
ACCV2002:THE 5TH ASIAN CONFERENCEON COMPUTERVISION, 23–25JANUARY 2002,MELBOURNE,AUSTRALIA. 1

RankDeficiency Conditionof theMultiple View
Matrix for MixedPointandLine Features

Yi Ma, JanaKošecḱaandKunHuang

Abstract—Geometric relationshipsgoverning multiple imagesof points
and linesand associatedalgorithms havebeenstudied to a largeextentsep-
arately in multiple viewgeometry. In this paper wepresenta universal rank
condition on the so-calledmultiple view matrix

�
comprised of arbitrar -

ily combinedpoint and line featuresacrossmultiple views. The proposed
formulation is shown to be equivalent (but superior) to the multilinear (or
multif ocal) constraints basedapproach. For the first time, it allows us to
carry out global geometricanalysisfor multiple images,aswell assystem-
atically characterizeall degenerateconfigurations,without breaking image
sequenceinto pairwise or triple-wise setsof views. The additional advan-
tagebehind this formulation is that it allows to utilize all incidencecondi-
tions that govern all featuresin all imagessimultaneouslyfor a consistent
recovery of motion and structure fr om multiple views. Simulation results
are presentedto validate the multiple view matrix basedapproach.

Keywords—multiple view matrix, rank condition, mixed features

I . INTRODUCTION�
HARACTERIZATION of the existing geometric con-
straintshas a long history both in computervision and

photogrammetryandhasimportantimplicationsfor avarietyof
applications.Thegeometricrelationshipsgoverningobservable
featureprimitivesin multipleviewsprovideastartingpointfrom
which onecandeterminethechoiceof primitivesto representa
3-D sceneandconsequentlyformulateandsolvetheproblemof
motionandstructurerecovery from multipleviews.

Thebasicformulationof thegeometricconstraintsgoverning
perspectiveprojectionsof point featuresin two viewsoriginated
in photogrammetrywhichcanbetracedbackto thebeginningof
lastcentury[8] andthenwasrevivedlaterin thecomputervision
communityin early eighties[10]. Natural extensions(of the-
oretical importanceand with profoundpractical implications)
hadbeenthoseconsideringmultiple viewsanddifferentfeature
primitives. In the computervision literature,fundamentaland
structureindependentrelationshipsbetweenimagefeaturesand
cameradisplacementswerefirst describedby theso-calledmul-
tilinear matchingconstraints[4], [14], [7]. Most of the previ-
ouswork focusedon the algebraicaspectsof thesemultilinear
constraints,alongwith thealgorithmswhich followedfrom the
sameformulation.Thisline of work culminatedrecentlyin pub-
lication of two monographson this topic [6], [2].

The constraintsamongmultiple views and associatedalgo-
rithmsweremostlydevelopedseparatelyfor point andline fea-
turesand for differentnumberof views. A distinguishedrole
in that developmentwasthe useof the so-calledtrilinear con-
straintsandtheir associatedtrilinear tensors.Theinitial formu-
lation of the constraintsbetweenthreeviews of point and line
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featuresis dueto [13]. Furtherdevelopmentsandextensionsto
multiple viewsreliedon theuseof tensorialnotation,wherethe
multilinear constraintswereobtainedby algebraicelimination
of someof theunknownsto renderotherwiseintrinsically non-
linearrelationshipsaslinearones.Trilinearconstraintsrevealed
certaingeometricrelationshipsbetweenpoint andline features
amongthreeviews [12], [5] andwereusedextensively for fea-
turematching,point-linetransferto anew view andmotionand
structurerecovery from threeviews. In order to apply the tri-
linearconstraintsto morethanthreeviews,onehadto typically
resortto a cascadingschemeas in [1]. Given that the choice
of cascadingis by no meansuniqueandmany degeneratecon-
figurationsmayoccuramongthechosentriplets,it wasdifficult
to draw consistentconclusionson the global geometryfor the
multiple viewsaltogether.

Themaincontributionof our work is thederivationof a new
generalrank deficiency condition on a formal multiple view
matrix � , which combinesmeasurementsfrom multiple views
of point and line features.This conditiongeneralizesrecently
proposedrank deficiency conditionsdevelopedseparatelyfor
points,linesandplanarfeatures[11]. Our treatmentcompletes
previousefforts to useboth line andpoint featuresfor structure
from motion recovery from multiple views [9], [5], [13]. Fur-
thermore,the rank conditionof the new multiple view matrix� clearly revealstherelationshipamongall previously known
or even someunknown multilinear constraints.Therefore,the
matrix � generalizespreviouslystudiedtrilinearconstraintsin-
volving mixedpointandline featuresto amultipleview setting,
andit allows a geometricallymeaningfulglobalanalysisof ar-
bitrarily many imageswith arbitrarily mixed features,with no
needto cascadepairwise,triple-wiseor quadruple-wiseimages.
Its linear structuredirectly facilitatesfeaturematching,feature
transferacrossmultiple views andmotion andstructurerecov-
ery. An additionalappealof this approachis the sole useof
linearalgebraictechniques,with no needto introducetensorial
notation,or projectivegeometry.

