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INTRODUCTION

One of the driving forces behind the study of the structure of groups is a number
of questions posed by Burnside (1902). In particular he asked whether every
m-generator group of exponent # (every element has order dividing »n ) is finite.

It is known that the answer is 'yes' for exponents 2, 3, 4, 6 and all (finite)
numbers of generators (see, for example, Sections 5.12 and 5.13 of Magnus, Karrass,
Solitar (1966)) and 'no' for all odd exponents greater than or equal to 665 (see
Adian (1974), (1975)).

These results focus particular attention on the exponents which are powers of
two. This paper is a report on some first steps in a study of groups of exponent

eight.
We denote the free group of rank m and exponent n by B(m, n)

Little seems to be known about groups of exponent 8 . In 1947 Sanov showed

that there is a 2-generator group of exponent 8 with order 2136 by making use of

the Schreier formula for the rank of a subgroup of finite index in a free group of

finite rank. It is part of the folk-lore that the same argument applied to the

subgroup Fu generated by fourth powers of elements in a free group F of rank 2

. 41
shows that F/(Fq)2 is a 2-generator group of exponent 8 and order 2 09

[because F/Fu has order 212 - see §6.8 of Coxeter and Moser (1957)). Recently

Shield (1977) has shown that the nilpotency class of F/[Fu)2 is 39 . In 1951 Sanov
began another area of investigation by proving that all groups of exponent 8 satisfy
the 23rd Engel congruence. The best result in. this direction is due to Krause
(1964); he showed they satisfy the 14th FEngel congruence. Macdonald ((1973),

pP. 437), using a computer implementation of an algorithm for calculating nilpotent
quotient (or factor) groups, showed that the largest 2-generator group of exponent 8

and nilpotency class 6 has order 235 . This has since been extended to class 12

722 . . . .
and order 2 using the Canberra implementation of a related algorithm called the
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nilpotent quotient algorithm (see Newman (1976)). Hermanns (1977) has recently
studied the largest metabelian quotient group of B(2, 8) and has shown that it has

order 263 and nilpotency class 12 (this has been confirmed by the nilpotent

quotient algorithm).

The present study was begun by two of us (Grunewald, Mennicke). It has its
origin in the possibility that the nature of the subgroups of B(2, 8) might give a
hint as to whether to expect that B(2, 8) 1is finite or not. Adian in ((1971),
Corollary 2) proved that B{(m, n) has all its finite subgroups cyclic for 7 odd and
at least 4381 (the bound has since been reduced by him to 665 ; (1975), Theorem
VII.1.8). This might suggest that a pointer to finiteness of B(2, 8) would be
obtained if it were possible to show that B(2, 8) has comparatively large finite
subgroups. However the situation is not quite so simple because every infinite
2-group has an infinite abelian subgroup (see Theorem 3.41 of Robinson (1972}).
Therefore infinite 2-groups have abelian subgroups of every 2-power order. In the
context of groups of exponent 8 these large finite abelian subgroups require many
generators. This suggests that a pointer to finiteness of B(2, 8) would be obtained
if one could show that B(2, 8) has comparatively large finite 2-generator
subgroups. Whatever one feels about such motivation, it raises finiteness problems
which are more approachable than that for B(2, 8) itself. Some of these are
discussed below. For those with affirmative solution examples (described later) give
a lower bound for the order of the subgroup of B(2, 8) in question. As Burmnside
himself pointed out, once one knows that a group is finite the next problem is to

determine its order. This is discussed for some of the groups which arise.

Let {a, b} be a free generating set for B(2, 8) - from now on simply B .
Before turning attention to 2-generator subgroups of B(2, 8) we look briefly at
l-generator or cyclic subgroups, in part to prepare for some questions which arise in
the 2-generator context. Here, of course, there is no finiteness problem and the
order of every cyclic subgroup or element divides 8 . An element which has odd
exponent sum in either a or b has order 8 for it has order 8 in a cyclic
homomorphic image. Equally clearly squares of elements have order at most 4 . For

some other elements it is comparatively easy to determine the order by constructing
2
suitable examples. One sees that a2b and the commutator [b, @l have order 8 by

considering the group presented by

o n | &= at e, st e P

This group is a splitting extension of a direct product of two cyclic groups of order
8 (the normal closure of %k ) by a cyclic group of order 4 (generated by 7% ). It

is easily seen to have exponent 8 , so the mapping a+> hk , b+ h can be

. 4 4
extended to a homomorphism from B . Under this homomorphism (a2b2)u and [b, al
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both map to [kkh]4 which is not the identity. Considering the group X presented
by

4 2 2 3 3

8 I Y Y Y T

(e, n | K2 =18 =1, & - k7Y,

which is a splitting extension of a divect product of four cyclic groups of order 8

by a cyclic group of order 8 and has exponent 8 , settles the order problem for

more complicated elements; for instance, aubu and [b, a, a, al both have order

8 . TFor commutators of higher weight we record a few coarser results. Let Bc
denote the e¢th term of the lower central series of B and B" the second derived

group of B . The work of Hermanns (1977) shows that (BS)l1l < B" and (B9)2 = B" ,

Calculating in B/Bl2 gives (36]2 =B, (ef. p. 437 of Macdonald (1973)),

7
(B )4 <B and (B )2 <B Hence, for example (B )2 =B for all ¢
S5 T 712 74 T 711 ? > ¢’ T Tetl
. . TR TR
greater than or equal to 6 . Finally we mention, for later use, that (a b ) lies
. Yoty 2 Yobybe L .
in Bl2 so that [[a b ) , b7, [a b ) ] is in B26 .
We now turn to 2-generator subgroups of B . Observe first that if the two

generators have order 2 , then the subgroup they generate is dihedral of order 4, 8
or 16 . The first case of interest is (aq, bu) (here ( ) denotes subgroup

generated by). This has order 16 ; consider ((hk)u, hq) in the group X above.
If either generator does not have order 2 finiteness problems immediately arise.

Even the simplest seems difficult.

PROBLEM 1. Is the subgroup of B(2, 8) generated by {au, b2} finite?

Since the paper was submitted it has been shown (by Havas and Newman) that this

- . 205
subgroup has a largest finite guotient - of order at most 2 0 and class at most

26 . The subgroup (au, b2) may be regarded as a product of its finite subgroups

(au, b4> and (b2) 3  these meet in (" [in other words (au, b2) is generated by

an amalgam of finite groups). In <au, p*

) there are two proper subgroups
((aubu]u, b*) and <[a4bu)2, b containing b* . Thnis suggests two intermediate
finiteness problems. Is L = ((aubu)u, b2) finite? Is M = ((aubu)Q, b2> finite?
The first of these is easy to answer for p* is central in L and L/(bq) is
generated by two elements of order 2 , so L 1s finite of order at most 32 . In

more detail L is a homomorphic image of

(r,y | 2=y =[r, ¥ =® -1
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under the mapping T+ [aubu)kL s Y b2 . Thus L has order 32 if and only if

b Ul 2 U4 . PN . . .
@), b°, {ab )u] is non-trivial; so the earlier observation that this element

lies in 326 implies that, if L has order 32 , an example of nilpotency class at

least 26 will be involved in exhibiting this order. The second question is harder.

Its solution is the main result of the investigation so far.

The subgroup of B(2, 8) generated by {(aubq)Q, b2} ig finite of order at most
31

The best lower bound we have for the order of this subgroup ¥ is 25 which
comes by considering (((hk)uhu]Q, n?) in the group X .

PROBLEM 2. What are the orders of the subgroups of B(2, 8) generated by

b4yl 2 bo4y2 2

{(ap)", b} and {(ap)", b7} 2

The proof of the finiteness of M , as can be seen by glancing ahead, is highly
computational and combinatorial. In the later stages it has been significantly
machine assisted. Below we give an outline of the proof and its development. The
proof has evolved in a way which is hard, and not always illuminating, to describe.
The account here contains some traces of the evolution. They have been kept partly
because their removal would not, we believe, significantly aid understanding (and

could introduce errors which hinder it) and partly because their retention may shed

some light on what was involved in developing the proof.

Observe to begin with that M is a homomorphic image of the group T* presented
by
<y, ¥ | ™ot = (YQhGQ = 1, exponent 8?
) 2 U, 4y 2 % e eas
under the mapping Y+ b~ , W+ (a )" . We prove that T* is finite of order

3
2 * . Another presentation for I'* was actually used, namely

2_

(¥, 2 | 7= (YZ)J+ = (YZ_l) = 1, exponent 8) .

A finiteness proof need only use finitely many eighth powers, so it can be set in the
context of some suitable finitely presented preimage of T?* . The one we ended up
with is the group [ with the presentation given at the beginning of Chapter 2. This
group has a subgroup Fl of index 8 generated by

(202, 22yt = (voy%27 2, eyt = ey
2, (YZ)22'2>

is a finite 2-group. This is done by considering a preimage G of the group G*

. . 2,-
(Theorem 1 of Chapter 2). A major step in the proof is to show <((ZY)"Z

presented by
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- 2
poq 1ot =q" = et = (pgH" = (%A =

-1 -1y4u 2 2 2
(pap™"q"")" = (p°apq’pq)” = 1, exponent 8) .

Theorem 3 of Chapter 2 shows that the group G is a preimage of the subgroup via the
mapping p > (21?272, g (%272 . (The relation (g0 Tqpg p)* =1 - p. 126
was found after the proof in Chapter 1 was essentially complete.) The proof of the
finiteness of (G was the subject of Grunewald's dissertation (1973) and of a lecture
(by Mennicke) at Oberwolfach in May 1974. The collaboration reported here arose out
of a discussion (between Mennicke and Newman) following that lecture. It seemed that
a judicious mixture of hand and machine calculations should result in better progress.
This has been the case, firstly because great care and considerable time are needed to
try to ensure that hand calculations are accurate, and secondly because the nilpotent
quotient algorithm is able to give quite detailed information about the groups
involved. A presentation for G is given at the beginning of Chapter 1. In that

. P 2
chapter G 1is shown to be finite of order at most 2 1 (Theorem 4). Moreover @&

has exponent 8 (Theorem 7), so G and G* coincide. The nilpotent quotient

algorithm was applied to the presentation for G . It terminated, showing that G
. . 2 . .
has a largest finite 2-quotient of order 2 * and nilpotency class 9 . Combined
. - . R 2 .
with the finiteness proof this gives that G* has order 2 1 . A consistent power

commutator presentation for G* 1is given in Chapter 3. (This presentation was used
to help check the calculations in Chapter 1.) The nilpotent quotient algorithm also
yields that the rank of the multiplicator of G* 1s 7 . This suggests the
possibility that G* has a presentation involving only two eighth powers in addition
to the explicitly given relations. This has been confirmed by a technique based on
coset enumeration. This is described in Chapter 3 and provides an alternative and
independent proof for the finiteness of G* . Chapter 2 contains the rest of the
finiteness proof for I'* (via one for T ). This proof involves less detailed
calculations than those in Chapter 1 because in the final stages of completing the

proof it was known that the nilpotent gquotient algorithm applied to T'* terminates

and shows that TI'* has a largest finite 2-quotient of order 231 and nilpotency
class 19 . The resulting consistent power commutator presentation can be deduced
from that for I given in Chapter 4. This presentation was used to help guide and
check the proof in Chapter 2. From the presentation can be "read off" properties of
I'* such as [(F*)q)2 is non-trivial and ([(F*)u)Q)z is trivial. The group T

which is shown to be a finite 2-group in Chapter 2, is a proper preimage of T#* ;

the nilpotent quotient algorithm shows I to have order 233 and nilpotency class

21 .

. . 1h N
The image of G* in T has order 2 . The kernel is generated as a normal
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subgroup of G* by

{lta, p1, (@), [a. p71%[4°, P12, (apa')"} .

The elements of the kernel when mapped into B via T#* yield words in a, b which
may be viewed as non-obvious consequences of the exponent 8 condition. The images
of the generators of the kernel are rather unpleasant to write down, some other

examples of non-obvious consequences are
[[aubuaubz)z’ b”(a”b“a”b%”b“]” i
LoL o NoOv3 U, 4ol o DN3 2 ol 4202 200
((a'p"a"p*) %" (a"p a"p%) %% (a b a"p?) 7) " .
We are indebted to Mr W.A. Alford of the Australian National University for doing
some of the computing and to Mr R.I. Yager, a vacation scholar at the Australian
National University during the summer of 1976-1977, for his careful checking of the

proofs in Chapter 2 which enabled us to eliminate a number of errors and misprints

from a draft.
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CHAPTER 1

A FINITENESS PROOF FOR &

We shall prove that the group

B
1
-

={p,q | (D
(i1) g =1

(ii1) ()"t = 1

(1) (g )" =2
0 (%) - 1
i) e =1
(vii) (p°apa’pa)® = 1
(viii) (¢pa’p )% = PPp’aH® =1

(10 (%)% = (¢%)° = 1

) apg ™M = (e = 1

(x1)  (apa P H® = (dPpapa%pa PP = 1
i) (g 7)® = p M) ® = 1

( 222 - JB - ( 222 - )8

(xiii) (p"¢"p g arqrp =1

. 8
xiv)  (pap’q”)® = (gpa”p?)® = 1
o - -
) (pap’aH® = (P ™M) = D

is finite. The elementary computations which follow will also show the structure of

this group.

A. The Main Theorems
THEOREM 1. The commutator subgroup G' = G having the index*

IG:G'I :24

* If i 0= H2 are two groups we write
|H2 : Hll

for the index of Hl in H2 .
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ig generated by:*

-1 - 2 -2 -1
(1) a = gpg lp * () d=qpgp
-1 -1 -1 2 2-1 -1
(2) b =pqpq 'p *p (8) e=pgpgp °p .
2 -1 -1 -2
(3) e =piqpqg p "p

This theorem is proved by the transformation formulae in Lemma 1.
DEFINITION. # :={(a, b, ¢’ .

Let R, be a defining system of relations for H . Let R be a defining

H el
system of relations for G' . Let Hg be the subgroup of H consisting of the words

with an even number of letters.

G& = Ker(G' +{a, b, c,d, e | RG,; a=b=c¢=1; d? = &2 = (ed)2 = l)]
2 2 -2 <182

p:=d" = {g°pg P )7 -

F o= ebe ta pat = (pqz)u .

H_ 1is generated by

2 2 2
a®, b°, ¢”, ab, ac, be

and has in H the index

Gé is generated by

1.,-1

a, dad—l, eae_l, deae_ld_l, b, dbd_l, ebe_l, debe_ld_l, e, dcd_l, ece_l, dece”d —,

2 2.-1

d%, ede td ™, dedet, &2, de’d

and has in &' the index
2

" : a!

d|52

Obviously, the systems of generators stated are reductions of the systems of
generators obtained by the Reidemeister-Schreier method.
THEOREM 2. (1) D normalizes {a, b, e, F) .

(2) 92 €(a, b, ¢) . Moreover 92 liee in the centre of G .

(3) Gé ={a, b, e, F, D) .

* We use here a, b , which were already used for generators of B(2, 8) in the
introduction. This should cause no confusion.
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’ 2
() |6¢" :¢a, b, e, F, D)| =27,
(s) [a, by, e, F, DY : {a, b, e, P} =2.

(8 |Ka, b, e, F) : {la, b, )] = 23 .

Proof. (1), (2) follow by Lemma 16.

(3) follows by Lemma 2 (36)-(48).

(6) Lemma 16 and the transformation formulae derived from Lemmas 13, 15 show
that F normalizes the normal subgroup N generated by a2, b2, 02, ac, (ab)2 in

(a, b, ¢) . Since the elements FaFq ™t and F@F%_l lie in the centre of

{a, b, ¢, F} by Lemma 16 and since both are of the order 2 , the factor group
(a, b, e, F}/N

. 5 . s . .
is of an order smaller than 2 . Since it is obvicus that ¥ in (a, b, @) has

index U4 , the proof of (6) is complete.

THEOREM 3. ((ac)z, (c_la)z, (abcb_l)2) ig an elementary abelian subgroup of

exponent 2 in the centre of H . The following relations hold in the factor group

(1) a =b =c¢ =1,

—112

(2) (ae)? = (c7Fa)? = (abep)? =1,

[t}
—~
Q
o
o
o

(3) (@
(4) beab™t = ae s

(5) bach™t = ca R

2

(6) (pebrah)? -1,

Proof. The first relation follows by Theorem 10, Lemma 11 {(28), Lemma 13 (18),
Lemma 11 (13), Lemma 16.

(2) follows by Lemma 16.

(3) Lemma 11 (26), (22).

(4) Lemma 11 (24).

(5) Lemma 11 (24), Lemma 4 (1).

(6) Lemma 11 (7).

Obviously, in the group H/((ac)z, (_c—la)z, (abcb-l]Q) , (ac, ca) is an

elementary abelian normal subgroup of order 22 . The factor group is a factor group

of the group studied by Coxeter (1940):
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4 4 4 -1 34 -1 -1 42 -1 42 -1 2
(P, | P =qt=@nt= (9 = (P o) = (Pa P = (PTePg)” = 1> .
At most, it is of order 26 . So the proof of the following theorem is complete.
THEOREM 4. (G 4is finite and
la| = 2%t .

We shall now describe the normal subgroup which is generated in & by the &th

powers.
DEFINITION.
LN pYa loba = (qu}u s
v, 1= ab Yo b N
vy iT B P N
v, = (@)’ = (qpa 'p)" ,
v = [abeb~l)2 s
UL @_%QQ,
V := (vl, Vgs Ugs Vs Voo vg) .

Let o be the automorphism of G which interchanges p and q .

u; :=ot(vi), £=1,2,3,%4, 5,6,

U := <ul, Ups Ugs Uy Ugs u6>

THEOREM 5. V <s the normal subgroup generated by (p2q]4 in G . U is the
normal subgroup generated by [qu)L+ in G . VU <is elementary abelian of exponent
o

1
2. VolUz(yw,, v . [veu| = 277 .

