum closeto the start-
ing point. Accordingly, it is appropriateto boundall of the
unknowns. For instance,the camerafocal lengthmustbe
within 700to3000pixels;theprincipalpointmustbewithin
therange±�² " pixelsof thecentreof the imagebuffer;

w¯³
,

for ´µ� � 6�opoqop6 @ mustbeboundedwithin theinterval
w $ ³ ± "Oo ² ,

where
w $ ³

is theinitial estimateof
w ³

. Both theranges±�² "
and ± "�o ² aboveareempiricallychosenvalues.
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3.4. Initial linear Euclidean upgrade

The optimizationprocessabove not only refinesthe es-
timate of | , which allows the projective structureof the
sceneto beupgradedto Euclidean,it alsorefinesthecam-
eraintrinsic parametersof all images.An initial Euclidean
structurecanberetrievedby estimatingY from therefined
absolutequadric | .

Since XY¶XY � j | , the bestway to compute Y is to letXY ¨+· f«¸¹ I8º yf where | ¨l· ¹µ» � is the SVD of | , and · f
and

¹ f thematricescontainingthefirst 3 columnsof · and¹
. By usingthe intrinsic parametersrefinedfrom (8) and

the recovered XY matrix, 4 V , , V , / V , for U¼� � 6�opopoq6 A can
all beretrieved. Theprojective structure� estimatedfrom
Section3.1 is thenupgradedto ��½ ¨ Y�Z I � .

3.5. Bundle Adjustment

The initial Euclideanreconstruction��½ obtainedabove
canbefurther improvedby minimizing thereprojectioner-
rorswhile bundlingall thereconstructed3D points,camera
intrinsic andextrinsic parametersin an iterative refinement
process.Thenumberof reprojectionerrorsto beminimized
is �'BdA 1 for B imagepointstracked over A images,while
the numberof parametersto be refined is =7B ª2¾ A . We
have implementedthe bundle adjustmentin Matlab using
theLevenberg-Marquardt method.Therateof convergence
is very fast andrequiresonly 25 iterations. We note that
thedegreeof orthogonalityof orthogonalsceneplanesmay
reduceslightly (by lessthan �:¿ ) afterbundleadjustment.

4. Experiments

To demonstratethat useof all availableconstraintsin-
creasesthe accuracy of the reconstruction,we conducted
experimentsusingsyntheticdata. We usedthe result ob-
tainedfrom our previousresearchwork on cameracalibra-
tion to ensurethat the synthesizeddataare realistic. The
experimentssynthesizedthe motion of a cameraviewing
a calibrationtarget that hadtwo orthogonalfaces,eachof
which had9 calibrationpoints. The lateralmotion wasal-
ways set to positive to simulatea left to right movement
of the camera.Small up/down andforward/backwardmo-
tionsweresynthesizedsothatthemotionwouldnotbecrit-
ical. Rotationanglesof about

- ² ¿ to ² ¿ were randomly
synthesizedfor the 3 principal axes. The camera’s focal
lengthvariedupto 10%from thefocal lengthof 1720pixels
computedfrom our previouscameracalibrationwork. The
calibration-target-to-cameradistancewasapproximately50
cm. In eachexperiment,5 cameramotionswere synthe-
sizedas describedabove, togetherwith 5 different focal
lengthsandprincipalpoints.

1Thereare À�Á reprojectionerrorsto beminimizedfor eachof the Â -
and Ã -directions.

In eachexperiment,we comparedthe relative errorsof
the focal lengths,principal points, reconstructionerrors,
and orthogonality errors (deviation from the

¾ " ¿ angle)
computedfrom two approaches:

(a) auto-calibrationwithoutsceneconstraints, whichdoes
not useany sceneconstraintsin the initial estimation
andrefinementstepsof theabsolutequadric,and

(b) auto-calibration with sceneconstraints, which incor-
poratessceneconstraintsin boththe initial estimation
andrefinementstepsof theabsolutequadric.

In approach(a), theMatlabroutinefminunc is employed
for therefinementof theabsolutequadric.Approach(b) is
theschemewepropose.

Themeansandstandarddeviationsof therelative errors
mentionedabovefor 20experimentsonsynthesizeddataare
listed in Table1. Theentity Ä�Å ¨ÇÆ ¸ -ÉÈ Æ Ê È is therelative
errorof theestimatedfocal length; ÄiË ¨ { ¸� - È� { is Eu-
clideanreconstructionerror(in cm); ÄMÌqÍ � £ Î �8Ï ¨ { 5 ¸#Q$76 ¸&'$'9 -5 È#%$76 È&'$:9 { is the principal point error; Ä�Ð ¨ÑÆ�Ò - ¾ " Æ Ê ¾ "
is relative error of the estimatedangle. In the above no-
tations, ‘ ¸ ’ and ‘

È
’ denote,respectively, the estimatedand

truevaluesof theentity, Æ o Æ denotestheabsolutevalue,and{ o { denotesthe 2-norm of the vector concerned.The re-

Table 1. The means and standar d deviations
of a few error measures in 20 sim ulations.