Overview of the paper: SectionII introducesnotationused
in thispaperaswell asbasicconceptsandequationsfor thefor-
mulation of multiple view geometry. In SectionIII, we give
(without proof) a rankconditionon someformal multiple view
matrix � , from which all multiple view constraintsamong
points and lines can be instantiated. The geometricinterpre-
tationof therankconditionof thematrix � is givenin Section
IV. In SectionV, we outline ideashow to usethemultiple view
matrix of mixedfeaturesto incorporateall incidenceconditions
in ascenefor a consistentmotionandstructurerecovery. Simu-
lation resultsin SectionVI will demonstratethebenefitsof the
proposedapproach.



I I . MULTIPLE VIEWS OF A POINT ON A LINE

An image �����	��

� �����	���	�����	��������������� of a point ���! "� ,
with coordinates#$
%� &'�)(*�,+-�������.�/�10 relative to a fixed
world coordinateframe,takenby a moving camerasatisfiesthe
following relationship:2 ���	�3�����	�4
657�8�	�39;:����	�	# (1)

where

2 ���	�<�'��= is the(unknown) depthof thepoint � relative
to the cameraframe, 57���	�'�?>�@A�8BC� is the cameracalibration
matrix (at time � ), 9/
D� EF�)GH�1�I�1�KJL0 is theconstantprojection
matrix and :����	�M�N>POQ�8BR� is thecoordinatetransformationfrom
theworld frameto thecameraframeattime � . In theaboveequa-
tion, all �P�S# and : are in homogeneousrepresentation. Now
supposethat � is lying on a straightline @UTV W� , definedby@X
/Y[Z]\HZ^
_#a`cb�dFe , wheredQ
D� dRfg�)dHhi�)d � �)GH� � �N�10 is a
non-zerovectorindicatingthedirectionof theline, and bj�I� .
An imagek	�8�	�l
m� no���	���SpK�8�	�q�)ri���	�s� � �t� � of @ takenby themov-
ing camerathensatisfiesthefollowing equation:k)���	� �"u �8�	�*
6k)���	� � 5v���	�39;:����	�3Zw
xG (2)

for the image u ���	� of any point on the line @ .1 In a realistic
situation,we usuallyonly obtain“sampled”imagesof ���8�	� ork	�8�	� at sometime instances:� f �)� h ��yzy�y��)�3{ . For simplicity we
denote2}| 
 2 ��� | �q��� | 
6����� | �q��k | 
!k)��� | �q��~ | 
!5v��� | �39;:���� | �qy (3)

We thenhave thefollowing systemof equations:2}| � | 
x~ | # (4)k �| � | 
6k �| ~ | Z�
6k �| ~ | d�
xG (5)

for �l
��R��yzy�y��	��y We first observe that theunknowns,

2
, # , Z

and d , whichencodetheinformationaboutlocationof thepoint� or the line @ in ��� are not intrinsically available from the
images.Henceit is naturalto eliminatethemfrom theseequa-
tions first. The remainingrelationshipswould be between�P�)k
and ~ only, i.e. betweenthe imagesandthecameraconfigura-
tion. Of coursetherearemany different,but algebraicallyequiv-
alent,waysthatonecaneliminatetheseunknowns. This hasin
factresultedin differentkinds(or forms)of multilinear(or mul-
tifocal) constraintsthat exist in the computervision literature.
We hereintroducea moresystematicway of eliminatingall the
aboveunknownsthatresultsin a completesetof conditionsand
a clearcharacterizationof all constraints.Consequently, aswe
will soonsee,all previously known and even someunknown
relationshipscanbetrivially deducedfrom our results.

I I I . MULTIPLE VIEW RANK CONDITIONS

Without lossof generality, we mayassumethatthefirst cam-
eraframeis chosento be the referenceframe.2 That givesthe�

So defined � is in fact the vector orthogonalto the planespannedby the
imagesof pointson theline. Strictly speaking,� shouldbecalledthe“coimage”
of theline.�

Dependingon thecontext, the referenceframecouldbeeithera Euclidean,
affine or projective referenceframe. Without lossof generalitythe projection
matrix for the first imagebecomesthe standardprojectionmatrix � �g�7�S����"���i�

.

projectionmatrices~ | �	�P
m�R��y�yzyo�	� thegeneralform:~ f 
m� E}�SGK�s��y�y�y���~�{_
�� �;{��	��{<� ��� �gJ�0 � (6)

where � | ��� �KJ�� �	�v
�����yzy�y��	� is the first threecolumnsof~ | and � | �������	�'
%���zy�yzy��	� is the fourth column of ~ | .
Although we have usedthe suggestive notation ��� | �	� | � here,
they arenot necessarilythe actualrotationandtranslation. � |
couldbe an arbitrary B¡ IB matrix. Only in the casewhenthe
camerais perfectlycalibrateddoes� | correspondto theactual
camerarotationand � | to thetranslation.

For the � images��fH��yzy�y��	� { of a point � on a line @ with
its � imagesk f �zy�yzy��)k8{ , wedefinethefollowing setof matrices
formally:3¢ | y
 � � | � J ��� �gJ�� or k �| �t� � �¢¡£| y
 � | �¤� � or � k | � � J ��� �KJ�� �
wherethetransposeon � k | � � J is purelystylistic. Then,depending
on whethertheavailable(or chosen)measurementfrom the �s¥�¦
imageis the point feature � | or the line feature k | , the

¢ |
ma-

trix choosesa correspondingvalue. That choiceis completely
independentof theother

¢7§
’s for ¨'©
x� . The“dual” matrix

¢ £|
canbeviewedastheorthogonalsupplementto

¢ |
sincefor allª �t��� , therow vectorsof � ª � J areorthogonalto ª .4 Usingthe

above definitionof
¢ |

and
¢ £|

, we now alsoformally definea
universalmultipleview matrix:« y
 ¬­­­® ¢ hz��h ¢ £f ¢ h���h¢ � � � ¢ £f ¢ � � �...