Proof. The above statements follow by Lemma 13, Lemma 15, Lemma 16,
B(2, #) :=(z, y | W=~ (g, y | et = ylﬁl = (xy)u = (x—ly)u = (aczy)L‘l
= @) = %) s @ ) = @) = D
This presentation is found in Coxeter-Moxer (1957, p. 8l). Now we shall show that
(a2 ?)? € z(B2, »)

It is sufficient to show the identity
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((xy)Q(yx)2]2 = [xzynyxy]z

this is equivalent to x I ((my)Q(yx)Q)z ; where I denotes commutes with. To obtain

the commutator relation which remains to be shown, it suffices to exchange x and y

in the above identity:

2 22 2 2 2 -1 -1
(Cary) () ) “o ( gy “2y) © = zymy yaye-zyay ycye  yoys —sTymy LT TYTY *YLY
-1-1 -12-12 -1-1 -1 -12-12 -1-1-1
T gyryex Ty X Yy x Yy xm Yy xYy T yx yoxy = yxy

= (xy)u =1.

It is well-known that ((xy)Q(yx)z]2 #1 in B(2, 4)
A proof of this fact is alsc given by Theorem 8.
THEOREM 6. G/V-U <s of exponent 4 and

le/veu| = 2% .

Proof. Obviously, it is sufficient to show that the relation

(papa™)* = 1

holds in G/V+U . This follows by the definition of v When determining the

R
order, remember that B(2, 4) is exactly of order 212 . Thus we have shown that

V*U 1is exactly the normal subgroup,of G which is generated by the Uuth powers.

Next follows:

THEQREM 7. G is of exponent 8 ; ¢ s elementary abelian of exponent 2 .

For G we have the following diagram:

21

where <<x)>G denotes the normal subgroup generated by « in G .

The following computations yield also a description of the commutator subgroup of
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G/VU = G/G .

For the generators of (G/V*U)’ we shall use the same notation as for the generators
of G' .

THEOREM 8. 1In (G/Gu]' we have the following relations:

(2) (@)’ = (be)? = d% = &2 ;

(3) ac = ca ;

W a%, e? e z((er6M ;

(5) dad™t = &%a R
ard™t = %,
ded ™ = &% ;

(6) eae ™t = &% R
ebel = &% »

-1
ece = e‘c

Proof. These relations are all stated in Lemma 16. Dividing (G/Gu]' by the
normal subgroup (az, 82) one obviously obtains an elementary abelian group of order
25 . This implies also that G/GL+ is of order Qll at most.

THEOREM 9. (1) The solubility length of G <s at most 3 .

(2) The nilpotency class of G <s at most 9 .

Proof. (1) Lemma 16 yields that

[ér, ¢'1 =<v-y,
where (V+U, D) 1is an abelian group.

(2) Let Ci(G) be the <th term of the upper central series of our group G ,

that is, L () ={(1> and ¢ . . (6)/g (&) = Z{6/L (D)

Considering the formulas in Lemmas 13, 15, 16 one finds that <(U-V, D’ E_CS(G)

The formulas of Theorem 8 and Lemma 1 then imply:

(de, a2, ae, UV, D) E-CG(G) 5

{d, ab, de, aQ, ac, UV, D)

1N

;7(0) H

L@, @l

1N

CS(G)
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This proves (2).

B. The Proofs

LEMMA 1.
(1) pap_l =b,
(2) phpt =,
(3) pcp_l -t
W pdpt e,
(5) pep_l = b ldp R
Proof.

(5)

-1

E]

(1) to (4) follow by the definition of a - e

Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman

We have the following rules of conjugation:

(6) qacfl =dat,

(7) qbq_l = geb tat s

(8) ch_l = adbe b 7lat N
(9) qdq_l et la Tt
(10) qeq_l = ad tabebtat .

follows by (i), (ii), (iii), (iv).

(6) and (7) follow by the definition of a - e .

(8) By the definition of

11 1y
qeq tabeb™'da ™ = qplapq (@) D)

Then (iii), (iv) imply (8).

a - e

and (i), (ii) we have

4 -1 -1 -1 -2 -1
9P 9 P g .

(9) follows immediately by (ii), (iv).

(10) follows by (iii).

LEMMA 2. 1n (a, b, e, D, F) we have the relations:
(1) at=pt et =0t 2P - 13

(2) (ae)" = (abe)" = (abcb_l]4 (ca-l]B =1;
(3) (Dbc_lbc)2 =1;

) (e H)? = (@)?;

(s) dZabeb™t, DT abebl;

(6) o2 2 b Ya Db ;

(1 (p7tap)? = (Beh)? ;

(8) (b la1)? =1 ;

(9) (pbaba 1)? =1 ;

using (i), (ii).
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(10) Dhach 0 Yapate et = 1

(11) Dbe “6Db 2 abea ™™ ;

(12) abe b e obe hea B eq = 1 ;

(13) (0 Yapeatb e ) = 1

(12) (ba’p)* = 1 ;

(15) (ba®be e 1p)? = 1 ;

(16) (¢"tatoea ) = 1

an p2 7 (¢l ea™)?
(18) (Dbadbe ‘BDbac™)? = 1 ;

>
(19) FaQF = a2 3

(20) Fbe’b™YF = be’b 3

2 - -
(21) Fab o%aF = a lc2b2a 1 3

-1 -12,-1
a ¢

(22) F(ab_l)QF =a e b ;

(23) Pab Yabea 'F = a Yo tabeach™t ;
(24) eb Fac 7 lat 7 b2 5

1-1

%~ lq e rae b Ebac et =

(25) c-lbcbcfuc_lb'lFDbac a ¢ “Fac

(26) caFac” b Y Fbae b Yrac b trobabe = 1 3

(27) aca” Y0 0 Pbea Y Fa Yo Y rae bt rDba = 1 3

-1,-1

(28) bola 'y D—lﬂyca_ch_lb_lcachac_lb—lFDbac2 11t

b a

(29) Dbc_lbDbac—lb-la_lb_lD_lca‘lb-lD_lFbcb_laF =1;

I I -1 -l.-1-1-1 - -1.-1 .-1 -
(30) aca lb lD lFbcb laFa lb lD lb cac lDbaa lb lcb lD .

1. -1 L -1 -1 -1.-1_ -1 -1 .- 1.1 -1 -1
(31) Dbac lb la lb lD 1, lb ch lb lcb lﬁuc lb la 1. b =

-1 -1 -1 -1 -1
(32) D "aD “ab "aFac “abFac = =1 ;

1 —l]Z

(33) (Fuc_lb_la— cb =1;

(3u) (D-lEuc_labcb-l)Q =1;

1
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(35) (caFab_la]4 =13

(36) dad ' = Dbabea ‘mpe ta D7t

(37) eae ! = babea tFbe tDba H

(38) devare rdt = bl Io

(39) abd ™t = b Yrae Tl it :

(40) ebe™t = Fab g 3

(41) devbee *dt = TR b e e e
(42) ded™* = DFac b a0 1,

(u3) cce™t = eb 0 e R g

L2 obe ;

(u4) descre td
(45) ede Yd™t = babea ‘Fbabea trbe b eabea trbe therbe 3

(46) dede™t = cF%abca_lFbc‘lDbc—l :

w7y e2 = ab o e e e Rt
(u8) de’qdt

T S R R R P Py e R
(19) (e 1)? = (@) = (dba)? =

Proof. (1) follows by (vi), (viii), (ixz).
(2) follows by (x), (vi), the transformation formulae in Lemma 1 and (xi).
(3)

- 2 -1 -1 -1 -1, - 1 -1 -1 -1 -1 -1 2 -142
(obe™e)? = (¢%pq t o p N (e e) e e e e T e e )

(@ pap ta tpap Fpa ) e aD)? by (iv), (11D, (viD)
1 by (iv), (vi).

1

()

-1 l -1,-1 -1 -1 -1 l -1y4 2 -1 -1 1 -1 -1 -1\ 4
Db pbe b (= e I T e i S R B S (* I

-1 -1 2 -1 2 2 -12 -1 -1 2 -1 2 -1
*q pPq pP'pPQp @ = Qq°qpq qpq °*p q *pq Ppq ‘P9 P *qpqp *q
by (iv), (iii), (vii)

<

1 by (iv), (iii), (vii).
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(5) Lemma 1 yields

pqdp_u = abeb *edebe b7t
Then (i) yields Lemma 2 (5).
(8)

—l -1 -1 2 -1 =1\ 4 -1\ 4 2 -1-1-1-1 -1
b abe’ e mbac? = prq’pap (g N e (a0 pape T e e e
-1 -1 2 2 -1 -1 -1 -1y B -1 -1 -1 -1
'pq p qr qpq P g p (pq ) 'qpqp'q papg P *qrq P

-12-1-12
ptq pqp qp q Pq Pq P QP qpq P Q pqg p q

il

papq P qpq" p by (iii), (iv)
_ =12 -1 -1 2 -1 -1 2 -1 2\ 8 -1 -1 -1 - -1
= ¢ 0% apa  pa ot p N e ) Sp e e e o T ape e

by (vii)

i

-1 -1 -1 -1\4 - - . . ..
g pq T+ (apa o ) pg e by (i), (iv), (i)
1 by (vi), (iv).

1

2
-1 -1 -1 ,-1 -1 -12-1-1 2 -1 -1 -1 -1 -1 -1 -1-1
D “abD “abehb “eb T = pq p q p q p q Pq P 9gp q pq *P g P q P ap q
-1 -1 -1
vapq P qp q P
2-.12 2 “1 4 -1 —1yu 1-1 -1 -1 -
= pa’p tq%pPapq- () rapap (e Y Y papa e et
by (iii), (vii)
= pq-(qp_l)uq_lp_l by (iii), (iv), (vii)
=1 by (iv).
(8)
-1 =152 2 -1 154 =13 4 -1 2 -1y2
(Dbab™"a = (¢°pq "papa (a7 o) (g™ ¥ qpapq pap a )
2 -1 -1 -1 2 -1-1-1-1 2 =-1y2 . ‘e ..
= (¢pra o g e e i g by v, (Qif), (vii)
= ¢*(p%q) %7 vy (iid)
=1 by (ix).
(9)
-15y2 2 -1 -1 -1\u4 -1\ 4 2 -1 -1 -1 -142
(Dbaba™ ") = (q"pq "*peqpa-(a P ") *(pa”") rapap”*q P Tqp "q )

-1

-1 ptp%A)? by (iiD), (iv), (vii)

1

2 2 -1 -1y4 -1 - N
(0 qp- (" ta ) " a o ap (p70) g

1 by (iii), (iv), (vi).
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(10)

1

. -1 -1 -1 -3,-1 -1 2 -1 -1 -1\vH -1\ 4 -1 2 -1y 4%
bbach™ D "aba e b a qrq “papq-(q ) ‘(Pq ) eqpap+q " *papq” (qp™")
-1 -12 2 -1 -1 -1 -1 -1
i i Bl S By Ca

1]

2 -1 2 - - . ..
q pq “prqpq pqp *qpq 'pqp qpq pq by (iii), (vii)

1 4 2 ..
= ¢°pla N by (vin)
= 1 by (iii).
(11)
Dbe™ bDbabca lb 1p- lb lcb D a —lb_la_l
2. 2 =1 -1 -1 =14 2 -1 -1 -1 -12 2 llll -1\ 4 -1 -12
= a%pa?p g pa ™ e dp e e a2 T e T e (pa ) Feapap T g

-1 -1 -1 -1 -1y 4 2 =122 -1 -1 - 2 -1 -1 -12 -1
g P g ‘(qp ) *papq ‘p qp *ap”q “*parq 'p'(p q] «qp*q°p q "pq P arq
2 -1 -1 -1 -1 -1 -12
a’pap~*q  p%a*p?a? pa tpapa’rar a2 q? spap apa’ p e p e i T e e e
ot e e g e e TP ape Tt by (i), (did), (vii)
2. -1 -1 . -12-12-1-1-1 4 -1 -1 -1
qbegqp "qp "*p Tq'p 9P q p *(pq) *qpqp “*q "pq P pqp

2 24 -1 -1 -1 -1 -1 -1 .
p(p°¢") "*q pq" P +q "pq P parq by (v), (vii), (iii)
_ -1 -1 2 -1 -1 -1 2 -1 -1 2 -1 2 -1 -12
= ¢’ g o e e p g pap’a o rpapap°d o e

by (v), (iii), (iv)

22 -1 -1 -1 -1 -1 4 -1 -1 -1 -1 -1 -12 ..
=qpq pqg P q pq *(qp) *pq "pq "*p q "Pq P q by (iii), (vii)
14 - . .
= ¢’p(pa D) 71" by (iiD), (iv)

1 by (iv).

(12)

abe” b a Dbc bea lb lD lb lca

2 -1 -1 -1 -1 =14 2 2 =12
qp q p '<pq> ‘g q P (pa ) ¢ 0" Y teapa e
-1 -1 -1 -1, - -1 22 -1 -1 -1 -1 -1
vq P g (e ) papa’p v ™ q tpapa tpapa p

2 2 -1 2 2 =12 2 2 2-122 -1 -1 -1 -1 -1
qp 9 P *qpqp*q °*pqpq°p 9 P *q pqp 9p*9 P q P qp °q pqpq °*pqrq P
by (iii), (iv), (vii)

12222 -1 2222 -1 -1 -1 -1
Y B e o R O o S R R i

“pgpq Tepapg Tt by (iii), (iv), (vii)

-12 2 -1 -1 -1 -1 2 2 -1 -1 .
=q P q*pg Pq “*q TP ~*qpqp qprq-q pqrq P by (iii), (iv), (v)

-1.-1 2, -} =154 -1 -1.2 -1 -1 4 2 -1 . ..
= ¢ R (e Y i e e et by (i), (viid)

1 by (iii), (vii).
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(13)

D abca Db l -1

2 -1 -1 -1 -1 -1 -1y4 -1\ 4 -1 22-12 2
pqd’r 9 *q pqg pe(p g ") (ep ") pa P aP qpe
-1 -1 -12 -1 2 -1
pqp Yo pepgrta o e e T  papap
2 -1 -1 -1 2 -1 - - _
= pq’p tq T app apa tp%apq (a0 ™H) Fopa t papa pap

2 -1 -1-1 L -1 -1 2 -1 . ..
p'q "pq v (pq) +qpgpqprep ~q pqpq p ~ by (iii), (iv), (vii)

2 -1 -1 -1 2 =1 4 -1 -1 2 -1 . ..
pap g p qpe(pTapq ) P Tq “papg’p T by (iii), (iv), (vii).
Then (xii) yields Lemma 2 (13).

(1)
2 2 2 -1 -12 -1y i -1 -1 2 -12
Dba‘b = q“p+q’p "q P plpq ") *qpap 9 P qp q p

0020’0 P by (1iD), (iv), (vii)

22-12 22 2
=qpq peqgpgp” by (v).
By (v), (xiii) follows Lemma 2 (14).
(15)

2 -1-12 -1 -1

2, -1, -1 - 2 -142 2 -1 -1 2 -1
Dba"be "be b = q p 9P 9 Pq P 9q '(qp> *{pa ") *(qp) g P Tap’q pq

-1 -1 -1 -1 -1 -1 -1 -1.2
p q p gqpq PP 9 P 4qpq P
22 -1 2222 -1 -1-12-1-1-1 2 -1
ap°*q *qpqpq P ‘p* (Pq) ‘9 P 9 Pqg P q 9pPq

pap g pNapg Ip? by (ii1), (iv), (vii)
22 =122 ..
q’p°q PTq paprq*p qp q pq p qpr q b qpq p by (iii), (v), (vii)

- -1 -1-12-1 -1 -1.2 s
q P q P qp 'q Pq P'p P aPr q P 'qpq P~ by (iii), (iv)

1

22 -1 2 - - . .
qapq "pPap qp 'QPQ'P'Q ‘papq-pq P by (iv), (vii)

2.2 2 2-1 22222-1 22
= q°p’q p qp qr q TP g PTqPq "*qpq by (iii)

1

2 2 -1
7’ e (P%) *p°a® vy (v
1 by (ix).

(16) and (17)

-1,-1 -1 -1y2 -1 -1 -1 -1 y -1 -1 2 ~1.2 -1 -142
(™ b a " Dea™) = (p™rep g Tp T (pq) qp Tqp “papa‘paptq P ap q )
22 -1-1-1-1, 2 Sl -Lys, -1 -1, 132
b apq P q P g raplp ) rap T g )
by (iii), (iv), (vii)

222 -1 -1 2222 -1 -1 2 .
pqapqr q PYpPqgPp qp q pq by (iii), (iv)
2222 -1-1-1-1-1 -1 -1 -1 -1 -1 2
pqgpqg*q P g P q °q p p qp q *pq by (V)

22 -1 -1-1 -1 -1
=qpq *q p qpq P qp 4p q by (iii), (v).

Then follows Lemma 2 (16) by (vi) and moreover
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(c_lb_la_cha_l)z'bz
22 -1 -1 -1 -1 -1 22222-1 -1-1-1-1 -1 -1 -1
=q¢'P°q *q p apa v qp'p 'q p qpqpp P 9@ P q9 *pgp q P
2-1_-1-1-1-1 -1 -1 -1 - -1 - 2 -1.2 -1 -1 s .
qQpr ‘P 9 P 49 ‘P3P q P q 'q p 'qpqp qrqq P 494 P by (iii), (v), (vi)
-1 -1-1-1, -1.2 -1 -1 A s
q p q pap q ‘pap q p 9 p q *q Pqp by (iii), (vii)

2 -1 -12 -1 -1 N
q p q pqp q *pqp q *pqp q ‘gpq pqp by (iii)

]

1]

- T .
72 pap?a)) a7 od” by (vii).
Then follows Lemma 2 (17) by (xiv).

(18)

-1 -1 2 2 -1 -1 ~1 N4 - -1 -1 l -1\4
Dbabbe 'bobac™t = q%p-qp a7t (¢7 ") ' e qpap-q o e pe p e o e (pg )
2 -1 -1 -1 - -1 -1 - - -1 2 -1 -12
gt aprq P e e (pa ) e apapra e T e
2.2 2 -1 -1 -1 2222 2 2 -1 -1 -12
q°p ap q pap q pa P a pap rap e ¢ p
by (iii), (iv), (vii)
222 =12 =172 -1 4 -1 -1 -1 ~-1yv4 2222
qp°q a7 ) g e e (0 ) e ap e

7% (a7 %% by (iiD), (iv), ()

Then follows Lemma 2 (18) by (ix).
(19)

2 2 -1 -1 ERR -1 -1 -12 -1
Fa” = pq pqeqpq "p (Pq ) iz (Pq) ‘a p qp .