Withoutsceneconstraints With sceneconstraints

mean stddevn mean stddevnÄiÅ 0.0919 0.0615 0.0917 0.0639Ä Ë 1.1312 0.9273 0.5868 0.4621Ä�ÌpÍ � £ Î � Ï 24.6308 16.4409 27.1651 16.2034Ä Ð 0.0687 0.0384 0.0263 0.0192

sultsclearlyshow thata smallerreconstructionandorthog-
onality error (2.63%versus6.87%)canbe attainedby in-
corporatingsceneconstraints(if available). Exceptfor the
slightly larger meanprincipal point error, a smaller focal
length error (9.17%versus9.19%)also resultedfrom the
useof sceneconstraints.

Two of therealexperimentsconductedarereportedhere.
In thefirst experiment,four images(of dimensionsÓ'Ô�ÕE>O²zÓ'Ô
pixels)of acalibrationtarget(Figure1) werecapturedfrom
four differentview points. The imagefeaturepointswere
identifiedandthecorrespondenceswereestablishedmanu-
ally. Thecentreof theimagebuffer is at

5 =�ÕE@ 6 �EÕ�Õ 9 andthe
principalpointof thecamerais expectedto varyaroundthis
point. All of the Ó7� imagepointson both facesof the cal-
ibration target wereusedfor computingthe projective co-
ordinatesof two orthogonalsceneplanes,whichwerecom-
binedto form asceneconstraint.

Figure2 shows theEuclideanreconstructionof thecali-
brationtargetandtheestimatedpositions, Ö'× V Æ �µØ U Ø @�Ù ,
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Figure 1. The 4 images in Experiment 1.
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Figure 2. Two perspective views of the Eu-
clidean reconstruction using our proposed
scheme .

of thecamera.Theimprovementfrom theuseof scenecon-
straintsto this experimentis very small becauseboth ap-
proaches(a) and(b) yieldedvery goodinitial estimatesof
theabsolutequadric(seeSection3.2).Theestimatedintrin-
sic parametersof thecamerafor the 4 imagesaregiven in
Table2. We notethattheprincipalpoint

5 =�=7Ô o ��² 6 Ó "�o Ô ¾ 9 of

Table 2. The estimated focal lengths and prin-
cipal points of the camera in Experiment 1.

Withoutsceneconstraint With sceneconstraint

image
 5 #%$768&'$Ú9  5 #Q$�6�&'$:9

(pixels) (pixels) (pixels) (pixels)

1 1271.89 (170.81,298.48) 1390.39 (326.26,313.97)
2 1480.16 (230.63,300.38) 1680.58 (317.27,245.68)
3 1784.32 (263.76,232.22) 1866.89 (331.25,268.77)
4 2294.82 (336.25,70.69) 1963.78 (366.20,214.05)

the @ th imagefrom approach(a) is at a significantdistance
away from thecentreof theimagebuffer.

The anglebetweenthe two faceswas estimatedto beÕ ¾ o � ¾ ¿ via approach(a) and
¾ "Oo Õ7@ ¿ via approach(b). The

imposition of a sceneconstraintgave a slight increasein
the mean Û and standarddeviation Ü of reprojectioner-
rors: without the sceneconstraint, ÛÝ� "�o Ó " pixels andÜÞ� "Oo @ � pixels;with thesceneconstraint,Ûß� "�o ÕE@ pixels
and ÜÞ� "�o ² � pixels.

In the secondexperiment,a video sequenceof 120 im-
agesof a wall scenewas capturedby a handheld digital
videocamcorder(Sony DCR-PC100).Thecameramotion
wasmainly lateral (from left to right), but becauseof the
walking of the cameraman,a small up and down camera
motionwasinvolved. In thelast50 frames,while thecam-
era remainedstationary, it zoomedslowly into the scene.
TheKLT featuretracker [11, 17] wasappliedto the entire

videosequenceto extract imagefeaturepoints. Out of the
videosequence,7 imagesat 20 framesapartwereselected.
After manuallyremoving all the outliersandaddinga few
imagefeaturepointsusedfor thesceneconstraints,140im-
agefeaturepointsin eachimageresulted.Figure3 shows4
of the7 images(dimensionsÓ'Ô7Õà>�²zÓ'Ô pixels)of thevideo
sequence,superimposedonto eachof themare the image
featurepoints.

Figure 3. Images 1, 3, 5, 7 of Experiment 2.
Sevenimagefeaturepointson top of thelower stairand

twelve imagefeaturepointson thewall wererandomlyse-
lectedto form two setsof pointson two orthogonalscene
planes.Theprojective structurerecoveredfor thesesetsof
pointswasusedasa sceneconstraintfor theinitial estima-
tion andrefinementof theabsolutequadric.