...¢ { � { ¢ £f ¢ { � {
¯±°°°² y (7)

Dependingon theparticularchoicefor each
¢ |

or
¢ £f , thedi-

mensionof the matrix
«

may vary. But no matterwhat the
choicefor eachindividual

¢ |
or
¢ £f is,

«
will always be a

valid matrix of certaindimension.Thenaftereliminationof the
unknowns

2
, # , Z and d in thesystemof equationsin (4) and

(5), we obtain:
Theorem1 (Multiple view rankconditions) Considera point� lying on a line @ and their images � f ��yzy�y"�)�"{³�´��� andkµfK��yzy�y��)k { ��� � relative to � camera frameswhoserelative

configuration is givenby ��� | �	� | � for �¶
V����y�yzy��	� . Thenfor
anychoiceof

¢ |
and

¢ £f in thedefinitionof themultipleview
matrix

«
, the rankof the resulting

«
belongsto andonly be-

longsto thefollowing twocases:
1. If

¢ £f 
/� k f �·� J and
¢ | 
�� � | � J for some�*¸X� , then�º¹ rank� « �M¹j��y (8)

2. Otherwise, G»¹ rank� « �M¹��iy (9)�
For a threedimensionalvector ¼I� ��� , we use � ¼K� � � �"���R� to denote

theskew symmetricmatrix associatedto ¼ suchthatfor any vector ½<� � � , we
have: � ¼K� � ½4¾¡¼P¿P½ . Noticethat � ¼K� � is skew-symmetric,i.e. � ¼K�±À � ¾NÁ�� ¼K� � .�

In fact,therearemany equivalentmatrixrepresentationsfor Â*Ã and Â<ÄÃ . We
choose� ÅLÃ�� � and � �±ÃÆ� À � herebecausethey arethe simplestforms representing
theorthogonalsubspacesof ÅLÃ and �ÇÃ andalsolinearin ÅLÃ and �ÇÃ respectively.
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A completeproof of this theoremcan be found in [11]. Es-
sentially, theabove theoremgivesa universaldescriptionof the
incidenceconditionbetweenapointandline in termsof their È
imagesseenfrom È vantagepoints.

As a resultof Theorem1, any previously known or unknown
constraintsamongmultiple imagesof point or line featuresare
simply certaininstantiationsof theTheorem1. It is worth not-
ing that the rank condition is far more generaland universal
thanthesespecialconstraints,sincerestrictingtheconstraintsto
triple-wiseviewsmayintroducecertainartificial degeneracies.5

Theorem1 alsoimplies that therewould beno furtherrelation-
ship amongquadruple-wiseviews, even in the mixed feature
scenario.6 Therefore,quadrilinearconstraintsandquadrilinear
tensorsdo not really exist. To make a connectionwith existing
work, we demonstrateby thefollowing exampleshow to obtain
differenttypesof constraintsby instantiatingÉ .

Example1 (Epipolarconstraints)Let us choose ÊQËÌÎÍÐÏ Ì
and Ê»Ñ Í]Ò Ï Ñ�Ó	Ô , then É Í]ÒÆÒ Ï Ñ�Ó3Ô�Õ�Ñ Ï Ì Ò Ï ÑqÓ	Ô�Ö�ÑqÓv×?Ø�Ù Ô�Ñ .
rankÚ�ÉmÛtÜÞÝ is exactly equivalent to the epipolar constraintÏ"ßÑ Ò Ö Ñ Ó Ô Õ Ñ Ï Ì Í!à betweentwo views.

Example2 (Trilinearconstraints)Let us choose Ê¡ËÌ ÍÏ ÌHá Ê»Ñ Í%Ò Ï ÑqÓ	Ô á Ê Ù ÍâÒ Ï Ù Ó	Ô . Then we get a multiple view
matrix: É ÍÞã Ò Ï Ñ Ó Ô Õ Ñ Ï Ì Ò Ï Ñ Ó Ô Ö ÑÒ Ï Ù Ó Ô Õ Ù Ï Ì Ò Ï Ù Ó Ô Ö Ùqä ×tØ1å Ô�Ñ�æ (10)

ThenrankconditionrankÚµÉmÛ4Ü�Ý gives:ÒÆÒ Ï Ñ Ó Ô Õ Ñ Ï Ì Ó ÒÇÒ Ï Ù Ó Ô Ö Ù Ó ßtç ÒÇÒ Ï Ù Ó Ô Õ Ù Ï Ì Ó ÒÇÒ Ï Ñ Ó Ô Ö Ñ Ó ß Íxà ×�Ø Ù Ô Ù æ
This is thewell known trilinearconstraintamongpoint features.
Similarly, if we chooseÊQËÌ and Ê�è to be line featuresonly, we
getan É matrix of size éëê'ì , its rankconditionis exactly the
trilinear constraintfor lines.