Then (iii), (iv), (vi) obviously yield Lemma 2 (19).

(20)

b rbe’s e

2 -1 2 2,2 2 2, -1 -1 -1, -1 -1
Pqp °qpq pqp °*p *qpq PP *q P 4qpq ‘P 9P 4
2.2 2 2 -1 -1 -1
pqapapapegp q P 9rq P

1

2 -1 28 2 2 -1 -1 -1 -1 2 2 2
p*qpap+ (p™q%) "*a°pa”*pa "pq "*q" pq pra‘ra‘rq
2 -1 -1 -1 . .
pap 4 "p “qpq “p Dby (vii), (iv)

-1 -1 -1 -1 -1 2 2 2 2 -12-1
p*q P 4qpq P qp*pqr q°*pPq pPq Pq pq 9 P 4
p_lqpq_lp by (ix), (iv), (iii)

-1 -1 - -1-12-12-1 2-1-12-1-1 -1
qa pp 9 'PQPQ P q P qp q9qp *9qp 9 pq F ‘93 P

by (ix), (vi)

1

2-1-1.2-1-12-1-1_2 -1 -1 .. e
q mm qp q "*P°q P q¢’p "q "*Pq*pq 'pq *pr by (vii), (iii)

1 by (vii), (iv).

1l
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-1, -1,2 2
a
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-1 -1 -1 AR -1 -1 -1 -1y4 2 -1 -1 2 -1 -1 -1
Fa be” =p ~p g (e ") par q pala p ) papa P apq P Tapq p

-1 -
=P q

-1 -
=P q

-1 -
=p q

-1 -
=pr q

Then by (iv), (vi)
2 (21).

(22)

Fab Lo trbe’abe’a

(23)

Fab ™~ Yabea trbe Y

-1 -
P q

12 2 -1 N4 -1 22 -1-1 2 -1 -1 -1 . PN
p *pqprq P'(p Q] *‘qp*p g P q P qpq p qpq p by (iv), (iii)
1 -1 -1 -1 -1 22222 -1 -1 2 -1 -1 -1
bg P q*qr qp *p*qpqQpqgp'p qp q*p qQ ‘P 4qpq p
by (iv), (vii)

1 -1 -1 -1-12-1-12 -1-1-1-1-1 -1
rq P 'qpq pa P qp q9 p*pP 9 P q@ P 99 P

by (v), (iv)
1 -1 -1 -1 -1 -1 -1 28 2 -1 2 -1 2 -1 PN
pq P qprq P g P (pq7) +qp a P g Tgp by (vii), (iii)
1 -1 -1 2 -1 -1 - -1 - - .
pq P ap rqrq " +qp*(p q) o q Yoqp~tap
by (ix), (iii).

-1 -1,2 282 .
we have [a Fa lb c ] = 1 . Hence Lemma 2 (19) yields Lemma

2 2 2 -1 -1 -1 ~1\4 2 -1 -1 - -1 -1 2 2 2
= papg P p e (pa ) 'q v e apd e apapap” p
2 -1 - - -1 -1 -1 -1 -1 -1
*qpq pqp ¢ o apq par T o apa tpapa e
2 2. -1 Lo -1 4 -1 -12-12-12-12
= pqpq°p Tqrq (qp) *p q*(qp) p q 'p q p 9P 9P 9P q
-1 -1 -1 -1 - - -1 - . .
0 rapq Tpap ot apg Tapg Tt by (iv), (vii)
_ 2 2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
=pqgpqp Tqpq*p QP "g9*pq ~°q "Pq P*q PqP q P qrq “pqpq P
by (iii), (ix)
_ 2 -1 -1 -1 2 -1 -12-1-1 2 -1 -1
L I Bt O B R B e
-1 -1 -1 .
*q “papq P by (iv)

= pq(z:’q)”q"lp‘l by (vii), (iv), (iii)
= 1 by (iii).

-1 l -1,-1 -1

b “a Tea
2 2 =1 -1 -1\ 4 2 -1 -1 -1 -1 2-12-1 -1 -1
pa’pa’pa ot (pa ) o T pap e P e e e g e
-1 -1 -1 -1 -1 -1 -1
i B T e e el
2 2 -1 -1 2 -1 22272 2
rqpa’p "qrq pap”qpapap " *q P q’p *qpqa” *parq
-1 -1 -1 . . e
P9 P qpq P qpq pqpq P by (iv), (vii), (iii)

-1-12 -1 -1 -1 -1 -1

2 2 -1
=pa'ra’r Tqpq ‘pqpq p q P q P qp g 'p qp q p

- S N N .
apq ‘papq 'papq T by (v), (i)
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2 2 -1 2.2 -1 -1 - -1 -1 4 2 -1 -1
pa’pa’ s rapa’p et pa ™) g ey  ep?a

-1_2 -1 -1 -1 .. cas
qprq p qpq “pqpq P by (vii), (iii)
2 -1 2 222/ -1 4 -1 -1 -1 -1
pPapa*qp qp 'p q p ap°q" (¢ p) P “rapap*q “papq P

by (iv), (iii), (vii)

paap) ' a Pt = 1 by (), (iv), (iii).
(24)

-1 -1 -1 -1

-1 -1 - u -1 2 2 -1 \4 -1 -12-1-12
abea” “Fbe qp g P q (@) pew agpq(ar)eq ParaP

q2pqp2qp‘p2q2p2q2°p2qpq2pq by (iv), (iii), (vii)

-1 -1 -1 4 -1 -1 ..

p g pq(qd p) P g pg by (v), (vii).
. . -1 =142
By (vi), (iv) we have then (abca Fbe )° = 1 . Moreover
-1 -1 .2 -1 -1,2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
abea “Fbe “+b"+abeca "Fbe "b” =p Tq "pqp Tq T*pqpq*pq P qp*q Pq P qp "4 *papq
-1 -1 -1 2

‘pqg P qprq P

-1 -1 -1 -1 28 -1 -1 . .
p g pq pr(pPTq7) *q Tpq Tpp by (iii), (iv)
1 by (ix), (iv).

1

il

(25)
e bcbciuc b FDbac b la Lo tpget 1’8 FDbac b 1y 1
-1 -1 -1 2 2 222 -12 -1 -1
= P qp q p qp q p qp q P q Pq Pq g pq 'p'Pqp qrq *pq P 9P q °Pq Pq

- -1-1 - 1 -1-1-1 -1_2 2 _ -1 -1 2 2

*p qpq p-qpq P qpq P 'QP q P q P 9 p q *q9 pqpq *pq P9 ‘P'PAp qprq
- -1 -1 -1 1-1, -1 -1 2=

‘pq P q P q *pq Pq °p qpq p*qpq P °*qpq P *qp 4

-1-1-1 2-12 2-1232 -1-1-1-1 -12 2-1 -1-1-1-1
p qp 9 P 9 PIP 4 P P9 P q9'p q P *q pqpq *q P 4 P *qpep

-1 -1 -12 -1 -1 -1-1 -1 -1 -1 -1 -1
‘q P qp q pqpq P qp 49 P qPpPq P 9 p 9 P 9P q p q °q P g9 p °qp9p

-q' 14 qp" q' pqpq‘ by (iii), (iv), (vi), (vii)

-1-1-1 2-12 2-122 2-1-1 -1 -1 -1 -1 -1
P qp qQ P qpq PP q Pqpqp q *p qp 4°P 9 P9pPq

-1 -1 -1 - - - 2 -1 -1 -1 -1 N . .
o o e %pa % g tap g ap g T papg ™t by (i), (iv), (vii)

-1 -1 -1 2 -1 -1 -1 -1-1 -1, -1
P qp a P 9p q P qp q P q Pq ap qp 'pqpq pap*q P *q'p 9 P 9 *q9 P

~q%pYq%pa’papg™t by (iii), (iv), (vii)
-1 -1-1-12-12 2 =122 -1.2 2 -1 -1 -1..2 2
P qp g P qp°q P qp°q P a“paprq P qrr°q papq “parq P qp qp
by (iii), (iv), (vii)

H

-1 -1-1-1 2 -1 2 -1 -1 -1 -1 -1 2 -1 -1 =12 2
P qQp 9 P qpq Pqpap qpq P q pqp qp *q9 pPqpq pap*q P 9P 9P
by (iii), (iv), (vii)
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2 -1.2 2 - ..
p~YqpYq o Yapap Yapap Yq®pa*p?q o q Y oapa Fopapq o apPqp by (iii), (vii)

- -1 -1 - - - - -1 -1 - -12 2 A o
=P QP q P qpqp qpqp 'q Pq PQP q P qpqpq pTqp eqp by (iii), (vii)

-1 -1 -1 -1 -1 -1 ..
=p~ qp q p qpq P qpqp q p 9 g P g pqgp qp by (iii), (vii)

= prap Y o apap aparp Tt o e by (iid), (vid)

p (e N e Y % by (ii1), (viD)
1 by (iii).

(28)
caFac Yo" FDbac b rae b FDba e

_ .2 -1 2 2 -1 -1 2 2 222-12 -1 -1 2 -1 -1 -1
=pgpq °pPqpqtpq P9 *Pq P49 ‘P*Pqp qPq *Pq P 9P q P9 pq P qprq P°qpq P

-1 -1, -1 2 2 -1 -1 2 2 222 -172 -1 -1, 72 -1 -1 -
*‘qpq P tqp qpq pq ‘Pq Pq ‘P'PQP qpq ‘P P 4P q *Pq P9 ‘P qpq P 4P

-1-1-1-1 -12 2 -1 -1 -1 -1 -1.2 -1 -1 2 2
p qpq P qp q P qp g pPapq 'q p q p *qpqp*q P *q9p q °*P9p 9p4q

-1 -1-1 -1 -~ -1 -1 -1 -1 -1

-1 -1 -
‘peq P 9 P *q P QP q ‘g P q p *qpqp*q p qp

by (iii), (iv), (vi),

2 2 -1 -1 -1 -1 2 -1 -1-1-1 2 -1-1-1-1_2 -1 -1 -12 -1
PQpqp qp TP qp QP *'q P QP *q P @ P q *Pqp qp *q P q P
-7 -1 -1 -1-1-1-1 2 -1-1-1-1-1 .
“qp qp 'p ¢ P q p 4P g P q P q p by (1ii}, (iv),

2 2 -1 -1 2 2 -1 -12-1-1 RN -
papa T qr Tq'r g 'p q P qp "q cp by (iii), (iv)

1 by (iii), (iv), (vii).

(27)

~1.-1 - 1. -1 -1 -1 -
aea lb lD lFbca Fa lc Fae lb lFDba
-1 -12

2 22-1 -1-12-1-12 =12 -1 -1 2 -
apq pqpq P qp q P rap QP ‘qpqgprq 9 P 9P 4 P 'Q p ‘qp QP ‘qp

Al

1-1
qa p

1 -1
q P

(vii)

(vii)

12
q

-1 -1-1-1 -1 -1 -1 -1 - -1 2 2 -1 222 -12
‘v 9 P 4 P 49°P 9@ P ¢ 'q pqPq rq Pq 'p pap qpq ‘g Pap ¢q

wpq " pq topapg ot

-1 2 2-1 -1-1-1-1 -1 -1 N .
‘q Pap’q *q p q p *qpgpeq p = by (iii), (iv),
-1 -1

-q2-p_lq—lp_lq-l°p_l by (iii), (iv),
-1 -1 -1 -1 -1 -1-1 -1 -1 -1 -1 -1 -1 ves . o
qpq P9*pq g P4 *q9 P q P 9P 9 p q -p q by (iii), (iv), (vid)

aa ™™ = 1 by (i), (v,

|

-1 -1.2 2 2 22 -1 -1 -1 -1 -1 -1 2
qpq papq P *q'pap ap*a’p*q pq prap q *q pq pdP 'P QP q P ‘a P qap

-1 -12 -1 -1 -1-1 22-12 -1 -1 -1 -1 2 -1 -1 -1 -1
qpq pqpq P QP 9 P 9 PQPq P q P "qpqp*qP *q P9 p*qpq P9 P9 P 4 P

(vii)

-1 -1

(vii)
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(28)
be 2 —lb lD lFbca_lFb_lb cabeFac” b Lrpbac b la o7t
-1 -1 -1 l =1\ 4 22-1 -1-12 -1 -2 -12 -1 -1
= pap’q v apa % p q p q *lep”) papa’pa ra P ¢ ¢ pTrq P rap ap

2 -1 2 -1 2 2 222 -12

‘qp q9p g p qp q pqpq pqp q p q pq pq rq pq 'p'pqp qpq *pq P qP 4

1 - - 1-1 -1l 2-1-1 -1-12

*pq pq 'p qpq p'qu p qpq p qpq p gqp 9 P

.2 -1 -1 -1 2 -1 -1 -1-1 2.2 -1.2 -12-122 2 -1 -1 -1 -1
=pepq p qpq PqpP 9@ P q °*pPqpq p q P *qpap*qp 9P q P 4P 9 pgpq PP 4

22 2 -1 -1 -1 -1 -1 -1 -1.2 -1 -1 -1 -1 -1 -12

P apgpqa P q P 'q P qp q p q p r*qpgp*q P qp q pqpq P 9p 4 P

by (iv), (vi), (vii)

_ 21 -1 -12 2 2 2 -1 22 2-1
=pgpq p qpq P *°q pgp qp'q prq pq ‘P q P q P qp q Pqpq Pqp q p q pqPp

-1 -1 -1 -1 2 -1 -1 -1.2
*p Tqp q'p °q p 9 pq P 'q p qp q pqpq p qp q "p° Dby (iii)

2 -1 =1 2 -1 -1y -1 212 -1V 4
= prap’q o %t (b ) o e’ e ap e papq teap ta o a p e (a7

*pq pqpq" lgp e ? by (iv), (vii)
2 -1 -1 -1 -122 2 -1 -1 -1 2 -1 -1.2
= pq°pqapap+pa ‘et p Ya%p ap’q trapq papq pa papa o e’ P p
by (iii), (iv), (vi)
_ 2 -1 -12 =-1-1-122 2 -1 -1 -1 -1 -1 -1 -1 -1 -1 2
=pqpap q QP qQ P 4P qprTq T*papq pqp T *q Pq P qrap 9 P qpq Pq
by (iii), (iv), (vii)
-1 -1 2 =12 22 -1-1-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
=q P qrer gPaPQq P q pqpq PP 9 P4 P qpqp 9 P tqpq *q pq
by (iii), (iv), (vii)
-1 -1 -1 -1 -1 -1 -1 - -1 -1 -1 -1 -1 -1
= ¢ o e pq papa g p T o e apar ta apaq ea
by (iii), (iv), (vii)
_ -1-1 -1 -1 -1 -1 2 -1 -1 -1 -1 -1 .
=q P q'pq "Pq "*q P "°qrqp qpq*p "q P qpq 9 pq by (iv)
=g o g e N a g = 1 by (1iD), (iv), (vii).
(29)

pbe Yopbae B e a0 Yrmeb Lar

2 2, -12 -1 -1 -1 1.2 2 2 -1 2 -1.2
=qpq*p q°pPq 'pq °Pqp q p l'qpq pq Pq P q °pq Pq p qpq p 9pq P

1 -1 -1 - -1 - 1 - 22-1 2-1-12-1-1
‘qp qp °q Pq P q p qpq P QP q P qp qp 'q Pq P qp *9p q9 pq P

-1 -1 -1 2 2 2

9P q p " *qpqp*q P9 pPq

_ 2 2 -122 2-1-1-1 -1 2 -1 -1 -1 .v122 -1 2

=qpq ‘pqpq'qpqp'qpq P q pq p q "p Trqpqr*q P qpq P q ‘papq*qp G P qpq P 4
-1 -1 -1 - 12111222 . ..

‘P g p q pqpq p s p qp T e e T e e e patpe” by (1i), (Av), (vid)

2 -1 -1 2-1-12-1-1 22 -1 -1-12-1-1-1 122
qapgp q °p q P q ‘req P q p q p "qp QP ‘’p 9 P 9P q p qp qp arq P

q pqp qp‘Q P q_ P ‘qpqp qp qp'q— pq Pq by (iii), (iv), (vii)
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2 -1 2 -12 -1 -1 2 -12 2 -1 -1 2 -1 -1 -1 -1 2 2
=qpgp qp 9@ P qp qp *qpq °*pqpq*p q P qQ'pq P9 P °q pPq PpP*q pqpq pPq pPq
by (v), (iii), (vii), (iv)

_ 2 -1 -1 -1-1-1_2 2222 -1 -1 -1 2 2 ees .

= q'pqp qp~ 'p q P g piap” q 'p qp g *p "*q "pq "p*q'pq° by (iii), (iv)
22 -12 - - -1 -1 -1 -1 2 N .

=qpq pgp qp 'qp ‘p q P q *pq =1 by (v), (iii), (iv).