Figure4 showstheEuclideanreconstructionof thescene
and the estimatedpositionsof the camera. Thoseimage
featurepointsthatwereusedfor composingthescenecon-
straintswerelabeledasblue á ’s on thewall andasred � ’s
on oneof the stairs. The anglebetweenthe wall and the
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Figure 4. Plan views of the Euclidean recon-
struction and the estimated camera positions
using our scheme .

lower stair wasestimatedto be
¾ = o ¾ Õ ¿ (without using the

sceneconstraint)and
¾ "�o � Ô ¿ (with thesceneconstraint)re-

spectively. The estimatedfocal lengthandprincipal point
for eachof the 7 imagesare given in Table 3. Sinceno
groundtruthof thecameraintrinsicparametersis available,
the accuracy of theestimatesshown in the tablecannotbe
assessed.The increasein the estimatesof the focal length
from images5 to 7, becauseof thezoomingin of thecam-
era,is clearlyevident. The impositionof orthogonalscene
planeconstraintsappearsto give a slightly largervariation
of thecamera’sprincipalpoint in this experiment.
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Table 3. The estimated focal lengths and prin-
cipal points of the camera in Experiment 2.

Withoutsceneconstraint With sceneconstraint

image
 5 # $ 6�& $ 9  5 # $ 68& $ 9

(pixels) (pixels) (pixels) (pixels)

1 1249.50 (328.29,310.90) 1264.90 (332.86,315.69)
2 1236.56 (342.50,310.86) 1245.45 (357.25,311.69)
3 1206.03 (379.02,297.93) 1197.81 (408.41,300.18)
4 1230.87 (380.63,278.37) 1225.25 (423.21,283.74)
5 1224.19 (396.19,270.75) 1218.43 (442.92,279.63)
6 1226.59 (390.20,258.62) 1222.16 (436.54,264.30)
7 1363.24 (398.74,265.32) 1358.56 (449.25,271.49)

5. Discussions

The final Euclideanstructureobviously dependson the
initial estimateof theabsolutequadricobtainedby the lin-
earmethod. If the initial estimateof the absolutequadric
is poor then the subsequentstepsmay not be able to pro-
ceedbecausethe initial estimateof the focal length com-
putedfrom Section3.2 may be complex. This problemis
mainly dueto the fact that the initial approximationof the
principal point beingat the centreof the imagebuffer is a
poor one. However, other factors,suchasthe distribution
of correspondingpointsin the imagesandthe depthvaria-
tion of objectsin the scene,all make a contribution to the
accuracy of the initial estimateof theabsolutequadric. In-
terestingly, in comparisonwith the approachthat doesnot
employ sceneconstraints,ourschemehelpsbringtheinitial
estimateof theabsolutequadricto thetruesolution.

We have only beenableto show Euclideanstructurein
sparse3D point form. If more densecorrespondencesof
imagefeaturepoints are identified then, after somepost-
processingon the3D data,theEuclideanstructurecouldbe
representedas3D facetsandwouldbemoresuitablefor 3D
visualization. We note that sincethe cameraintrinsic pa-
rametersandits motionhavebeenrecovered,moreaccurate
imagepoint correspondencescanbeestablished.

6. Conclusions

We have described a scheme for combining auto-
calibration and sceneconstraintsfor the structure-from-
motion problem. It involves computationof the projec-
tive structureof the sceneand estimationof the absolute
quadricfor Euclideanupgradefollowed by bundleadjust-
mentto statisticallyoptimizetheEuclideanreconstruction.
Throughoutall the steps,auto-calibrationconstraintsare
imposed. In addition, constraintsfrom orthogonalscene
planesareenforcedin the initial estimationandrefinement
stepsof theabsolutequadric.Our experimentshave shown
that known sceneconstraintscanbe easily incorporatedto
improve the estimateof the absolutequadric and subse-
quentlyto obtainamoreaccurateEuclideanreconstruction.
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[1] K. Åström, A. Heyden,F. Kahl, andM. Oskarsson.Struc-

ture and Motion from Lines underAffine Projections. In
Proc.ICCV, vol. 1, pp.285–292,1999.

[2] O. Faugeras.Stratificationof three-dimensionalprojective,
affine and metric representations.J. Opt. Soc. America,
12(3):465–484,1995.

[3] O. Faugeras,Q.-T. Luong, andS. Maybank. Cameraself-
calibration: Theory and experiments. In Proc. ECCV,
pp.321–334,1992.

[4] O. D. Faugeras.What Can be Seenin ThreeDimensions
with anUncalibratedStereoRig? In Proc.ECCV, pp.565–
578,1992.

[5] R. I. Hartley. Estimationof Relative CameraPositionsfor
UncalibratedCameras.In Proc.ECCV, pp.579–587,1992.

[6] R. I. Hartley. A Linear Method for Reconstructionfrom
LinesandPoints.In Proc. ICCV, pp.882–887,1995.
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