Example3 (Point-line-lineconstraints)Let uschooseÊQËÌjÍÏ ÌHá Ê»Ñ Í6í�ßÑ á Ê Ù Íxí8ßÙ . Thenwe geta multipleview matrix:É Í ã í8ßÑ Õ�Ñ Ï Ì í8ßÑ ÖoÑí8ßÙ Õ Ù Ï Ì í8ßÙ Ö Ù�ä ×¤Ø ÑKÔ�Ñ æ (11)

ThenrankÚ�ÉmÛ4Ü_Ý condition:Ò í ßÑ Õ;Ñ Ï Ì Ó Ò í ßÙ Ö Ù Ó ç Ò í ßÙ Õ Ù Ï Ì Ó Ò í ßÑ ÖoÑ�Ó Íxà ×�Ø æ
givesthetrilinear constraintin a mixedfeaturecase.

Example4 (Line-point-pointconstraints)LetuschooseÊQËÌîÍÒ í Ì Ó ß Ô á Ê�Ñ Í�Ò Ï Ñ�Ó	Ô á Ê Ù Í�Ò Ï Ù Ó	Ô . Thenwe get a multiple view
matrix: É Í ã Ò Ï ÑqÓ	ÔoÕ�Ñ Ò í Ì Ó ß Ô Ò Ï Ñ�Ó3ÔoÖoÑÒ Ï Ù Ó	ÔoÕ Ù Ò í Ì Ó ß Ô Ò Ï Ù Ó3ÔoÖ Ù�ä ×�Ø å ÔLï æ (12)

ThenrankÚµÉmÛ¤ÜUé implies that all ð�êñð sub-matricesof É
have determinantzero. They are the line-point-point type of
constraintson threeimages.ò

For example,somethreeviews mayform a degenerateconfigurationbut no
longersoafterputtingthemtogetherwith many otherviews.ó

In fact,this is quiteexpected:While therankconditiongeometricallycorre-
spondsto the incidenceconditionthat lines intersectat a point andthatplanes
intersectataline, incidenceconditionthatthree-dimensionalsubspacesintersect
at aplaneis avoid conditionin ôHõ .

Similarly, otherchoicesof Ê»è and Ê ËÌ will giveriseto all possi-
ble typesof constraintsamongany numberof views with point
andline featuresarbitrarily mixed. In fact,otherincidencecon-
ditionssuchasall featuresbelongingto a planein Ø1Ù canalso
beexpressedin termsof thesamerankcondition:

Corollary 1 (Planarfeaturesandhomography) Supposethat
all featuresare in a planeandcoordinatesö of anypoint on it
satisfytheequation÷ ß ö Í_à for somevector ÷î×NØ ï . Denote÷ ÍwÒ ÷ Ì á ÷ Ñ Ó with ÷ Ì ×XØ�Ù á ÷ Ñ ×jØ . Thensimplyappendthe
matrix ø ÷ Ì Ê ËÌ ÷ Ñqù (13)

to thematrix É in its formal definition(7). Therankcondition
on thenew É remainsexactlythesameasTheorem1.
Therankconditionon thenew É matrix thenimpliesall con-
straintsamongmultiple imagesof theseplanarfeatures,includ-
ing a specialconstraintpreviously studiedas homography [3]
(see[11] for details).

Remark1 (Featuresat infinity) In Theorem1, if the point ú
andline û arein theplaneat infinity ü1ÙWýWþ"Ù , therankcondition
on themultiple view matrix É is just thesame. Hencetherank
conditionextendsto multiple view geometryof the entirepro-
jectivespaceü1Ù , andit doesnotdiscriminateagainstEuclidean,
affineor projectiveassumptionon theunderlyingspace.

Remark2 (Occlusion) If any featureis occludedin aparticu-
lar image,thecorrespondingrow (or a groupof rows) is simply
omitted from É ; or if only the point is occludedbut not the
entire line(s) on which the point lies, then simply replacethe
missingimageof thepointby thecorrespondingimage(s)of the
line(s). In eithercase,theoverall rankconditionon É remains
unaffected. In fact, the rank condition on É givesa very ef-
fective criterion to tell whetheror not a setof (mixed) features
indeedcorrespondto oneor another. If the featuresaremiss-
matched,either due to occlusionor errorsduring establishing
correspondence,therankconditionwill beviolated.

IV. GEOMETRIC INTERPRETATION

For the first time, the multiple view matrix providesa tool
which allows us to carry out global geometricalanalysisfor
multiple imagessimultaneously, without breaking them into
pairwise or triple-wise ones. Since there are practically in-
finitely many possibleinstantiationsof themultipleview matrix
for arbitrarilymany views, it is impossibleto provideageomet-
ric descriptionto eachof them.Instead,wearegoingto discuss
oneclassof themwhichwill givethereaderaclearideahow the
rankconditionworksgeometrically. Understandingthesecases
would besufficient for thereaderto carryout a similar analysis
to any othercase.

Let usconsidermultiple view matricesarisingfrom thecase
2 in Theorem1. In this case,we have à Ü rankÚ�ÉmÛvÜVÝ . So
thereareonly two interestingsub-casesdependingon thevalue
of therankof É :Ý æ rankÚµÉmÛ Í Ý á and é æ rankÚ�ÉmÛ Í!à æ (14)

Thecaseof rankÚµÉmÛ Í Ý correspondsto thegenericsituations,
when regardlessof the particularchoiceof featuresin É , all
thesefeaturessatisfy the incidencecondition. For exampleall
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thepointfeatures(if projectionsin morethen2 viewsarepresent
in ÿ ) areform a unique3-D point � , linesfeatures(if in more
than3 viewspresentin ÿ ) arefrom aunique3-D line � . If both
point andline featuresarepresent,thepoint � thenmustlie on
theline � in 3-D. This is illustratedin Figure1.