(30)

aca” b D E%cb aﬁb b lD lb lcac Dbac™ b cb D
_ -1 -12 -1 -12 -1 -12-1-12-1 -1 -1-1-1
= qpq pepq P qp q P tqp qp q Pq P q ‘P 9P 9 Pq P qp q P *qp9p
2 2 2 -1 -1.2 -1 - - -1 - - -12 -1-122 2-12
*qpq ‘pq PP q P *9p qp 'q Pq p Q p QP q pqpq pqpq pqp 9 papeap q
-1 -1 2 -12 2 -1 2 -12
'Pq PQ *v°qpq P ar°q “parq '? Q? Q I Q Pq p q

-1 -1-1-1 -1-1-1,72
arq- pqpq P q p g p 9 °pqrq P q P qp q P q P q p q *qpq Pq Pq

P . - -1 - - -1 -122 2-1-1-1
p q p q pqpq P q P qp q pqpq Pqpq 'P QP q P q Pq p g p
- - -1 2
‘qpqp* q P qp q 'pqpq Pqp'q P q
-1 -12 2 2 22-12 2 1 2 2 2 2 2-122 -1-1
qpq pqpq P *q pqp qp*q P 9 P °*qpqp°qp qp4 pq pq P'q pap qp*q P qp aqp 4
-1 -1 22 -1 -1-1-1 2 -1-1-1-1
pqpq Pqpq P qp q P q P q P q p q p *qp qp °q P qg p *q°pP 9 P ¢q
q p_ q by (iii), (vi), (vii)

-1 -1 -1 2 -1 -1 -1 -1 2 2 -1222 -1 -1 -1 -1 2 -1
qpq pq*pq P9 P *q9 Pq DpP*q pPapq P49 pqp *q pqpqr g9 papq pepq P 9P

-12 2 -1 -1 2 -1 -12 N .
‘9 pPqp q p ‘g qp *qp qpq 'p q by (iii), (vii)
-1 2 -1 -1 -1 2 2 2 -1 -1 -1 - -1 -12 -1 222
qapq PP *q pq P*a PP appa P -p q P q 'pqpq pqpq P qp qp 4 p
-1 -1 -1 -1 -1 -12 .
°q p qp 'qpq p q by (v), (iv)
-1 -1 22-1-12 2 -1-1-1-1 2-1 -1 22 -1

N T I i N e B e B R i R A
pq P q2 by (iii), (iv), (vii)
-1 2-1-1 22-1-1 -1 -12 -1 22 -1
i I I i R i i L e K i e R A
pq ot by (iv), (vii)
-1 -1 -1 -1 2 S1-1 2 112 , )
aq par i e e e e 'q p qparq P g~ by (iv), (vii)
apa 1 pa’ q papa oo tapg o ap g pa o TN by (iid)

-1 2 -1 -1 2 2 -1 -1 -1 -12 .
qarq pq p q “'pqpq pep*P q *pq pq P q by (vi)
-1-1-1-1 -12 2 . .

arq pq *p g p q "*p Tq'pq by (vii), (iv)

=1 by (iii), (iv).

(31)

-1 -1,-1 l -1,-1 -1,-1 -1 -1

Dbac™ b a b D b "Fe b cb Ebc b "a ¢ b

2 2-12 -1 -1_2 -12 -12 -1 -1 2 2-12-1 2 2 2 2 -1
=qpqp q°pq Pq ‘Pqpq Pqpq P *qp qp 9 pP4P 9P *qP apq pP°q P9 P
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2 -1 -1 -1 -1 2 2 -1 -1 2 -1 -1 -1 -1-1 -1 2
qap q pgpq P 4qp qpq pq *Pq9 P9 *pPqpq P 9P 4 P 4qpq P
2 2-1-1-1 -1.2 -1 -1 -1 22 -1 -1 -1 -1 2 -1 -1
=qpqp q p °qpqp*q P qpq P q *pqpq*qrq P 9 °*q9 pPq P'PQPQ'QP qr 9 p9rq

-1 -1 2 -1 - -1 -1 -1 -1 . ..
v ap qvpa’pq p Heqpapra P T e qpq 2 by (iv), (vii)
-1 -12 -1 -1 -1 2 -1 - - - - - -1 2 2
= P’ e o e e teapa P o e tpapa ra o e
‘q p q_lp lqu l'qp_lq—lp—lqpq_lp2 by (iii), (iv), (vii)
22 2 1 -1 2 -1 - -1 -1 -1 1 2222
= qp’qp” ap tap T apa’papapa’r a o tap a e N Fpaparapa tp’a P a
“pap’a’p Ta T tapg Tp° by (1i1), (iv), (vii)
_ 22 -1-12 -1 -1 2 -1 -1 -1
= ¢ plap g e e e et pe e e
sqpap’a’p tap e e o tapg P by (v, (i), (ii1), (vii)

_ 22 -1 -1 -1 -1 -1 -1 -1 -1 2 2 -1 2
=qpq q P 9 pq P q P *qpqPp qpq *Pqprq
22 -1 -1 - . ..
*pqp q p qp qpr q°p qpq p by (iv), (vii), (iii)
_ 222 -1 -1 222 - - -
Sqpqpqp qp ‘9P q *pPapq°prq p qp q pqpq pq p by (iii)

_ 22221 2 1 -1 2-1 2 212 .
=qgpqpq pep 'qp qp “*qp q pqpq pq p- by (iii), (iv)
. 2222-1 - 2 -1.2 3
qpqp q pqp q e 'pqpq pq P~ by (iv)
- 12 ..
=q p q p °q pq pqp Q'pq pq p- =1 by (vii), (v).

(32)

D laD_lab “Larac tabrac™t

2-12 2 -1 -1 -12, -1 -1 4 -1 -1 -4
=pq’P "q’Pa’P 9 PP qpqp q pq PCIP 'CI P *q "p "(pq) *qpq P '(Pq )

-1 -12 2-1-12 2 2 -1 -1 2 -1 -12
“qprqp q pap°q P qpapa 'pd pq pqp q P
2 -12 2 -1 -1 -12 2 -1 -1 2 2 -1 1 54 -1 2 -1 -1 -1 -1 -1y4
= pgp g Pa P q pap TaPap q parqpap aper (@ p) P qaP *q pg p(pa )
-1 -1 -1 =-1\4 -1 2 =1 -1 -1 -1.2 . .
*qpeqp qp °qpqp(p q ) *q pa‘pa P qpap Tq p° by (iii), (iv), (vi)
_ 2-12 2 -1 -1 -1 -1 2222 22
= pa’p 'q°pa’p q pap ' parap N pqp Y ogp g g e e P a

-12-1-12-1 -1-1 - -1 -1 -1 -1 . ..
i o e e e P apa e pe e tapap i Y by (1i1), (iv), (vid)
~ 2-12 2 -1 -1 ~1 2 2/ -1 \4 22 -1 -1 -1 -1 -1 -1 -12
= pgp qpap "q pap rqp (p"a) a P rqrra pa T eq P P Tapap T4 P
by (iii), (iv), (vii)
2-12 2 -1-1-1-1 2 -1 -1 -1 -1 -1.2 .
= pg P qPq P TG P g tqpepapq paptpepq Pq P qpap g p° by (iii), (v), (iv)
2 -1 -1 -1 -1y 4 2 -1 -1 2 . ..
=pgp"q o (pq ") *qpap apqrp Tq T*p° by (iv), (vii), (iii)
=1 by (iv), (vii), (iii).
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(33)

“L-l-lg-l 202 020 0l Lol -1 2 -1-1_-1-1-1
Fac eb™" = pqpq Pq T Pq Pq °'pq T"qrqp*q P 9pq P 9P 9 P

-1 2 -1 -1 -1 -1 -1 P .
rq pq p q Pq P q p 'p qpq p qp q P by (iii), (iv)

pa2pa %% poap’ap rapa o Tl by (vid)
2 -122 -1 -1 -1 -1 2 2 -1 2 -1
peP P qrqp qp *p qp qtapqrq’p*q PaP
by (v}, (iv), (vii)

2 =122 2 -1 - 2 -1 -122 . .
= pqp qp apq " (apq ) *qp 9 P apq p by (iv), (vii).

Then Lemma 2 (33) follows by (vi).
(34)

2-12 222-12-1 -1 -1 -1 -1 - - 2

-1, -1 -1 1 -1
D “Fac “abcb pgp qpgpPqpP 9P 4 P qpq P q p @ P9 qp 9P °9q

1 -1 -1 -
qp tp et

2 =12 2 2 -1 -1 -12 -
a0 2 P0q %% Y% % \aopa pq Lo paoap®ararp i Y e et

by (iii), (iv)

2. -12 222 2 -1 - _ s _
I G S el lp Tqpq~t

3% g %pa%pt by (iv), (vii)

2.-12 2.2 2 -1 -1 - -1 - _ -
pa%0 Ya%pqp%q%p tap pap Y e e ™) Fepa e

q%%% q%q% ™ by (ii1), (vi).

Obviously we have Lemma 2 (34) by (iv), (vi).

(35)

carab™Ya = plapq~papqrpa’ra’pa Tpa pap e rapd
= pepapqeqp tqp Teqp tp o atap) o g™ by (1iD), (iv), (vid)
= pa Y g g ogp ™t by (ii1), (iv).
Then Lemma 2 (35) follows by (vi).

(36)

dad pbach *Fac b e o D

2 2 -1 -1 -1 -1 -1 -1\ 4 -1 2 -1 -1 -1 y4 =1.2.2 2 —I -1
9°pq’p tapq g ot (pa ™) Teapapqpapa papp @+ (pTTa) 9 P pa"pq P4
-1 12 -1 -1 2 2.-12
pq Teqpapeq P rqp qp  qPaP q

-1 -1 2-1-1 2222 2 -1 -12
q Pq P Q'p qpq pq pq P q p g p g pTapapa 'P q P 9P q

*pqpPq p_ q by (iv), (vii), (iii)

ququ_l'(p—lq)upqu_lQQ =1 by (iv), (iii), (vii).
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(37)

eae la lb lD lcb Fae~ b a b

2 22 .1 -1 1 -1-1-1.2 -1 -1.2 2-122 -1 -1 -1 2 2
o i L L B I T A R R T B o R
-1 -1 2 -1 2 -1 -1-1
*rq pq *pqpq P ap q P
2 222 -1 2 -1 2 2 -122 -1 -1 -1 -1
= pq pq’ P a’p T apap+a P Tqap apa pra P pq Tp  rapap+q T ap Ta P
by (iv), (iii)

_2122 -12 -1 -1.22272 -1 -1 2 -1 -1 -1 -1
pa’p qp rqp qp -qp ap g P ap g prq P g P qp P qp q p

by (iv), (iii), (vii), (v)
2-12 -1 -1 -1 2 -1 -1 -1-1 . s
=pqpTqp TP q'P Tqp tqp qp Ttq p - =1 by (v), (iv), (vii).
(38)

-1.-1 2222 -1 -1 -1-12-1-1 -1 -1 -1 -1 2 2 -12
dea~e”*d"lbab = ¢*p ¢ *p qpq pq pr T o e o pg o Tpd T p e a

= p°q°papa-pa’ paparpap a tp® = 1 by (iii), (iv), (vii), (v).
(39)

-1 -1 -1 2 -1 -1 22 -1 llll =14 =122
dbd 'vbabea trbe™t = ¢%opq tpq tpa?pq pa opPq e e e (@) Y epap T q p

“1s4 -1 -1 -1 2 -1 -12
N R T I I

-1 -1 -1 -1 2 2 -1.2222 2
4 p qpq P *qpq pqp *qp *q P 9 P *qpq pq

q_lp'lq'(pq"l)4°q"lpq = 1 by (iii), (iv), (v), (vii).

(u0)

-1 -1, -1 2 2 -1 2 -1 -1 u 2 2 -1 y4 2 2. -1 2 -1
ebe “a “ba "F = pq pqp  *qpqpq+ (¢ p ) prapaplp ) tap pa P P
=1 by (iii), (iv), (vii).

(41)

de-bee L pbabea tFbe Tberbe

222 -1 -12-12 -1 -1 -1 -1, -1\4 -1222
aP°gp qpep "a’p 9 pq pq ‘Pq 'qpq p g9 P 4 (qp Vepar P q’p

-1 -1¢ - -12-1-1 -1 -1 2-12 -12-1-12-1,
‘pq (q p) ‘P qp 9 p *qp q pqp q°p 9P q pPq ‘P

222 - -12 -1 - - 2 -1 -12
arqp lqpqp apr 49 lpq lp q P q P ‘q p qpq *papa- p q lpq b q Ppqrq P

by (iii), (iv), (vii)

222 -1 -1 2-1 -1 -1 -1 -1 -1 -1 2 -1 -1 2 2 2
qaPq°p qpap "q'p T*q "Pq P*q PP T*q "pPq P9 P q pTapq'p- by (v), (iii)

2.2 2 -1 -1,2222 -1 -1-1-1_2
qpqp qpqp *9pPqp *q°p q P q *pqpq P

222 -1 2-1_-1 . 22 Ces .
q'pq’p T*qpepeq’p Tqp "q*pq’p” =1 by (iii), (iv), (v).

1
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(u2)
-1 -1_.-1 2 2 -1 -1 -1 -1 -1 -1 -1 -1 -1\ 4
ded 'Dbabea P = qpq’pq pa Tpq T q M pa ot e p T e e Hap ) Fopg
=12 22 2 -1 2
‘0 qPaPar q
_ 2 2 2.1 2 2 -1 2-12
= ¢ pq’pa’p Y- (pPapa’pa) e Tea p N e = 1
by (iii), (iv), (vi).

(43)
ece Ybabea YFbe 1obe ™t
_ 2 -1 -1 =12 -1 -1 2 2 -1 4
= qp opq g T g P g Toq e pq p e (qp )*epap'q°p a(a”"p)
-1 2-1-12-1 -1 -1 -1-1-1-1 ( -Li4 2-1-12
2 e e e g e e e e e (oY e
_ -1 -1-1222-1 -1 2 2 -1 2222 2 -1 -1 -1 -1 -12
=pq P q pPaPq P rapq’paprap cq P q P rqrq rq pq papq P q P
by (v), (iii), (iv), (vii)

-1 -122 - -1 -1 -12 .. JU .
= pq 2 0 e (pa ) e e e g = 1 by (vid), (1i1), (iv).
(ub)
-1,-1.,-1.,-1-1 _ 2 -1 -1 -1 2222 -1 -1 -1 -1 -1 -1 2 2 -12
dece "d b "cb "D T = q'peqp "qp "*p "°qp qPp qp q pgpq p qp qp qpqp q
_ 2 -1 -1 2 -1 -1 -1 2 2 =12
=q'pqp "9 P9 P q *papq P AP q
_ -1-1-1-1 -1-1-1 -1-1-1-1 2-12 _
= g e g e e e e e e e e e e = L
by (iii), (iv), (vii).
(47)

e cFbabea  Fhe bt

_ 2 2 -1 -1 -1 -I\4 -1 -1 2 -1 -1 -1 l ~1y 4 -12 -1
= pa'pgp T pg N e o e e e e g e e e (e ) Ypap N D

- 1 -12-1 - 1 -1, -1a4 -1 21 -12
() e e e e e e () e e T

il

2 -1 -1 -12-1 -1 -1 2 2 -1 22272 2 -1 -1 -1 -1
pq *pq Pq P 4P *q pq P*PqPqr q°p *qP qp *qpq pq pap q P qrq
by (iii), (iv), (vii)

-1 -1-12 -1 -1 -1 2 -1 -1 -1 -1
pa p q9 pPq p *q pq p*q pPqPpq pgqp q P 4pq

o -1-1- -1 -1 -1 -1 -1
=prq p q p q *Pq pPq °pgqgp 9 P Qqpq
= pq -p lq lp2q lp lq2 0 q p -qpq = 1 by (iii), (iv), (vii).
(u6)
dede™ = (de)?.e? .

But by (v) we have dede = [qu2)l1L = 1 . Hence Lemma 2 (46) follows by Lemma 2 (47).
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(u8)

de a7 e debe ™ d e dece a  dpd e ded ™t = deYhee Thed

2 2 2 -1 -1 2 -1 -1y2 -1 2 -1 2
araPl@p a P a TP ) q P e =1

Hence Lemma 2 (48) follows by Lemma 2 (41), (4u), (39), (u42).

(45)
d?eede™ta b ede?d™t = d-(de)?dt = 1.
Lemma 2 (48) yields Lemma 2 (45).
(u49)

(dbc‘l]2 -1 -1 2)2= [—l -12-1-12

2 -1 -1 2 . ..
(¢°*pa "pq” *pap g p q P ap g p)T =1 by (iv), (vii),

1

(@ = (@ pg teg ) = (¢ ) = 1 by (iv), (vi),

2 2. -1 -1 -1 -1 -142
(d@a)* = (q°+pq "pq Pqd *qpqpq P ")

(q'lp2q_lp_lq2p*l)2 = 1 by (iii), (iv), (vii).

it

LEMMA 3. D operates on the generators of Hg as follows:

(1) i = babza—lc‘lbca_lbza_lc—lb_lcb_l 3

(2) %D = bc_lbcab2a02b2c2a_lb2a—lc_lb—lob_l 3
(3) ple?p - bc"lbcab2a02a_lea_lc_lb_lcb—l 3
(4) p7YabD = bac’a e et 3

(5) D bap = be Ybeab®ac’a e bea b e i Lop L H

(6) p7lqep - babQa_lc-lbc—lab2cab2ac2a_lb2a'lc_lb_lcb_l 3

(7) D YeaD = bc_lb_la_lCQa_lea_lc_lb_lcb—l ;

>

(8) R R N 3

(9) p e = bc—lbcab2ac2a_lb_labzcab2a02b202a_lb2a_lc_lb_leb_% 3

2 -1

(10) p? = be Yboab?ac’a” B Ty St

Proof. (8) follows by Lemma 2 (3), (4).
(4) By Lemma 2 (6) we have D abe ™ e e - bac’a bt . so Lemma 2
(5) and Lemma 3 (8) yield Lemma 3 (4).

(3) follows by Lemma 2 (6) and Lemma 3 (4).



Groups of exponent eight 79

(7) By Lemma 2 (5), (7), (8) we have D Teab™la D = be ' 1a?™t . Lemma 3 (u)
yields Lemma 3 (7).

(2) By Lemma 2 (8) we have D_laan—lD = baan_lb_l . Lemma 3 (4) yields Lemma
3 (2).

(10) By Lemma 2 (1), (7) we have D abop®ab = b *be™ . Lemma 3 () yields
Lemma 3 (10).

(5) By Lemma 2 (8) we have DD badD b *a™D = aba™'p™* . Lemma 3 (u), (10)
yield Lemma 3 (5).

(1) By Lemma 2 (8), (8) we have ptab%a D = pab%a bt . Lemma 3 (#), (5)
yield Lemma 3 (1).

(9) By Lemma 2 (5) we have 0~ abop Lebop %D = abeb™ . Lemma 3 (W), (2)
yield Lemma 3 (9).