����� ��� ���
	 � 	 � 	 �

	 � 	 � 	 �
 � 
 � 
 �
�
� ���

���
Fig. 1. Genericconfigurationfor thecaserank��������� . Planesextendedfrom
the images ������� �!�"�$# intersectat one line % in 3-D. Lines extendedfrom the
images&(')��&+*,��&.- intersectat onepoint / . / mustlie on % .

But what happensin the mixed case,where there is not
enoughpoint or line featurespresentin ÿ , but we have some
mixtureof them?Considerfor examplematrix ÿ with only one
point feature
 � presentandtheremainingaretheline features.
Still rank0µÿ21�354 meansthata line � is uniquelydetermined
by

	 �!687,7,796 	;: andthepoint � is consequentlydeterminedby the� andits first image 
<� . On theotherhand,if thereis only one
line featurespresentin some ÿ but more thantwo point fea-
turesin ÿ , � canthenbea family of lines(on a planein fact)
passingthroughthe point � . In any case,if a point or line is
under-determinedin the caserank0�ÿ21�3=4 , it is only because
thereis notenoughdatain thegiveimages,notbecausethecon-
figurationis degenerate.

Thecasewhentherank0�ÿ21>3@? meansall theentriesof ÿ
arezeros. It is easyto verify that this correspondsto a setof
degeneratecaseswhenthe3-D locationof thepoint or the line
cannotbe uniquelydeterminedfrom their multiple images(no
matterhow many), or theincidenceconditionbetweenthepoint� andtheline � no longerholds.In thesecases,thebestwecan
do is: 1. Whentherearemorethantwo point featurespresent
in ÿ , the 3-D locationof the point � canbe determinedup to
a line which connectsall cameracenters(relatedto thesepoint
features);2. Whentherearemorethanthreeline featuresare
presentin ÿ , the3-D locationof theline � canbedetermined
up to the planeon which all relatedcameracentersmust lie;
3. Whenbothpoint andline featuresarepresentin ÿ , we can
usuallydeterminethepoint � upto aline (connectingall camera
centersrelatedto thepoint features)which is lying on thesame
planeonwhich therestof thecameracenters(relatedto theline
features)andthe line � mustlie. Let us demonstratethis on a
concreteexample.Supposethenumberof views is AB3@C and

we choosethematrix ÿ to be:

ÿD3
EFFFFG

	;H�<I � 
 � 	;H�9J �	;H� I � 
 � 	;H� J �	;HK I K 
 � 	;HK J KL 
NMPORQ I M8
<� L 
NM,OSQ J ML 
NTPORQ I T8
<� L 
NT,OSQ J T
U$VVVVWYX�Z\[ Q]� 7 (15)

Geometricconfigurationof the point and line featurescorre-
spondingto theconditionrank0�ÿ21^3_? is illustratedin Figure
2.

PSfragreplacements

� �
�

	 � 	 �	;`
 � 
9a 
Nb� �
� � ���� K ��M � T

Fig. 2. A degenerategeometricconfigurationfor the caserank�c���d�fe : a
point-line-line-line-point-point scenario.Fromthegivenrankcondition,theline% couldbeany whereon theplanespannedby all thecameracenters;thepoint/ couldbeany whereon theline through g8'h�ighj8�iglk .

Similar geometricanalysiscanbeperformedin thecase1 of
Theorem1. Oneshouldnoticethatthereareonly two sub-cases
theresincethe rankof ÿ canonly beeither m or 4 . Similarly,
theupperbound2 correspondsto genericconfigurationsbut the
lower bound1 correspondsto all degenerateones.For details,
thereadercanreferto [11].

As a summaryof the above discussion,we seethat the rank
condition without doubt extendsprevious methodswhich use
multifocal tensorsbut canonly analyzeup to threeviews at a
time.7 Sincethereis yetnosystematicwayto extendtriple-wise
analysisto multiple views, the multiple view matrix seemsto
be a morenaturaltool for multiple-view analysis.Notice that,
from examplesin theprecedingsection,therankconditionsim-
ply impliesall previouslyknown multilinearconstraints,but not
vice versa(sincethe useof algebraicequationsmay introduce
certainartificial degeneracy thatmakesa globalanalysismuch
morecomplicatedandsometimesevenintractable).Ontheother
hand,therankconditionhasno suchproblem:All thedegener-
ate casessimply correspondto a further drop of rank for the
multiple view matrix.