1

(6) We have the identity D TaeD = D a’pp Ya Y opYe?D . Lemma 3 (1), (3),

(7) yield Lemma 3 (86).
LEMMA 4. In H ={(a, b, ¢) we have
(1) bleab™? = q%eqt 3
(2) blera)t = a7t e a) % ;
(3) b[ae_l]Qb_l = (c-la)2 3
(1) bae)’p ™t = (e ;
(5) b(ca)zb_l = a—l(ca)2a 3
(6) (bea’cla®1a?)? = 1 ;
7) b_la(ac)za_l(ac_l)2b = (a—lc)Q(ac)2 3
(8) ba(ac)Qa_l(ac—l)Qb—l = (c“la]Q(ac)2 :
l]2

(@) (e)? 2 (a_le]Q s (ca)? b (ac_l]z R (ac)? Pl (a‘lc)Q s (ae)?® T {ac”

(10) b-l[ac—l]Qb = a(ac_l)Q 1

(11) ¢ az [ac
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(12) b_l[a_lc)2c—l(ac)20b = c(ca)2c_l(ca—l]2 ;
(13) b_lc(ac_l)zc~lb = ac(ac_l)zc_la_l 5

(14) (aaa_lcac—l)u =1;

(15) aca-lc_lac b (ca)2 3

(16) (@) 2 (ea)? ;

(17) bc_l(ac)2c(c—la]2b_l = a_lc—l(ac)Qc[c—la)Qa 5

(18) be Hae)ep ™t = e Hae) ea ;

(19) ba_l[a_lc)zab-l = a(ca_l)za—l

(20) ba_lc'l(ac)zcab—l = c_la_l(ca)2ac 3

(21) b_lc(ca)2c_lb = c—la_l(ea)Zac .
Proof. (1) By Lemma 2 (10) we have

pzDbacb_lD_laba_lc_lb_la—lp_2 =1 .

1

Lemma 1 (1)-(5) and Lemma 2 (5) yield pleap = pe b ta tecarabeb™ L a comparison

with Lemma 3 (7) yields Lemma 4 (1).
(2) and (3). By Lemma 4 (1) we have
2

1 1

prQGabQP_Q = p2a ca—lp_2 = pigte et - claeha

by Lemma (1)-(5). Use Lemma 4 (1) in both possible ways obtaining Lemma 4 (2) and
Lemma 4 (3).
(4) By Lemma 3 (1) we have

) _ -1 - _ _ -1 -1.- _
D a2D2 = leabza lc lbca lbca lealc lb Lo tp .

By Lemma 3 (5), (2), (7), (8), (4), (9) follows

1 2 2

a 5ib51m§cd>wzdlﬁia§cm¥a£ =1 .
Lemma 4 (1) and Lemma 2 (2) yield Lemma 4 (H4).
(5) By Lemma 4 (%) we have
2,-1 =2 2 2 -2
pzb(ac) b lp =plea)p © .
Lemma 1 (1)-(5) yield Lemma 4 (5).
(6) follows by Lemma 3 (1), Lemma 4 (2) and a'+ = 1.

(7) By Lemma 4 (2), (4) we have
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b(a_lc)2b—lb(ac)2b‘l = a_l-a_lca_lc'acac~a .
Lemma 2 (2) yilelds Lemma 4 (7).
(8) By Lemma 4 (1) we have
D 2eab’aca%p = 1 .
Using Lemma 3 (2), (7), (8), (3), (1) we have
-1,2 2 -1,2 l -1,2 -1,2 2 -1,2 l -1, -1 -1
¢ "be’a

By Lemma 4 (1), (7) follows

-1 2. 9 - -1 - -
ca lca bea” ¢ lazb la lcaca 1. 1.

Lemma 4 (6) and Lemma 2 (2) yield Lemma 4 (8).
(9) By Lemma 4 (8), (3), (4), (1) we have
aea’et - b_l(c—la)zbbzb(ac)zb_le = (ac_ljzaQCaca_l

Hence we have

(ac)? 7 (c_la)z = p2(ac)2p_2 b pz(c_la)2p'2 > (ca)? 2 (a7

by Lemma 1 (1)-(5).
Lemma 4 (7) and Lemma 2 (2) yield
- 2 -1 - 2 - “1 Y
v lded’e b aPea’e M = (a lc) .

By Lemma 4 (2) follows

=142
(ca)? 7 (ac™)
. 2 . s s .
Applying p~  , we obtain the missing relation.
(10) By Lemma 4% (2) we have
- - 2,-1
bzc Lae lab = ba e late “1p7L bca e 1%

Lemma 4 (5), (8), (9) and Lemma 2 (2) yield

2 -1 -1.2 -1 -1
b"e Tae “ab” = a “cacaca “eacac .

Applying Lemma 2 (2) once again, we obtain
20 =1 32 - -
b (0 a] b= a(ac l]a 1 .

By Lemma 4 (3) we obtain Lemma 4 (10).

(11) By a]1L = 1 we have

( -1 -1 -1 -1-1 la-l)Q

a ¢ aa ca =1.

1

b a b“a b e b a b Leab’a e b Yabeab’a Ve b =

)2

81
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Lemma 4 (10), Lemma 2 (2) vyield
[ca_lca_lca_lca]2 = 1.
Applying p2 we obtain Lemma 4 (11).
(12) By Lemma 4 (8) we have
pra2ca2c—lb—lp—2 - p2(c_la]2(ac)2p_2
Lemma 1 (1)-(5), Lemma 4 (9) yield Lemma & (12).

(13) By Lemma 4 (4) and Lemma 4 (12) follows

-1 -12 2 2 .2 -1
b “ecacaa “e¢acb = acace ac a
(14) By Lemma 2 (2), Lemma 3 (6), Lemma 4% (1) we have
- 4
(azc %t lczazbc] =1.
Lemma 4 (8) yields Lemma 4 (14).

(15) By Lemma 4 (4) and Lemma 2 (2) we have

D Yacach YeacabD = 1 .
Use Lemma 3 (6), (2), (8), (4) and Lemma 4 (1) to conclude
bea20 la2b - l l 2 2b la2ca20 be” a cb ca

1 —l 2 -1, -1 -12 2
a

b~ 'b Li2ea’e e Y0 e %0 poaed? =

By Lemma 4 (8), (7), (1) we have
-1 -1\ 2 y2 -1 2 -1 2 -1 -1 2 2 -1 22 -1 _
b (ac ) c(ca ) e “ea"e “a beaca Tecaca Tecacaca ecacTa’ea T =1 .
By Lemma 4 (10), (7), (13) follows

2-1 -1 -1 2 -1 -1 -1-12 -1 22 -1
a ¢ aea “cac ~acaca acaca “ca "ee a "¢ acra cac aca = 1.

By Lemma 2 (2) and Lemma 4 (9) we have

I
=

2-1 -1 22 -1 -1 22 -
a’e “aca Tcac a eac “aca “eac a ca
Apply the automorphism induced by p2 obtaining

r -1 -1 -1 -1-1 l -1y2
(c aca “cac Taca “caa "¢ Ta ] =

By Lemma 4 (14) and Lemma 2 (2) we have
(c_laca_lca)Q z (ca)2
Then Lemma 4 (9) implies Lemma 4 (15).

- (16) By Lemma 4 (15) and Lemma 2 (2) we have
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D_laca_lc—laccacac_la_lcac_la_lcaoaD =1.

By Lemma 3 (6), (7) and Lemma 4 (1) we have

a?b a2 ca’e e Y eab Ya ca’ et be e ePacac tae
baea’e v a e Lacbaea’e e teae = 1 .
Lemma 4 (7), (8) imply
cacaca_lcac—la_lcac_lacac_laQC_laQCaca_lc_lac(c_la)z(ac)za-l =1.
Lemma 4 (9) and Lemma 2 (2) yield
a_lc_la_lcac_lacac*lac(c—la)2(ac)2a‘102a_lc_lac_l-(ca)2[ca‘l e,

Lemma 4 (9) and Lemma 2 (2) imply

(ca)QC—la_l(ae‘l]Q(ac)Q(ca_l)zae(ca)2(ac)2 =1,

Hence Lemma 4 (9) and Lemma 2 (2) imply Lemma 4% (16).
(17) By Lemma 4 (4), (10) we have

2,-1_ -1 -1 -2 22-12 -2
p’b Taec Tac “acacbp © = p ae "aep .

By Lemma 1 (1)-(5) follows Lemma 4 (17).
(18) By Lemma % (17) we have

2-1-1-1 -1 -1 .-1 -12-122
be“a e Ta Tee Tac Tab T =a Tea Tea’ .

Lemma 4 (2) and Lemma 2 (2) yield Lemma 4 (18).

(19) By Lemma 4 (8), (6) we have

balea’e " Yoacab™ = o Yac tageaca  (ea)’a .
Lemma 4 (9) implies Lemma 4 (19).
(20) By Lemma 2 (2) we have
beabcabeabea = 1 .

Lemma 4 (1) yields

b_laQGa_lba_l[a"lc)zaa_lc_lb_lcabca = 1.
Lemma 4 (19) implies

-1 -1,- - 2 - 2
ba lc lb laabeab L. ae lac a2 .

Raise this relation to the second power obtaining

ba_lc-lb-l(ca)2bcczb_l = aQG_l-acac-ca2
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Use Lemma 4 (4), (9), (16) and Lemma 2 (2) to conclude Lemma 4 (20).
(21) By Lemma 4 (20) we have
b_lbza_lc_l(ac)zcabe = c_la—l(ca)zac .
Lemma 4 (1), (5), (4), (9) yield Lemma 4 (21).
LEMMA 5. The following rules of conjugation apply:

(1) a(ac)zafl = a(ac)2a_l ;

(2) b(ac)Qb_l = (ca)2 by Lemma 4 (4);

(3) elae)y’e™ = (ea)? ;

(u) az(ac)Qaz = a_l(ca)Qa 3

(5) b%(ae)’b? = alea)’a by Lemma 4 (w), (5);

(6) 02(a0)2c2 = c(ca)zc—l ;

(7) a_l(ac)za = (ea)? H
(8) b_l(ac)Qb = a(azc)Qa_l by Lemma 4 (4), (1) 5

(9) c_l(ac)2c = c—l(ac)zc 3

(10) a(ca)QaMl = (ac)2 3

(11) b(ca)Qb_l = a_l(ca)za by Lemma 4 (5);

(12) elea)’e™t = clea)?e™ ;

(13) a2(ca)2a2 = a(ac)Qoz_l 3

(14) bz(ca)Qb2 = a(ac)za-l by Lemma 4 (1);

(15) cQ(Ga)Qc2 = c-l(ac)Qc 3

(16) a_l(ca)2a = a_l(ea)Qa ;
(17) b_l(ca)Qb = (ac)2 by Lemma 4 (4);

(18) c_l(ea)Qc = (ac)2 :

1 -1

(19) aa(ac)za' a "~ = a_l(ca)za 3

(20) ba(ac)Qa_:l‘b_l = (ac)2 by Lemma 4 (4), (1);

(21) ca(ac)Qa_lc_l = a—le_l(ac)Qca by Lemma 4 (16);



(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(u1)

(42)

(43)

(u1)

(45)

(46)

2 2 -12
a“alac) a "a
2 -
b2a(ac) a lb2
2 2 -12
¢ alac) a “e
- 2
a la(ac) a la
b~ Ya(ae)’a b
-1 2 -1
¢ “alae)’a "¢
aa—l(ca)anz_l
ba Nea)2ap™t

ca_l(ca)2ac_l

2 -1 2 2
aa (ea) aa
2a_l(ca)2ab2
2 -1 2 2
¢"a “(ea) ac

l l(ca) aa

a_l(ca)Qab
l l(ca) ac

2 -1 -
ac(ea) ¢ la L

bc(ca)Qc_lb_l

2 1 -
ce(ea) e lc 1

a%e(ea)’eta?
b2e(oa) e 1p?
028(0a)20_102
a Ye(eartea
b~re(ear?’e™ b

-1 2 -1
e “elea)c "e

ac_l(ac)Qca_l

Groups of exponent eight

(ca)?
(ea)?
e e
(ac)?
aYear’a
atea)’a
(ca)?

alac)?a™t
alae)’a™*

(ac)2

(ac)2

by Lemma 4 (4),

by Lemma u (1);

by Lemma 4 (7),

by Lemma 4 (9);

by Lemma 4 (7),

by Lemma 4 (9);

(10},

(10),

ate ™ ae)ca by Lemma 4 (9),

2 .
alae) a 1 3

(ca)2 by Lemma 4 (5);
l l(ca) ae ;

c_la_l(ca)zac by Lemma 4 (16);
-1 2

¢ “(ac)e by Lemma 4 (3), (9)

c_l(ac)2e 3

atetae)
a Yo Y ae)
(ao)2
e Hae)2e
e ta Y ea)
(ca)”

c(ca)zc_l

2
ca

2
ca

2
ac

by

by

Lemma 4 (9);

Lemma 4 (9);

by Lemma 4 (9);

by Lemma 4 (1), (

by Lemma 4 (21);

l(ca)2ac by Lemma 4 (9), Lemma 2 (2);

Lemme, 2 (2);

Lemma 2 (2);

(5), (7), (9);

(16);

, (12);

uy, (5), (9);
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47) b Hae)’er ™t = a e ae) %a by Lemma 4 (18);

1

(48) cc_l(ac)Qcc- = (ac)2 ;

(49) azc_l(ac)Qca2 = c—la_l(ca)Qaa by Lemma 4 (9), (16);

1

(50) bzc_l(ac)zcb2 = a_l(ca)2ac by Lemma 4 (18), (20);

(51) czc_l(ac)zcc2 = (ea)2 2

(52) ate™lae)%ea = a7te M ae) e ;

(53) b re™Nae)%eb = clear®e™ by Lemma u (12), (3), (9);

(54) c-lc_l(ac)zcc = c(ca)zc_l ;

-1 - 2 - -
(55) aa lc l(ac) caa Toe l(ac)Zc 3

(56) ba te Nae)eabt = ¢ ta M (oa) ae by Lemma 4 (20);

(s7) ea teHae)2eac™t = ¢t (ca) ae by Lemma 4 (16), (9);

(58) a2a_le_l(ac)zcaa2 = c(ca)gc‘l by Lemma 4 (9);

2 1

(59) b2l M ae)2eab? = c(ea)?e™ by Lemma 4 (1), (4), (5), (9);

(80) cza_lc_l(ac)zcac2 - a Yew)a by Lemma 4 (16), (9);

(61) a_la_lc_l(ac)zcaa = c_la_l(ca)zac 3

1

(62) p et Naey%oap = e Haer e by Lemma 4 (18);

-1 1

(63) ¢ tate N ae)%cac = alae)a by Lemma 4 (16);

(6%) ac ta Y ear%acat = a7re N ac) e by Lemma % (16), (9);
(65) be tar(earZacht = clea)?et by Lemma 4 (21);
(66) ce Ta " (ea)Zace™ = a N oa)’a :

(67) a2c_la_l(ca)2aca2 = c_l(ac)zc by Lemma 4 (16), (9);

1

(68) b2 Yot eay%ach? = e Hac)%e by Lemma u (18), (20);

1

(69) e ta Y (ea)ace? = atae)’a by Lemma 4 (9);

(70) a Yeta T car%aca = elear?e™™ by Lemma 4 (18);

711y b it N eay%ach = a te ™ ae)%ea by Lemma 4 (20);
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(72) c_lc_la_l(ca)zaec = a_lc_l(ac)zca by Lemma 4 (9), (16).

The formulae in Lemma 5 show that the elements (ac)2, (ca)2, a(ac)2a_l,

1 -1.-1 -1 -1

_ 2 - -
a J'(ca)za, elea)’e ~, ¢ l(ac)QG, a e (ac)zca, e a (ca)zac form a full class of

conjugates in H ={a, b, ¢ . Moreover, the formulae show that they commute pair-

wise. Hence it is shown that A’l =< (ac)2>>H is an elementary abelian normal sub-

group of exponent 2 and of order 28 in H ={a, b, ¢) . It is also shown that the
elements (ac_l]2 and (c_la)z commute elementwise with N .

LEMMA 6. We have the following rules of conjugation:
(1) a[ac = [a—lc)2'a_l(ca)2a°(ac)2 by Lemma 5;
(2) b[ac_l) L. (c_la)2 by Lemma 4 (3);

(3) c[ac—l)zc_l = [a_lc)z(ca)Qc—l(ac)Qc by Lemma 5;

() a (aeh%? - (ca ) 2(ear?atac)’a™ by Lemma 5;
(5) bz[ac_l)2b2 = (ca_l)Q(ca)2a(ac)2a_l by Lemma 4 (3), (7), Lemma 5;
(6) cz(ac—l]ch = (ca_l]Q(ac)zc(ca)Qc_l by Lemma S;

(1 atae % = (la)? ;

(8) b_l[ac—l)Qb = (a”lc)Q-a_l(ccz)ch'(ac)2 by Lemma 4 (7), Lemma 5;
(9) c_l(ac_l) % = (c—la)z ;

(10) ale” a) a T = [ac_l)z 3

(11) b(c-la]zb_l = (ca_l)2-(c.r,z)2-a(ac)2a_l by Lemma 4 (17);

(12) efe )%™t = (ach)?;

(13) a? (c_la) 22 - ( _lc) 207 Y ear%atac)? by Lemma 5;

(1w) b2 (c'la]2b2 = [cz_lc)ch—l(ca)Qaz(ac)2 by Lemma 4 (3), (7), Lemma 5;
(15) &? (c_la)202 = _lc)Q(Ga)zc—l(ac)zc by Lemma 5;

(16) a_l(c_la) % = [ca_l]Q(ca)Qa(ac)Qa_l by Lemma S;

an v i) = [ac_l)2 by Lemma 4 (3);

(18) c_l(c_la]Qc = [c,-a_l)20(&1)2@—1(050)2 by Lemma 5.
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LEMMA 7. The following elements form a conjugacy class of involutions in
{a, b, e} :

(abcb_l)2, (b_labc)z, a_l(cb_labjza, [cbﬁlab)Q, a_l[b_labc]Qa, a(abcb_l]2a_l,
az(cb_lab)2a2, a(cb_lab]ga_l .
Rules of conjugation: (see Proof for comments)

- a(abcb_l] 257t 3

(1) afabeb ™) 20"
(2) blabeb™ )% = o (ebtab)%a by p Lemma 5 (8), (9) Pt ;
(3) c[abcb—l]zc—l = {b_labc)Q by p Lemma 5 (2) p_l H

(%) az(abcb_l]2a2 = a_l(b_labc]za ;

(5) b (abeb )2 = (eblap)? ;

(8) o?(abeb 1) %e? = (eb7lab)? By (3);

(1) @ Habeb ™) ?a = (p7rabe)? ;

(8) b l{abeb™) % = (p7labe)? ;

(9) ¢ tabeb )% = a7t (eb b))% by p Lemma 5 (1), (8) pT;
(10) a(ptave) %t = (abeb™H)? by (%);
(11 B rabe) b7t = (aber™h)? ;
(12) e(p tabe)?e™t = (b7tap)? ;

(13) az[b‘labc)2a2 = a(abcb_l]Qa_l by (10);
(1) b?(b7rabe)?p? = a7 (ebrab)%a by (2);
(15) cz(b_labc]2c2 = a_l(cb'lab]za by p Lemma 5 (13), (14) p—l H
(16) a t(p7tare)%a = a (b tabe) % ;

(17) b_l(b_labc)zb = (cb_lab]2 by (%);

(18) c_l[b_labc)zc [abcb_l)z by (3);

(19) aa_l(cb_lab]zaa_l

(cb_lab)z ;
(20) ba_l(cb_lab)Qab_l = (cb_lab)2 by (2), (5);

(21) ca_l(cb_lab)zae_l = [abcb—l)z by p Lemma 5 (17), (53), (43) p_l 3
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(22) aza—l[cb—lab)Qaa2 = a[eb_lab]Qa_l ;

(20) b2t (eplap)%ap? = (b rabe)? By ()5
(2u) cza-l(cb_lab)Qac2 = (b_labc)Q by (3), (9);
(25) a_la-l[cbflab]Qaa = aQ(cb_lab)Qa2 3

(26) b—la_l[cb"lab)zab = [abcb_l)z

by (2);

(27) c—la_l[cb‘lab]zac = (cb_lab]z by (2u), (12);
(28) a(cb_lab)ga_l = a(cb'lab)Qa_l ;

(29) b(eb rab) b7t = (b rabe)? by (17);

(30) c(cb_lab)zc'l = a—l[cb‘lab)za by (27);

(31) aQ(cb—lab)2a2 = az[cb—labJQa2 ;

2

(32) b2(ebtab)?p? = (abebr ™)

by (5);

(33) o?(ebtab)%e? = (abeb™)? by (3);

(3) a(eblab)?a = a”H(ebrab) % ;

(35) B H(eblab)% = a (b lab)%a by (20);
(36) e t{eblab)?%e = (p7Yabe)? by (12);
(37) aa—l(b—labc]Qaa_l = [b_labc)Q 3

(38) ba (b~ lave)?apL = a(eb ab) %t by p Lemma 5 (17), (47), (63), (20) p

1 1

(39) ca_l(b_labc]Qac— = a(abcb_l]Qa_ by p Lemma 5 (8), (27), (35) p—l ;

2

(40) a2a—l[b—1abc}2aa2 = (abcb_l) by (10);

(41) bza_l[b_labc)Qab2 = a2[cb_lab]2a2 by p Lemma 5 (8), (24), (68), (2) p_l H

(42) cQa_l(b_labc]Qac2 = a2[cb_lab]2a2 by p Lemma 5 (8), (27), (3u), (26),
(68), (2) p T ;

(u3) a_la_l(b_labc)2aa = a(abcb_l]Qa_l by (13);
() b_la—l[b_labc)Qab = a[abcb_l)Qa—l by p Lemma 5 (8), (27} (35) Zfl H

(u45) c_la_l(b_labc)2ac = a(cb_lab]za_l by p Lemma 5 (8), (21), (56), (64),

(62), (2) p ;
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(46)

(u7)

(u8)

(u8)

(50)

(51)

(52)

(53)

(54)

(55)

(58)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(88)

(67)

Fritz J.

ba(abcb

ca{abeb”

aza(abcb_l] a

]2

l)?a—

aa(abcb_l)Qa_la_l =

-1-1

1-1
c

2 -12
a

b2a(abcb—l]2a_;b2

*a(abeb™

-1

%

2 l 2

2 -1

a a(abcb_l] aa

b‘la(abcb—l]za

e “afabeb

aa’(cb ™ ab)

ba® (cb™tab)
a?(ebYab) %a

_]_b

2 2b -1

2 2 -1

o2a? (cb™ab) 2%

2

b a2(cb_

a2(cb_

lab

lab

]2a2b2

)2a202

a2[cb_lab]2a a

b7Ya (b ab) %a’p

c_lag(cb—lab)Qa e

aa[cb_lab)za'la_

ba(cb

ca(cb

-1

-1

aQa(cb_

ab)

1

ab)za_l

2
a

ab] a

1

b—l

2 -12
a

-1 -1
° -

_l(b—labc)2

a_l(b_labc)

a2(cb_lab]2a

(b~*abe) 2

a[cb_lab}za_l

a(cb—lab]Qa—l

(abcb_l)2

a2[cb-lab]2a2 by

—lfb_labc]

a by (4);

20 by (uu);

2

(2) p*

by (7);

(21),

2a by (34);

a_l(cb_lab)Qa

alaber™) %0

a(cb_lab)Qa_l

(eb~tap)?
_l(b_labc)

_l(b_labc]

a(cb_lab]Qa_

a(cb_lab)Qa_l

a(abcb_l]a

-1

1 by (53);

(72),

2a by (41);

2a by (42);

1

E)

(2), p

by (48);

aQ(cb—lab)2a2

az(cb_lab]za

a_l(b_labc)

2 by (82);

2a by (45);

_l(cbhlab)Qa

(62),

(62), (2)

-1

E)

k)

(2) p_l

-1
» P

by p Lemma 5 (11}, (34},

by p Lemma 5 (11), (33),

by p Lemma 5 (11), (30),

3

p Lemma 5 (11), (68),

by p Lemma 5 (17), (50),

by p Lemma 5 (17), (50),

Grunewald, George Havas, J.L. Mennicke, M.F. Newman

>

(26), (68},

(62), (2) gfl

(19), (29),

2 pt;

(70), (u44),

(72), (62),

E]
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2

207 ? = alapeb ™M)t By (50);

(68) b2a(cb—lab]

—lab) Qa—l 2

e® = a(abcb_l)Qa_l

(69) cQa(cb by (51);

(70) a_la(cb_lab]Qa_la = [cb—lab]2 5

-1 1

(71) b_la[cb Jb)Qa_ b = a_l[b_labc]ga by (38);
(72) c_la(cb_lab)Qa_lc = aQ[Ob_lab)QaQ by (57).

Proof. The term p Lemma x(y)p-l on the right-hand side means that the
appropriate formula stated on the left-hand side is implied by applying the

automorphism induced by p on (a, b, ¢) on the formula Lemma x(y).

By Lemma 5 we have

ab(ca)zb_la_l = (ca)2 .

Applying p , we obtain

() (beb 1a)? = (b tabe)?
which yields (4), (5), (7).

LEMMA 8. The following rules of transformation apply:

(1) a(abcb)2a_l = (c_lb—la—lb_l]Qa_lfb‘labc)za (abcb_l)2 3
(2) b (abeb)’b = (babe)? ;

(3) c(abcb)2c_l = (c_lb_la_lb_l]2 (b_labc)2 a_l(cb'lab]Za 3
(4) czQ(abe)za_2 = [b—lc-lb—la_l]2 [b—labc)2 a[abcb—l]Qa_l 3
(5) bz(azbcb)Qb_2 = [b_lc—lb_la_l)2 (abcb_l]Q fcb_lab]2 3

(6) cQ(abcb)2c_2 = (b_lc_lb—la_l]Q [abcb_l]Q (cb_lab)2 3

(7) a_l(abcb)Qa = (babc)2 3

(8) b apeb)%p

[c-lb_la_lb-l)z(b_labcjza_l[cb—lab)Qa 3

(9) ¢ Nabeb)e = (babe)? ;

"

(10) a‘(babc)za-l = (abcb)2 3
(11) bbabe)p™t = (7t o a2 (b tab)? (abeb™H)? ;

(12) e(babe)’e™ = (abeb)? ;

(13) a?(babe)’a™ = (T T p abe) e (abed™)” 5
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(1) b2(babe)? b2 = (c'lb_la_lb—l)2 (b_labc]2 a_l(cb_lab)Qa ;
(15) cZ(babe)?e™? = (e N ? (b7 labe) %t (b7 tab) % ;
(16) a bave)?a = (b_lc_lb_la—l)Q(b—labc)2 a(abcb_l]Qa—l 5

a7 b Npabe)p

(abeb)? ;

(18) ¢ tpaver’e = (b e a7 2 (e tap) ? (abebh)? .

1

Proof. Transform the formulae of Lemma 6 by p and use Lemma 7 and Lemma 1 to
conclude Lemma 8. Transform the normal subgroup generated by (ac)2 in H by p to
obtain the normal subgroup generated by [abcb_l]2 . Hence this subgroup is also
elementary abelian. The formulae of Lemma 5 imply that (abcb_l)2 commutes with
all eight conjugates of (aa)2 . Hence

- 2 - - -1 - 2
l, a l(ca)Qa, clea)’e l, e l(ac)Qc, a lc l(ac) ca,

N := ((ac)Q, (ca)z, a(ac)Qa_

¢ ratear ac, (abcb_l]z, (b_labc)Q, a—l(cb—lab]Qa, (cb‘lab)Q, a_l(b—labc)Qa,

a[abcb_l)Qa_l, aQ(cb_lab]QaQ, a(cb—lab)Qa_l>
is an elementary abelian normal subgroup in H . The formulae of Lemma 5, Lemma 7
show that [c_l )2 and [ac_l)z centralize the group N . Transforming this
statement by p implies that (abcb)2 and (babc)2 centralize N .
Moreover Lemma 6 yields the commutator relation

[a_lc]z'[ac_l)z-(c_la]Q-(ca_l)Q = (ae) 2+ (ea)?ratae)’a e a ae) 2are Hae) e

1 -1

-1 - 2 1.1, 2
-c(ca)zc a lc (ae)“casc la l(ca) ac .

Transform by p obtaining

(abeb) ~2(babe)*(abeb)? (babe)™?

= (abcb_l)z-(b_labc)2°a—l(cb_lab]2a°[cb_lab)z'a_l[b_labc]2a-a(abcb_l]2a_l

'aQ(cb_lab)Qa_Qa(cb_lab]2a_l .
LEMMA 9. In (a, b, ¢, F} we have the following relations:

2,-1 -1

(1) ac’h ~a b Yea’be ™ = c_la_l(ca)Qac'(ac)z-c(ca)Qc_l

-a_lc—l(ac)zca(ca)2a~l(ca)2a 3

-1 -1

(2) p a7t

1

cbaQCba = (ac)zc_ a_l(ca)zac 3

(3) (c_lb_l)Qa_lc—l(bc)2ca = (ca)Qc_l(ac)Qa 3



(%)

(5)

(6)

(7)

(8)

(9)

(10)

(1)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)
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(bc2a)2 = [a_lc_lbc]2 3

(abza_lb )2 = [bc2b_lc2]2 =1 ;

(abe™lp)* = 1 ;

(babzabc_luz]2 (ac)’a"Yea)?aa Yo o) Pea 3

(beabe Y% ™H? = 1 ;
bea’p?a* b a2’ = a_lc_l(ac)Qca°c(ca)zc_l'a(ac)Qa_l'(ca)zJ
(babcbaba_l)Q = (ac)2a_l(ca)Qaa_lc_l(ac)zca 3

(abca_lb_lc-l]2 =1;

(abcb_l)Qa_l(b_labc)Qa = a Y ear%aa e ae) 2ea 5

(bobe™)? = (p7rave) % at (eb b)) (e e ) 2 () ?

[abab_l)2 = (ca)za(ac)Qa_l(ca_l}Q(b_lc_lb—la_l)Q K
Fbeb taF = a_l(ca)2a'c(ca)2c_l°b_lca2ba'l 3

Fab Lep™IF = cz_lc_labcacha_l 3

1-1

Fbe beF = a(ac)za_lc(ca)Qc— e a_l(ca)2aca_lc_l(ac)2@a

a(cb—lab]Qa—la(abcb_l)2a_l(a_lc)u(c_lb_la_lb—l)Q'ac-lb_la_lb_lc 3

FacF = (ca)Q(ac)2a_lc_l(ac)2cac_l(ac)2c(a_lc]u(c_lb_la_lb_l)2

o Yo Yapeap e 3

Fabeb™*F = (ac)2a~lc_l(ac)20a°a—lb_la2c41b202b_l 3

Fab’er = a(ac)2a—lc—la_l(ca)2ac[b_labc]Qa_l(cb_lab)Qa(a'lc)u(babc)2

B N Ry L e A T ™, :

c_lazba_lcb_lazc_lb202b_lac—lb_l = a(ac)Qa_lc_l(ac)Qc 3

-1 -1

FeaF = a(ac)Qa a (ca)2ac(ca)20_l

c_la_l(ca)Qac(ca)QO_l(ac)gca—l(cb_lab]2a

[cb_lab)2a2(cb_lab)2a2a[cb_lab]za_l[c_la)u(c_lb_la_lb_l]Qabcab—la_l .

Proof. (1) By Lemma 2 (12) we have

abc—lb—la_lDQD-lbc_lbca_lb_lDD2b_lca = 1.

Lemma 2 (5), Lemma 3 (2), (8), (1) and Lemma 4 (1) imply
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c_lb_lagc_laQCa_lb—laCQac—lazcaca—lbc_lbca_l = 1.

Hence

bc_lbac2°c(ca_l]2@_l'b—la_l~(a_lc_l]2[ca_l]2°b_l'a02ac—la20aca—l = 1.
Lemmas 5 and 6 yield (1).
(2) By Lemma 2 (11) we have

b_lD_lb_lob—lD_labca_lDbc_lbDbac_lb_la'l =1 .

Lemma 3 (4), (7), (1), Lemma 4 (1) and Lemma 5 imply

b et ap P bac o e = 1 .

Lemma 3 (%), (1), (3), (7}, (2) and Lemma % (1) imply

b-la_lc_lb'la2c_lac—la2b_lcza~l

ca lbebabrcac™t = 1 .
Use Lemma 9 (1) to replace bab and apply Lemmas 5 and 6 obtaining Lemma 9 (2).
(3) By Lemma 2 (25), (26) we have

-12,-12

e Yobea e b a2 b0 rbea T et

Fao Yeb YmDbaee b et = 1 .

By Lemma 2 (27),
ctbebeatep e e e e e e = 1
Hence Lemma 5 yields (3).
(4) By Lemma 2 (25), (28) we have

2 -1,-1_-1 1

bea 0 bea rebe’a 0 boa I = o e tbea e e
Hence Lemma 2 (26) implies (4).
(5) By Lemma 2 (13) we have

[D_labca_lDb_lc_l)2 =

By Lemma 2 (5), Lemma 3 (2), (&%) we have

(ab2cab2aczb2a_lb2@'l)2 =

Using Lemma 4 (1) we have

(@l a2 - 1 .

. . . -1,2
Then Lemma 5 implies the first part of (5). When we apply to fabza lb ]2 =1 the

automorphism induced by p on (a, b, ¢) , we obtain the second part of (5).

(6) Lemma 2 (14) yields
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2 -1, 2

(0°p ™ pa’prba®p)? = 1 .

Lemma 3 (10), (5), (4), Lemma 4 (1) imply

(abcaQb-caca-abcazb)2 =1.

Use Lemma 5 to conclude

(abcaQb)J+ =1.
Apply to this equation the automorphism induced by p on (a, b, ¢) obtaining (6).

(7) By Lemma 2 (15) we have

[Dbach_lbc‘lb)2 =1.
Lemma 3 (10), (5), (4), (8), (2), Lemma & (1) imply

2 - - - - 1 -
babcazbcac a lbac la202a lbac la2ca2baa2bc lbc 1o,

From Lemma 5 follows
(bab'ca2bc_lbc_l)2 = (ae)(ca)’a ™ ea)%aa e Hae) 2cac Y Hea) e

2 -
Replacing ea be lb by Lemma 9 (1) and using Lemma 5 yields (7).
(8) and (11) By the definition of a, b, ¢ we have
-1,2 -1 2 -1y 4
beabeba" = (pepq )",
-1,-1 -1 -1 -1 24
abea b e = (qpTq PT) -
Then (xvi) and (xvii), respectively, imply (8) and (1ll), respectively.
(9) By Lemma 2 (17) we have

I tabeb reb%ebe b e oea e b e e 07 = 1 .

ac 0 abeac”
Lemma 2 (5), Lemma 3 (2) imply

ae 07 Yabeb hae Y e 2 eaca e o e 0ea b = 1 .

By Lemma 2 (5), Lemma 3 (5), (6), (2), (8), Lemma 4 (1), Lemma 5 follows
(ca)2°a(ac)Qa—lb-(ca)2c12(ac)2a(ac)Qaz'lc(ca)Qc'l

-1 1

-1 2 - 1
e “a “(eca)aca

e_l(ac)QcabQQC_lag( _lc)Qacflb_lca_leac_ =1.
Applying again Lemmas 5 and 6, implies Lemma 9 (9).

(10) By Lemma 2 (18) we have

(D2D~lbane_lbDbac_l)2 =1.

By Lemma 3 (10), (5), Lemma 4 (1), Lemma 5 we have
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(bac_labca2b2D)2 = 1.
By Lemma 3 (10), (5), (3), (7), (8), (1), Lemma 4 (1) we have

1-1-1,-1 2

ac " Yabea’babe tacap Y e b ea LeL,2

- - -1,2
c la2b ¢ “a"eca lb abe = 1 .
Hence

ac_lab'(ca_l]2-a(ac)Qa—l‘aQCbzabc2-(ca)Q'ba2@°(ac)2a_lb[ca_l)Qa(ac)2a-l

'b_l(c_la]2'a‘l(ca)2a'ab2abc =1

By Lemmas 5 and 6 follows
2 2 -1 - - -
(e °ba2cb2ab]2 = (ear?atac)’ata l(ca)Qac l(ac)2c-c(ca)20 *

2
Replace c¢ba"cb by Lemma 9 (2) and use Lemma 5 to obtain (10).
(12) By Lemma 9 (10) we have

- (ac)Q'a_l(ca)Qaa_lc-l(ac)2ca .