V. MOTION AND STRUCTURE RECOVERY

Theunifiedformulationof contraintsin termsof therankcon-
dition allows us to solve the problemof motion andstructure
recoveryfrom multipleviewsusingbothpointandline features.
Therearecertainadvantagesfor usingpoint and line features
together. Incidenceconstraintsamongpointsandlinescannow
beexplicitly takeninto accountwhenaglobalestimationof mo-
tion andstructuretakesplace. To demonstratehow this works
betterthanexisting methods,let usconsideranimageof a cube
asshown in Figure3. For the npoiq corner �sr , it is the intersec-
tion of the threeedges� � r , � � r and � � r , n�3t4 6,7,787u6wv . Fromx

Analysisusingquadrifocaltensorswould simply bevoid.
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PSfragreplacements yz|{ z~} z~�

� { � } � �
Fig. 3. A standardcube. The threeedges�9�)�����8�i��� intersectat the corner� . The threecoordinatesindicatethat threeimagesaretaken at thesevantage
points.

threeimagesof thecube,we have themultiple view matrix ���
associatedto y � :

� �>�
�������������

� � � }P�S��� } � � { � � � },�R��� }� { �w�} � } � � { � { �w�} � }� } �w�} � } � � { � } �w�} � }� � �w�}�� } � � { � � �w�}�� }� � � � �S��� � � � { � � � � �R��� �� { �w�� � � � � { � { �w�� � �� } �w�� � � � � { � } �w�� � �� � �w�� � � � � { � � �w�� � �

�$������������
��� { } � }

(16)

where
� �   �¡� �

meansthe imageof the ¢
£i¤ cornerin the ¥¦£i¤
view and

��§ �  �¨� �
meansthe imageof the ©+£i¤ edgeassociated

to the ¢p£i¤ cornerin the ¥¦£i¤ view. Theorem1 says( �2ª �¬« .
One can verify that ­ � � � ® � {�¯ «P� � �°� }

is in the kernel of� � . In addition to the multiple images
� � { ¯ � � }
¯ � � � of the ¢p£i¤

corner y � itself, the extra rows associatedto the line features��§ �  ¯ ¥ ¯ © �±« ¯)²]¯w³ alsohelpto determinethedepthscale
® � { .

We canalreadyseeoneadvantageof the rank condition: It
cansimultaneouslyhandlemultiple incidenceconditionsasso-
ciatedto thesamefeature.8 In principle,usingCorollary1, one
canfurthertake into accountthatthefour verticesandedgeson
eachfacearecoplanar. Sincesuchincidenceconditionsamong
pointsandlinesoccurfrequentlyin practice,especiallyfor man-
madeobjectssuchasbuildingsandhouses,theuseof multiple
view matrix for mixed featuresis going to improve the quality
of overall reconstructionby explicitly takinginto accountall in-
cidencerelationshipsamongfeaturesof varioustypes.

In order to estimate ­ � we needto know the matrix � � ,
i.e. we needto know the motion ´ � } ¯ � } ª and ´ � � ¯ � � ª . From
the geometricmeaningof ­ � � � ® � { ¯ «P� � , ­ � canbe solved al-
ready if we know only the motion ´ � } ¯ � } ª betweenthe first
two views, which canbe estimatedusing the standard8 point
algorithm.Knowing ­ � ’s, theequations� � ­ � ��µ ¯ ¢ �2« ¯,¶8¶,¶u¯w· (17)

becomelinear in ´ � } ¯ � } ª and ´ � � ¯ � � ª . We can use them
to solve for the motions (again). Define the vectors ¸�   �¹

In fact,any algorithmextractingpoint featureessentiallyreliesonexploiting
local incidencecondition on multiple edgefeatures. The structureof the º
matrix simply revealsasimilar factwithin a largerscale.

� » {){ ¯ » { } ¯ » {S� ¯ » } { ¯ » }w} ¯ » } � ¯ » �l{ ¯ » � } ¯ » �w� � � �¼�\½ and ¸�   �¾�   �� �
, ¥ � ²s¯)³ . It is thenequivalentto solve the following equa-

tionsfor ¥ � ²s¯)³ :

¿  ]À ¸�  ¸�  )Á �
�����������������

® {{ � � {  �R�ÃÂ � {{ � � � {  �S�® {{ � {w{ �  Â � {{ � � {w{ � ® {{ � } { �  Â � {{ � � } { � ® {{ � �l{ �  Â � {{ � � �l{ � 
...

...®�Ä{ � �NÄ  �R�ÃÂ �NÄ{ � � �NÄ  �S�®(Ä{ � { Ä �  Â �NÄ{ � � { Ä � ®(Ä{ � } Ä �  Â �NÄ{ � � } Ä � ®(Ä{ � � Ä �  Â �NÄ{ � � � Ä � 

� ����������������
À ¸�  ¸�  )Á �Åµ �Æ�<Ç Ä ¯ (18)

where È ÂdÉ is theKronecker productof È and É . In general,
if wehavemorethan6 featurepoints(herewehave8) or equiv-
alently12featurelines,therankof thematrix

¿   is «
« andthere
is a uniquesolutionto ´N¸�   ¯ ¸�   ª .

Let Ê�   �Ë� �
and Ê�   ��� � � �

bethe(unique)solutionof (18)
in matrix form. Sucha solutioncanbeobtainednumericallyas
the eigenvectorof

¿   associatedto the smallestsingularvalue.
Let Ê�   �±Ì  �Íu �Î �  betheSVD of Ê�   . Thenthesolutionof (18)
in � �ÐÏ ÍÒÑ ´ ³ ª is givenby:�   � sigń;ÓsÔ,ÕÖ´ Ì   Î �  ªwª×Ø ÓsÔPÕÖ´ Í   ª Ê�   �Æ� � ¯ (19)�   � sigń;ÓsÔ,ÕÖ´ Ì  iÎ �  ªwª Ì  �Î �  � ÍÒÑ ´ ³ ª ¶ (20)

We then have the following linear algorithm for motion and
structureestimationfrom threeviewsof a cube:

Algorithm1 (Motion andstructurefrom mixedfeatures)GivenÙ ´ � ³ ª images
� � { , ¶,¶,¶ , � � Ú of ÛÒ´ � · ª points y � , ¢ �_« ¯,¶8¶,¶u¯ Û

(as the corners of a cube),and the images
�¦§ �  ¯ © �¬« ¯l²s¯)³ of

thethreeedgesintersectingat y � , estimatethemotionś �   ¯ �   ª ,¥ � ²s¯8¶,¶,¶u¯ Ù asfollows:
1. Initialization: Ü �fµ
(a) Computé � } ¯ � } ª usingthe8 point algorithmfor thefirst

two views[10].
(b) Compute­ � Ý � � ® � {ßÞ ® {{ ¯ «,� � where

® � { is the depthof the¢p£i¤ point relativeto thefirst camera frame.
2. ComputéuÊ�   ¯ Ê�   ª astheeigenvectorassociatedto thesmall-
estsingularvalueof

¿   , ¥ � ²s¯,¶8¶,¶u¯ Ù .
3. Computé �   ¯ �   ª from(19)and(20) for ¥ � ²s¯,¶8¶,¶u¯ Ù .
4. Computethe new ­ � Ý"à { � ­ � from (17). Normalizeso that® {{lá Ý"à { �±« .
5. If â â ­ Ý�ã ­ Ý"à { â âsäæå , for a pre-specifiedåçä µ , then Ü � Ü�è «
andgoto2. Elsestop.
Thecameramotionis thentheconverged ´ �   ¯ �   ª ¯ ¥ � ²s¯8¶,¶8¶u¯ Ù
andthe structureof the points(with respectto the first camera
frame)is theconvergeddepthscalar

® � {�¯ ¢ �¡« ¯,¶8¶,¶u¯ Û .
We havea few commentson theproposedalgorithm:

1. Thereasonto set
® {{há Ý"à { �°« is to fix theuniversalscale.It

is equivalentto putting thefirst point at a relative distanceof 1
to thefirst cameracenter.
2. Althoughthealgorithmis basedon thecube,considersonly
threeviews,andutilizesonly onetypeof multiple view matrix,
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Fig. 4. Simulationsetup

it canbe easilygeneralizedto any otherobjectsandarbitrarily
many viewswheneverincidenceconditionsamongasetof point
featuresandline featuresarepresent.Onemayalsousetherank
conditionson differenttypesof multiple view matrix provided
by Theorem1. Thereadermay refer to [11] for thecasewhenéëêì is chosento be í î ì)ïcð ñ .
3. Theabovealgorithmis a straightforwardmodificationof the
algorithmproposedfor the purepoint case[11]. All the mea-
surementsof line featuresdirectly contribute to the estimation
of thecameramotionandthestructureof thepoints. Through-
out the algorithm,thereis no needto initialize or estimatethe
3-D structureof lines.

VI . SIMULATIONS AND EXPERIMENTS

We carriedout extensivesimulationsto determinetheperfor-
manceof theproposedalgorithmsasthe noisein the measure-
mentsand the numberof featuresandviews vary. The simu-
lation parametersareasfollows: the camera’s field of view isò
ó.ô

, imagesizeis õ ópóÆö õ ó
ó
, everythingis measuredin units

of focal lengthof the camera,andfeaturestypically aresuited
with a depthvariationis from 100 to 400 units of focal length
away from the cameracenter, i.e. they locatein the truncated
pyramidspecifiedby thegivenfield of view anddepthvariation
(seeFigure4).

Cameramotionsare specifiedby their translationand rota-
tion axes. For example,betweena pair of frames,the symbol÷�ø

meansthat the translationis along the
÷

-axis and rota-
tion is along the

ø
-axis. If ù suchsymbolsareconnectedby

hyphens,it specifiesa sequenceof consecutive motions. We
alwayschoosethe amountof total motion suchthat all feature
pointswill stay in the field of view for all frames. In all sim-
ulations,independentGaussiannoisewith a standarddeviation
(std)givenin pixelsis addedto eachimagepoint,andeachim-
ageline is perturbedin a randomdirectionof a randomangle
with a correspondingstdgivenin degrees.9 Error measurefor

rotationis ú!ûlü,üPý.þ~ÿ�� ��������
	���
 ì� �
in degreeswhere �� is an esti-

mateof the true
�

. Error measurefor translationis the angle
between� and �� in degreeswhere �� is anestimateof thetrue
� . Error measurefor the scenestructureis the percentageof����� ������������ where �� is anestimateof thetrue

�
.