(babc)2@_la_l(babc)2@~la_
Applying Lemma 8 we obtain Lemma 9 (12).
(13) By Lemma 9 (3) follows

1

bcbc_l°[c_la]2°bcb'(abcb)_2-c— = (ca)2-c_l(ac)zc .

Use Lemma 5, Lemma 6, Lemma 7, Lemma 8 to conclude Lemma 9 (13).

. -1
(14) Apply to Lemma 9 (13) the automorphism induced by p on {a, b, &
obtaining Lemma 9 (14).

(15) By Lemma 9 (29) we have
pbe™b0% 0 bac ™o a0 p2ea b 0 trbeb T Yar = 1 .
Using Lemma 3 (10), (5), (8), Lemma 4 (1) we obtain
DQD—lbc—lbabCQa_lb_la_lc_lb—la_lca_lb_lDD2Fbcb_laF =1.
By Lemma 3 (10), (8), (3), (9), (4), (5), (7), (1), Lemma 4 (1) follows
abcb_l'(ca)Q'bc-lbabac'lacb°a(ac)Qa_l[ac—l)2
b % e e heaba e e e e b e = 1
By Lemmas 6 and 7 follows

ab'(ca)Q'bab'ac_laQQ_la(ac)2a'l(ca)2bcaba_lc_la-lcb_la_lfbcb_laF =1 .

Replace bab using Lemma 9 (1) and apply Lemma 4 (1), Lemmas 6 and 7 to obtain
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a'baQOb'c(ca)20_1-(ac)QG_l(ac)zcc_la_l(ca)2aca_l(ca)2a(ca)Q'ab—lGQb_la_lFbcb_laF = 1.

2 . . .
Replace ba"c¢b using Lemma 9 (2), and apply Lemmas 6 and 7 and replace again using

Lemma 9 (1) to obtain (15).
(16) follows immediately by Lemma 2 (23), (33).
(17) By Lemma 2 {31) we have
Fe b b rae e e 0% 0 ae e e e e < 1
By Lemma 3 (10), (5), (8), Lemma 4 (1) we have

e YbeF = ae b ta e barbea b e e I g e L .

2 -1, -
Replace be’a p-t using Lemma 9 (1) and apply Lemma 6 to obtain

1 -1 -1,-1 -1

Fbe Yhor = a(ac)Qa' a_l(ca)zac(ca)2c—lc'l(ac)2cc_la_l(ca)Qac-ac a b a

)Q'a-lc_lb

'(abab_l

Replace (abab-l)z using Lemma 9 (14) and apply Lemmas 6, 7, 8, 5 to obtain

-1

Fhe Yher = c_l(ac)zca_lc—l(ae)QGa(ac)Q(a c)Qa_l(b_labc)Qa(abcb_l)z'a(cb_lab]Qa—l

-1

°a(abcb_l)2a—l(c_lb_la—lb_l]2ac_la_lb_lc_laQ'a(ac)za_l(ac_l)2 L.

Apply Lemmas 5 and 6, replace b—lc_la2b_l using Lemma 9 (2), and apply Lemmas 5 and
6 and Lemma 9 (12) to obtain (17).

(18) follows by Lemma S (16), (17) using Lemmas 5 to 8.

(19) follows by Lemma 2 (20), Lemma 9 (15) using Lemma 5.

(20) follows by Lemma 9 (17), (19) using Lemmas 5, 7, 8.

(21) Lemma 2 (24) implies

abea ™ Fhe tbereYa e abob  rrac b a2 = 1
By Lemma 9 (17), (18), (19), Lemma 4 (1) we have
ate et % 20 a8 ? - (ac)z-a'lc_l(ac)zaa .
Lemma 5, Lemma 4 (1) imply (21).
(22) By Lemma 9 (20), Lemma 2 (21) and Lemmas 5 to 8 we have
FeaF = (c—la)u-(c_lb-la—lb_l)Qa_l(eb_lab)2a°[b_labe)Q[cb—lab)2-a2(cb_lab)2a2

-a{cb_lab)Qa—la[abcb_l)Qa_lc_la_l(ca)2aca(ac)Qa_l-c_lba'bca_lbczb2ca2bc_l°c_lb2a_l

Applying Lemma 9 (21), Lemma 5, Lemma 9 (12) we obtain

.
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FeaF = a(ac)za-la*l(ca)gac(ca)2c«lc_la—l(ca)2ac(ca)QG_l(ac)Qca_l(cb-lab]Qa(cb_lab)2

1.-1,2 -1
[

a?(eh Yap) 2a%a et tap) e e Y ebac e a e T %

Then follows (22) by Lemma 4 (1), Lemma 2 (2).

LEMMA 10. We have

(1) qlae)’qg™ = (ca)?

() qlea)’q™t = (ae)?

(3) ()" = ewatarXat, (acH" = (ae)a tear%a ;

() (abeb)’ = (p7tabe)eat(eb7tab) %, (babe)® = (abeb™H) % (cb7iap)?

(5) ((ac)z, (ca)2> R ([abcb"l]z, [b_labe]2> R <(abcb)2, (babc)z) R

<(c_la)2, (ac_l}z) are four elementary abelian normal subgroups of
exponent 2 im (a, b, ¢) . They centralize each other elementwise.
Each of them is centralized by Hq . 4ny element of H\Hg permutes,

in each case, the two generators.

Proof. (1) By Lemma 1 we have

qacacq_l = pbe ot b e
Lemma 2 (5) and Lemma 3 (10) imply (1).
(2) By Lemma 1 we have
-1
qeacaq ~ = adbe” N B ST PR
By Lemma 2 (5) we have

qeacaq™ = a(abcb_l)za_laDQa-l .

Lemma 5, Lemma 3 (10) imply (2).

(3) By Lemma 2 (30), Lemma 3 (2), (8), (8), (3), (5), (10) and Lemma 4 (1) we

have

-1
Fbeb™ aEb e lb la2 la2ca b ac lacba lcac lazcacb c la cb” a L. 1.

By Lemma 9 (15) we have
- 2 2 2
a l(ca) a*clea)’e” 'b ca b'a e lb lazc lazca b ac lacba lcac la caeb

o la lcb a Lo

Use Lemma 9 (2) to replace b_lcazb obtaining
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-1 -1, - _ - - 2 21 -
ba2'b la lb l-ac lacba lcac la'(ac)Q'(ca) alac) a la l(ca)Qa
-1 - 2 -1 -
-c(ca) c lc l(ac)2ca lc l(ac) cac la l(ca)Qac =1 .
-1 -1, -1 . .
Replace b "a b using Lemma 9 (2) to obtain
S S _ _
ba b lc la2b e lac lacba lcac la
'(ac)z(ca)2a_l(ca)Qac—l(ac)2@c(ea)20_lc_la_l(ca)2ac =1
By Lemma 9 (2), Lemma 5 we have
—l 2 l -1 1 2 - 2 2 -
a’b b l l lbc lac lacba lcac a (ca) a (ea) ae l(ac) celea) e 1. 1
By Lemma 9 (3) and Lemma 5 we have
-1 2 - - -
e taea e et (e la)Q'eba Yeactar (ca)?
-1 - 2 - 2 .1 -1 -
'a(ac)za la l(ca) ac l(aa)Qcc(ca) c lc la l(ca)Qac .

By Lemmas 5 and 6 we have

(e a)" =

Conjugate the relation Lemma 9 (12) with a2

(12), then we obtain

(ac)20(ca)20_la

Using this relation in the above yields the first part of (3).

yields the second part.

(4)
to obtain (4).

(5) Apply to (3) the automorphism induced by p2

result with the original formula

c(ca)Qc—l

c‘l(ac)zc
(D -1 -1 5
a ¢ (ac)ca

-1 -1 2
¢ “a (ea) ac
. . 2 -1
Conjugate with b, a”, b and use

formula by the first formula.

(ao)Q(ca)2a(ac)2a_la_

Apply the automorphism induced by p

-1 -1

2 - 2
l(ca)2ac(ca) e "a e l(ac) ca .

and compare the result with Lemma 9

_l(ca)Qaa_le'l(ac)2ca = 1.

Applying Lemma 5

on {a, b, ¢ to the formulae of (3)

on {a, b, ¢) and compare the

(ae)(ca)’atac)’a™t R

(ac)Q(ca)za_

l(ca)Qa s

1-1

(ca) a(ac)za a (ca)za ,

= (ac)Qa(ac)Qa_la_l(ea)2a .

Lemma 5 to obtain the second, third and fourth

Apply 1o (I) the automorphism induced by p to obtain
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_l(b—labc]Qa = (abeb” 1]2 (b labc)Q'a—l(cb_lab]2a s
alabeb™ )% = (abeb™) 2+ (b~ ape) % (cb™ ab) 2
(ID)
( )
( )

Labe 2(cb ab)za_l[cb_lab)za ,

-1 2(

az(cb—lab)za2 = (b

aleb™*ab) %™t = (abeb eb™Yab) %a™  (eb™rab) %

Using Lemma 10 (2) and Lemma 1 we have

qa—l(ca)Qaq_l = aD—ld(ac)2d_lDa_l

By Lemma 2 (36), (42) follows

aD_l(Dbabca_libc_la_lb"lFac_lb_la-lb"lD_l)2Da_l

ababaa—lF(ca)QEbc iyt

qa_l(ca)zaq_l

Use Lemma 10 (3), (#) and (I) and (II) in Lemma 9 (22), then follows

FeaF = (ac) (ca) a(ac) a a (ca) a(babc) abcab a
Insert this in the above formula to obtain, using Lemma 5,
qa-l(ca)Qaq‘l = ababea” [(babc) abeab ta 172-ac—lb_la_lb_la'l .

Apply Lemma 8, then follows

qa_l(ca)zaq_l = ababcaﬁl-a—l[b—labc)za-(abcb_l)2'a(cb_lab]Qa‘la(abcb_l)za_l[cb_lab)2

'a2(cb_lab) oab(ca)p Lot ae a7t

Lemma 5 and (II) imply

qa—l(ca)zaq_l = ababca_la_l(b_labc]Qa(abcb_ ] (ea)ac o a7t .
Lemma 9 (12), Lemma 5 and (I) imply

qcz']'(ccz)chq_l = (ea)?

A comparison with Lemma 10 (1) shows
atear?a = (ca)?
Applying the automorphism induced by p2 yields
c‘l(ac)Qc = (ac)2

Then the statement on ((ac)z(ca)z) follows by Lemma 5. To obtain the statement on

( (abcb_l)2(b—labc)2) conjugate with p . One obtains the relations
Hevtap)a = (p7tabe)?

(b tap)? = (abeb )2 .



Use Lemmas & and 8 and Lemma 10 (3), (4) to conclude the remaining statements.

LEMMA

(1)

(2)

(3)

(%)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(1)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

Groups of exponent eight

M. In (a, b, ¢) we have the following relations
(b_lebc]2 = [c_la)Q-(babc)2 3
(a_lbab)2 = (_ac—l)z-(abcb)2 ;

[bcab_lca]2 = [ac_l)z'(c_la)Q H

1l -1

cabach ta e ™ < bach ™t

(b_laQbaQJ2 =1 ;

[bzca)Q = (ac_l]2 3
[cb_la_lb]2 = (babe)? ;

bebe Yo e gt - (c‘la)z

f_bab_lc_l)2 = [ac_l)Q-[c_la]Q(babc)2 ;

—la—lb—l 1 -1

b e~ = (ca)2fc_la)Q(abab)Q'(babc)2 H

sqcebaba”

1, -1 1

bt e carbabee et = (c_la]Q(ae—ljz(abeb)z'(babc)2 :

bach’c et = (ae)?(ae™) 2(abeb) e (babe)? ;
(abeb)? = (babe)? s [c_la)Q = (ac_lJQ ;
(abcazb)L‘L =1;

b eabea b eabea ™ = 1 ;

b Leaba’p teaba® = (c_la)2 ;

[a_lb_lab)2 = (ca)2'(abcb_1]2 s (b_lc—lbc)Q = (b_labc]z'(ca)Q H

(@) = pa)* ;

n
(ab)’ € Zla, b, e)) ;
ba’c’v Yo%’ - (ac)Q(babc)2'(ab)L+ 3
ba2b<lacba2b_lac = [c_la]z H
)t = (b, @) = e ;

p2eblae 7t - (ac_lJQ(ac)2(ca)2'(ab)u 5

101
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(2w) ba el T - (c_la)z(babc)g-[abcb_l]2'[b_labc)Q'(ab)4 ;

(25) (@) = (ea)?+ (abeb )2+ (b™abe) 2+ (abeb) 2 (ab) - (ba)?

]

()2 = (ae)*(ea) (b abe) 2(ac ™) 2o (ap) ™+ (eb)? ;
(26) (a)" = (abeb ™) 2 (b7 Yabe) 2« (babe) - (e a) 2 ;
(27) (ae)(ca)? = (abeb™H)? (b7 tabc)? ;
(28) (ae)? = (e)?, (abeb™)? = (p7ape)? .
Proof. (1) By Lemma 9 (2), Lemma 10 (5) we have

b lebe - (ca)Q[a—lc)2aba_lb_la2 .

Then (1) follows by Lemma 9 (1u).

(2) We use the automorphism induced by p_l in Lemma 11 (1). Then Lemma 11 (2)

follows.
(3) By Lemma 2 (2) and Lemma & (1),
bcab_lca'(ca)Q[ca_l]Q'bca'(ca)Q(ca_l]2b_lca =1.
Hence Lemma 10 (5) implies Lemma 11 (3).
(4) By Lemma 2 {25) we have

chac_lb_lFDbaGQb—la_lc—l = c_lb_lcabGQa_lb_lD_lE%ca‘lF .

Insert this in Lemma 2 (28); then
Fac™ b FDbac’h " Fac b FDba = o b eae b loabe? .
A comparison with Lemma 2 (26) yields
e2a o Yeave?a = bach™t .
Then Lemma 11 (4) follows by Lemma 9 (3).
(5) By Lemma 9 (1), (2), Lemma 10 (5)

bab = ca’be bac? - cba’chas(ac)?(ca)? .
Using Lemma 10 (5) we obtain

b a%pa” = (ca)2[ca_l]zofl-bczb_lCQ'c .
Then Lemma 9 (5) implies Lemma 11 (5).

(6) follows immediately by Lemma 4 (1) and Lemma 10 (5).

(7) Applying the automorphism induced by p yields Lemma 11 (7).
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(8) follows immediately by Lemma 9 (3) and Lemma 10 (5).
(9) By Lemma 10 (5),

1,-1 -1

-1 -1 -1 2, .- -1, -
e l'a b Ta “eaca = (ca) " bab l'ac°ba lb lca .

bab *ba”

Replace ba_lb_la_l using Lemma 9 (14) and bab—l on the right-hand side using Lemma
9 (2), then
-1 42 -1 =142 -1 2 -1,-142 2 -122
(a™e) (babc)Q(bab e l) =g e (e ) reas(be) e tPeta .
Then Lemma 9 (3) and Lemma 10 (5) imply Lemma 11 (98).
(10) By Lemma 4 (1) we have

ababac Ya’b Y %0t = @b teate b eba e T
Replacing abab™t using Lemma 9 (14) yields, by Lemma 10 (5),
ababac tap e b e%e ™t = (ac_l)Qba_lb_l-ac-bab-l-a_lc_l .
Replacing bab™* using Lemma 9 (2) yields, by Lemma 10 (5),
ababac Yo% e a%e ™t = a B leba e e e b et
. -1,-1 -1 . .
Replacing ¢ "b "¢ b wusing Lemma 11 (1) yields, by Lemma 10 (5),
- -1 -1,-12 - - -1, - 2
ababac Ya%p e e %t = (ae l) 2(abcb)z(a b lcb] .
Then Lemma 11 (9) and Lemma 10 (5) imply Lemma 11 (10).

(11) Applying to Lemma 11 (10) the automorphism induced by p2 yields Lemma 11
(11) by Lemma 10 (5).

(12) By Lemma 11 (8) and Lemma 4 (1)
bacb’e ™t = [ca_l]2~(c_la]2'bc_lb-cab—lcb_lc_%a_l .
Replacing be b using Lemma 9 (1) yields, by Lemma 10 (5),
pacb% ™t - a% _,l-babacb L%t
Use Lemma 11 (11) to conclude Lemma 11 (12).
(13) We have

abeb _lc'abc ~]73 _l'a 20 1. ab 2-b _lcb _l-ca-bc —37727 2a 20 -t .

Replacing abc_lb_l using Lemma 11 (7) and bc‘lb using Lemma 9 (1) yields, by
Lemma 10 (5),

(babe )2ab(:°b “Lobor et = (c _la) 2(czc _l) Zb 2'ac 2°b —la _Jb _l-ac *babec 2a 'Jba 2@ -1
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Replacing b tebe using Lemma 11 (1) and applying Lemma 11 (10) to the right hand
side yields
-1~2 - 2 22 -
(e7a)“(ae l)Q = ab’ach’a’c™t .
A comparison with Lemma 11 (12) furnishes the first part of Lemma 11 (13). The second
part is obtained by applying the automorphism induced by p .