A. Simulationson a structuredscene

In this simulation,we apply the algorithmto a scenewhich
consistsof (four) cubesonly. Cubesare good objectsto test�

Sinceline featurescanbemeasuredmorereliably thanpoint features,lower
noiselevel is addedto themin simulations.

thealgorithmsincethe relationshipsbetweentheir cornersand
edgesareeasilydefinedandthey representa fundamentalstruc-
ture of many objectsin real-life. The lengthof the four cube
edgesare30, 40, 60 and80 units of focal length,respectively.
The cubesare arrangedsuch that the depth of their corners
rangesfrom 75 to 350unitsof focal length. Thethreemotions
(relative to thefirst view) arean

÷ ÷
-motionwith -10 degrees

rotationand20 unitstranslation,a
ø ø

-motionwith 10 degrees
rotationand20 units translationandanother

ø�ø
-motion with

-10degreesrotationand20unitstranslation,asshown in Figure
5.
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Fig. 5. Four views of four 3-D cubesin (normalized)imagecoordinates.The
circle andthe dottedlines arethe original images,the dotsandthe solid lines
arethenoisyobservationsunder5 pixelsnoiseonpoint featuresand0.5degrees
noiseon line features.

We run the algorithmfor 1000trials with the noiselevel on
thepoint featuresfrom 0 pixel to 5 pixelsanda corresponding
noiselevel on the line featuresfrom 0 to 1 degree. Relative to
thegivenamountof translation,5 pixelsnoiseis ratherhighbe-
causewe do want to comparehow all the algorithmsperform
over a large rangeof noiselevels. The resultsof the motion
estimateerrorsaregiven in Figure6. The“Point featureonly”
algorithm is the one for pure point featuresproposedin [11]
which essentiallyusethemultiple view matrix � in (17) with-
out all the rows associatedto the line features;andthe“Mix ed
features”algorithmusesessentiallythesame� asin (17). Both
algorithmsareinitializedby thestandard8 pointalgorithm.The
“Mix ed features”algorithmgivesa significantimprovementin
all theestimatesasa resultof theuseof bothpoint andline fea-
turesin the recovery. Also notice that, at a high noiselevels,
eventhoughthe8 point algorithmgivesratheroff initialization
values,thetwo iterativealgorithmsmanageto convergebackto
reasonableestimates.Thestructureestimateerrorsshow a sim-
ilar patternastheerrorsfor motionestimates.

B. Simulationson a randomscene

Herewe run thealgorithmfor 500trials on a randomlycho-
senscenefor eachtrial. The scenecomprisesof 24 randomly
generatedpointsin thetruncatedpyramidasshown in Figure4.
They arethenconnectedby 40 randomlychosenlines.Thetwo
consecutive

÷ ÷
-motion and

ø�ø
-motion with an incremental

10 degreesrotationandthetranslationis givenby theso-called
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Fig. 6. Motion estimateserrorversuslevel of noises.“Motion x-y” meansthe
estimatefor themotionbetweenimageframesx andy. Sincetheresultsarevery
muchsimilar, weonly plotted“Motion 1-2” and“Motion 1-4”.

���! 
ratio, which is the ratio betweenthe magnitudeof trans-

lation " � " androtationangle # comparedat thecenterof trun-
catedpyramid(seeFigure4). In following simulations,theratio
is 2. Comparingto themotionwith previoussimulationson the
cubes,herethe amountof translationis muchbigger. This re-
sults in improvedestimatesfor translationasshown by Figure
7. And thestructureestimatesaresimilarly improved(datanot
shown) asexpected.See[11] for details.
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Fig.7. Motionestimateserrorversuslevel of noisesfor randomscenes.“motion
x-y” meanstheestimatefor themotionbetweenimageframesx andy.

VII . DISCUSSIONS AND CONCLUSIONS

This paperhasproposeda unified paradigmwhich synthe-
sizesresultsandexperiencesin the studyof multiple views of
point andline features.It is shown thatall relationshipsamong
multiple imagesof a point on a line arecapturedthrougha sin-
gle rankconditionon a so-calledmultiple view matrix. All pre-
viously known constraintson multiple imagessimply become
its instantiations. To a large extent, this condition simplifies
andunifiesmultiple view geometry. In addition,we cannow

carry out meaningfulgeometricanalysisfor arbitrarily many
imagesaltogetherwithout goingthrougha pairwise,triple-wise
or quadruple-wiseanalysis.Comparedto conventionalmultiple
view analysisbasedontrifocal tensors,themultipleview matrix
basedapproachclearly separatesmeaningfulgeometricdegen-
eraciesfrom degeneracieswhich maybeartificially introduced
by the useof algebraicequationsor tensors. In particular, as
shown in this paper, any configurationwhich causesa further
dropof rankin themultiple view matrix exactlycorrespondsto
certainglobal geometricdegeneracy. Combinedwith previous
resultson point, line andplanarfeatures[11], resultsin this pa-
per give rise to a coherentbut simplegeometrictheorythat is
genuinefor multiple images.

The proposedapproachaims to provide a new perspective
to multiple view geometry. It will certainly have impact on
both theoreticalanalysisandalgorithmdevelopment.The lin-
earalgorithmsgiven in this paperandothers[11] only show a
straight-forward(hencenaive)way of usingtherankcondition.
Therearemany otherwaysto improve them: 1. Onecanuse
bettererror measuresin the 2-D imageto recover the motion
andstructureoptimally subjectto the rankcondition;2. Slight
changeof the algorithmmay handleocclusions;3. Betternu-
mericalmethodsshouldbe investigatedon how to imposethe
rankcondition;andsoon. While we arestill in theprocessof
investigatingthe full potentialof this new approach,thereare
plentyof reasonsfor usto believethatwearestill ataveryearly
stageof understandingthe full extentof multiple view geome-
try: eitherits theoryor its practice.
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