(14) By Lemma 9 (1), (13)

ababe = (ac)Q(c_la)2(babc)2a_lb_lcb_la—l .
Use Lemma 10 (5) to conclude
cab-(c_lb—la_lb_la_l)ub_la_lc_l = [ac_lJQGabc R R R R R e

-1y2 -1,-1 -1 -1, 2.-1 -1 -1, -1,-
= [ac ] eabe b Ta "¢ “be'b Ta “+e¢ "be b l-a

by Lemma 11 (&)

-1 -1
c

(babc)2c-abc'lb_l-a_lc-lbcz-b_la_lbc-b_lca—lc_l

by Lemma 11 (1)
1 -12
a e

= (a” ] (babe) cbeb tae L ebep™t

by Lemma 11 (7)
= cbeb b achb Lotptate? by Lemma 11 (7).
Then Lemma 11 (12), Lemma 9 (3}, Lemma 10 (5) imply Lemma 11 (14).
(15) As in the proof of Lemma 11 (14)

l l -1 -1,-1 -1 -1

e - bea b Ta "¢ “ha

(ac ) b

A comparison with Lemma 11 (14) yields Lemma 11 (15).

(16) By (abc)L+ = 1 and Lemma 4 (1)

b cabcab la lc lba lc 1. 1.

A comparison with Lemma 11 (15) yields Lemma 11 (16).

(17) Use Lemma 11 (10) to conclude

b% babeara” b Yabe = [b_labc)2 ,

R e T [c—la)z[b_labc)Q

Then we obtain (17) by Lemma 11 (12} and Lemma 10 (5). Transforming by p yields the
second part.

8
(18) From (viii) follows (ba) =1 . Then use Lemma 9 (14) to conclude
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ababeabab b aba+baba

abab+ba Yp e ab e b %aba

(ab)*(pa)™

(ae)? (b abe) %acbaba™ obab Lab Y b %aba by Lemma 11 (17)

(ac)2(b_labc]Qa_l(a_lb_lab)za by Lemma 11 (2);

hence Lemma 11 (18) by Lemma 11 (17).

(ac)z(b_labc)z(ac_l)2(abeb)2a2b_l'b_lab_la_l~b2aba by Lemma 11 (2)

105

(19) The relations a(ab)ua_l = (ab)J+ and b(ab)qb_l = (ab)L+ follow by Lemma

11 (18), e(ap) et = (ap)* follows by Lemma 11 (10).

(20) By Lemma 9 (1), (2)

(ab)? = aca’be  bac? ,

2

(ab) (ac)Q(ca)QacbaQGba .

Hence

(ab)* = (ca)z(c_la)2acba20'bcbc—l'bac2 .
Then Lemma 11 (20) follows by Lemma 9 (13) and Lemma 10 (5).
(21) By Lemma 11 (11), (12)
b~ reab = ab—lacba—l-(ac)z[ao_l]2 .

By Lemma 11 (10) and Lemma 4 (1)

breab = atp lacka .
A comparison yields Lemma 11 (21).

(22) Use Lemma 9 (2), Lemma 10 (5) to conclude

()™

babsasbab+a ,

(pa)? cbebeb ta’bea-aba’cba’ .

By Lemma 11 (16) and Lemma 4 (1)

(ca_l)2(012)2‘(6?3)Q'Gab_la_l'a_lbab'azcba2

(ea)2(abeb)?(eb)2eceab o b e a e Toba® by Lemma 11 (2)

(ea)?(eb) aba’b Yo a e a’ba? by Lemma 11 (2).

(ba)*

Then the first part of Lemma 11 (22) follows by Lemma 11 (21), (5). The second part

follows by Lemma 11 (18), (19).

(23) Use Lemma 11 (1) to conclude
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-1,-1 -1 (ac_l

b2eb tac et - ]Qb-bcb—lc-a_lb—la_l
(ac)2(abcb)2ba°a_lc_lbacb e lazb Lomtyt by Lemma 9 (2)

(ae)?(ea)(abeb) babe Yo o e b e be%a et

by Lemma 11 (4).
By Lemma 11 (13), (11)

b2 Yac b et = (ae)(ca) (abcb)za Lo lpe% ™o g™t

hence

1,-1 -1

R R T (abcb)Qa_lc_lbaQCQb—l

Then Lemma 11 (23) follows by Lemma 11 (20).

(24) Apply the automorphism induced by p—l to Lemma 11 (23) and use Lemma 10
(5), Lemma 11 (22) to conclude Lemma 11 (24).

(25) By Lemma 9 (2)

(ab)2 = (ac)z'c_la-lba_lc_lb_l'(ba)Q'(ca_l)z(ac)2(ca)2

Then Lemma 11 (25) follows by Lemma 11 (24). The second part is obtained by

transformation with p .

(26) By Lemma 3 (4), Lemma 4 (1) and Lemma 10 (5)

p7Yabp = (ca)?+beteabent
Replacing abe wusing Lemma 11 (23) yields

v tapp = (ac_l)Q(ac)Q(ab)u'bc—leGa'a_lb_lab—l

Use Lemma 4 (1), Lemma 11 (2), Lemma 10 (5) to conclude

p~tabp = [ac'l]2(abcb)2(ac)2(ca)Q(ab)q'ba'b—la_lba .

By Lemma 11 (17)

-1 - -1y 2 i
p7Yamp = (ae N 2(abeb)? (abeb ) *(ac) % (ab)
This computation can also be carried through in the following way:

ptapp = (ca)ch_la‘bcbc'c_lba_l'ab .

By Lemma 11 (25)

ptapp = (ab)u'(ac)2(abcb—l)Q(ac_l)2bc_lac'bcbc_l'ba-l'ab .

By Lemma 9 (13)

ptabp = (ab)u'(ac)Q'(babc)z(abcb_l)2'[c_la]z'ba_lc_lb_lc_la_l'ab .
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By Lemma 11 (24)

07 Yabp = (ac)?(ptabe) % ab .

-1
Then Lemma 11 (26) follows by comparing the formulae for D “abD .

(27) Apply to Lemma 11 (26) the automorphism induced by p and use
Lemma 11 (22) to deduce Lemma 11 (27).

(28) By (abc)4 =1, Lemma 4 (1), Lemma 11 (24), (26), (27) we have

abeab™ b cabeabe

n
[a-
“

142 - - -
(e la) (ae)?eac " aca  ebeab™e = 1 .

Use Lemma 11 (24), (27), (26) to conclude the first part of Lemma 11 (28). The second

part is obtained by transformation with p .

Using Lemma 10 (5), the relations Lemma 11 (13), (25), (28) show that

—14 2 -
<(ac)2, (abeb l) , {ae 1)2, (abcb)Q, (@™
is an elementary abelian normal subgroup of exponent 2 in the centre of {(a, b, ¢’ .

. . - -1
It is of order 2° at most, and is generated by (ac)z, (abeb 1]2, (ac )2, (abcb)2 .
In the following we shall use the simplified relations obtained by Lemma 11 (26), (28)

without any special indication.

LEMMA 12. We have the transformation formulae:
(1) b = (ca)2~(ac_l)2°(abcb_l]2°(abcb)2-a2 ;
(2) DbD = (ca)2-[ac_l)2(abeb_l)Q'(abcb)2'b2 ;
(3) D 7eD = (ca)2(ac_l)Q[abcb_l)z-(abcb)z-c2 H
(#) D Yabd = (ac)? (b rabe)eab ;

(5) D laed = ae 3

(6) D ‘peD

(c_la)z(abcb)2°bc ;
(71 % = {ca)Q-fabcbvl)Q :

(8) FuzF = a2 3

(9) Fea 'F = (babc)z-(c_la]2°ca_l 5
(10)  FacF = (abcb)z-(c_la)z'ac 5

(11) Fbeb e F = (abeb)?- (e7ra) % beb a7t ;
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(12) Fabeb 'F = (abcb)g(e_la]Qabcb_l 3

(13) F°F = b°;

(14) Fab’ar = et 3
(15) Fabab 'F = abab ™t 3
(16) Fbab Ta " F = bab la 7t

(17) D Yap = ab la T Fapr ;

(18) DhlbD = (abcb)z'(c_la)Q'a_lEubF 3
(19) DYep = (abeb)?+ (e 7Ya) % (ac)? (abeb™ 1) 2 oo o Fabr ;
(20) DD = F .

Proof. (1) By Lemma 3 (1), Lemma 4 (1), Lemma 10 (5) follows immediately

D% = (ca)z(ac_l)2bc—lb_la—l-a_lbcb_l .

Use Lemma 11 (7) to conclude Lemma 12 (1).
(2) By Lemma 3 (2), Lemma 4 (1), Lemma 10 (5)

-1,-1 -1,2 -1

4% = (ca)Q(ac_l)Q-bc T R T

p e e (abep ™) .
Hence Lemma 12 (2).
(3) By Lemma 3 (3), Lemma 4 (1), Lemma 10 (5)

pte?p = (ca)Z(c_la]2°bc_lb_la—102ac_l°cbcb_l .

Lemma 11 (1), Lemma 10 (5) imply

D = (c—la]2(babc)2(ea)2'(ac)2'(bc_lb_lc)2°02 .

Use Lemma 11 (17) to conclude Lemma 12 (3).
(4) See the proof of Lemma 11 (26).

(5) By Lemma 3 (6), Lemma 4 (1), Lemma 10 (5)

D tacd = be b teabeb™t .
Use Lemma 4 (1) and Lemma 11 (24) to conclude Lemma 12 (5).
(6) By Lemma 3 (8), Lemma 4 (1)

o Ybep = bc_lb_la_lbcab_l-bQ-cb_lc_lb—l-bc-(ac—l)2

By Lemma 9 (13), Lemma 11 (24)
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D Ypep = b-c_lb_lcb-bzcbc_l-bw(abcb)Q'(ac)2 .

By Lemma 11 (17) follows

pYbep = (abcb)Q-[abeb—l]2-c_l-bcbc-c_l-bcbc_l-bc .
Use Lemma 11 (25), Lemma 9 (13) to conclude Lemma 12 (6).
(7) follows by Lemma 3 (10) and Lemma 4 {1).
(8) is Lemma 2 (19).
(9) follows by Lemma 9 (22), Lemma 11 (24), Lemma 12 (8).
(10) follows by Lemma 9 (18), Lemma 11 (28), (24#).

(11) By Lemma 9 (15), Lemma 12 (8) follows

Fhob Yo F = beb’cab®~bebaba .

By Lemma 4 (1), Lemma 11 (25), (27), (28) follows

Fbeb Y F = (ab)'beb Tt
Hence Lemma 12 (11) follows by Lemma 11 (28).
(12) By Lemma 9 (19), Lemma 10 (5) follows

Fabeb 'F = (atc)ch_lb_la_l-ccsz-ch_l

implying

-1 1,-1,

p et et

Fabob 1F = (ac_l)2(ac)2a chb

by Lemma 4 (1). Then Lemma 12 (12) follows by Lemma 11 (25), (28).
(13) By Lemma 2 (22), (23) and (abC)u = 1 follows

Folea tF = (ac)2°bcb_lcabb20b_l
implying

2 - “142,2 -1 -1,-1 -1 -1 -
Fboea tr = (ac l) R e S by Lemma 11 (2u)

2,2 -1,-1 -1,-1 -1

= {ea)"*ba b a b ab teob by Lemma 11 (25).

Then Lemma 12 (13) follows by Lemma 11 (2), (24) and Lemma 12 (9).
(14) By Lemma 9 (20) and Lemma 12 (10) follows

Fab’a”'F = (e_la)Q-a_lb_la—l-a-lc_lb202b~lac—lb_la_lb_la_l

(ca)2a-lb_la—lb_l-b-la—lcb_lazc_lb_la_lb_la_l by Lemma 4 (1)

—lb‘lc—lb—l'a_lb_la—l by Lemma 11 (25), (26).

(abeb)? (abeb™)? wbec

1l

Hence Lemma 12 (14) follows by Lemma 11 (25), (24).

109
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(15) By Lemma 12 (14) and Lemma 2 (22)

Fabab ™ F = abeba’eb ta et .

Then Lemma 12 (15} follows by Lemma 11 (20) and Lemma 10 (5).

(168) By Lemma 2 (22), (20)

FbabeeaF = be'a Ybat .
By Lemma 12 (8), (9), (1u)
ab Y = bela bl et
Lemma 11 (20) and Lemma 10 (5) imply Lemma 12 (16).

(17) By Lemma 2 (32), Lemma 12 (8), (7), (9)

pYap = o o tarae tabace?F

a b rare? apeb ™t ber by Lemma 11 (24), Lemma 12

132 -1, - 2 -1 -1 -
(abeb l) b Yare®pe b e e F by Lemma 12
2 -1,-1 2

l

Then Lemma 12 (17) follows by Lemma 11 (2u), (1), (17).
(18) follows by Lemma 12 (18), (2), (u4).
(19) follows by Lemma 12 (18), (&), (3).

(20) By Lemma 2 (34), Lemma 12

pimp = (ac_l)2°(abcb)2°(cbcb;l]QF .

Then Lemma 12 (20) follows by Lemma 11 (1).

(abcb—l)2(abcb) o tac*be bt FabF by Lemma 2 (20), Lemma 12.

We shall now describe the normal subgroup which is generated by the fourth powers

in G .

DEFINITION.

b *a pba = (qu)u ,

<
1!

b Yt

<
n

v, = c_lb_lcb_lD_lcb'lFac—lb_la—lb_lFb )

<
I

y = @? = ()t

v, = (abeb™1)?



We shall show that

LEMMA 13, we
(1) pvlp—l =
(2) pop
(3) pvap'l =
W prp =
(5) pvsp_l =
(8) pv6p_l =
(7) pv7p_l =
(8) pogp " =

(17) Vv s an

(18) vg = V7,

(19) v, = Vg

Proof. (1) fo
(2) follows immediately by Lemma 1 and Lemma 2 (47).

(3) By Lemmas

If one computes pue

Groups of exponent eight

v, o= (a_lc]Q ,

6
_ 2
v, = (abeb)” ,
vy = R P Sy ) ;
Vo= (vl, cees 08).

V is a normal subgroup in G generated by fourth powers.

have the transformation formulae

-1

vy s (9) quiq =
-1

vy s (10) qv,q = =

Uy 3 (11) qu.q * =

y'2 v, =
-1

ve s (12) qv,q = =
. -1

v, s (13) qveq = =
-1

Vg s (1) qvq T =
-1

Vg s (15) qv,q "~ =

vy s (16) e

VP qugq "~ =

elementary abelian normal subgroup of exponent 2 in

03,‘

UG.

llows immediately by Lemma 1 and Lemma 2 (47).
12, 1, and the definition of v,
-1 - -1y2 -1 -1
p w,tvp =p l-(abcb l) abb “a “bep

(ca)Qc_lb_la_lc-leQCbca .

I

p-u using Lemma 1, then

cale .

m



112 Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman

Hence Lemma 13 (3) follows by Lemma 11 (24), Lemma 2 (47), Lemma 12.
(4) to (7) follow by Lemma 1, Lemma 11 (28), Lemma 9 (13).

(8) Use the definition of Ui to conclude

e PO N |
pvgp = pbevgb Trp T .

Then Lemma 13 (8) follows by Lemma 1, Lemma 13 (3), Lemma 11 (24), Lemma 12.

(12) follows by Lemma 10 (1) and Lemma 11 (28).

(13) By Lemma 1

qlapep ™% = (dep tdbe e a )
But
-1 -1 22 -1 -1-1-1 2 -1 -1
deb “dbe "ec = qpTrq p q P ’CZ'PCI pq *pq
-1 -1-12
=pP q p q ‘g Pq 'P
=g g ) g =1 by (v, (did)
implying
q@zbcb‘l)Qq—l =t et

Using ca I e as in the proof of Lemma 13 (3) yields
- - P RTR.
q (abeb l]Qq b (ae)’aeat .

We apply the automorphism induced by p on Lemma 12 (7) obtaining

n -
e = (ca)2°(b labc)2
Hence the proof of Lemma 13 (13) is complete using Lemma 10 (5).
(14) By Lemma 1
qlac™) ¢t = b ta e dp b T Gt

1

dbeb Y e e dpdbec la

dbcb_l l lb ld 1. 1 lc la 1 by Lemma 2 (49)

1 -1 -1
¢ a

by Lemma 2 (43)

= dbcab_l'd_ by Lemma 2 (49).
Then by Lemma 2 (39), (42), (36),

q(ac_l]zq_l = eb b erae e a e bea e %

Hence Lemma 13 (14) follows by Lemma 11 (24), Lemma 12, Lemma 11 (28).

(15) By Lemma 13 (6)
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-1 -1 -1,2 -1 -1 -1 -1
qpq P “epqlac T)°q p Tepap q

ap(abcb)zp-l-a_l .

q(abcb)2q_l

1

Hence Lemma 13 (15) follows by Lemma 13 (7) and Lemma 10 (5).

2.2 2 -2 -1
(9) We have vy = &)q] ; hence p vip = qviq . Then Lemma 13 (9) follows
by Lemma 13 (3).

(10) By Lemma 1

-1 -1,-1-1-1-1-1,-1 -1
qvq dbe “d "¢ e la <] lb a .

The definition of d, ¢ and (v) implies immediately

(de)?=1.

This implies

-1 -1 -1 -1 -1 -1.-1-
qu,q = dbd “eBeec e Later et
By Lemma 2 (39), (u43),

qv2q_l = Dbc—la_lc_lb

-1 -1
a .
Hence

1 -1 1,-1 -1 1
a

quq-l = pbe Yo te L e *Dbav]

implying
-1 2_- - -1, - -
g =DD l-(a la]2-a p lDba-vll
by Lemma 11 (25). Then Lemma 13 (10) follows by Lemma 12, Lemma 10 (5).

(11) By Lemma 13 (1), (9), (8)

-1 -1 -1
quaq ~ T vitapvp a

vs'pc_lea_lDbabcp—l

1

vsp[e_la)2°(abcb)2(ac)2[b_labc)2-c_lb2-a_lbab cb_la_lbap_l-v;

by Lemma 12, Lemma 13 (1)

-1,-1 -1
a

-1.2 2 -1, - - -1 -1
usvp(ac Y elea) e "bea b ot

bp "0y

by Lemma 11 (2), Lemma 11 (24), Lemma 4 (1).

b

i

Hence Lemma 13 (11) follows by Lemma 11 (25), Lemma 11 (24%) and Lemma 13 (5), (6).

(16) By Lemma 13 (2), (10), Lemma 1 and vi =1
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7)7-pc—lb_lcz_la_lb_lD_lababcp_l

» -1
qvgq

-1
8

by Lemma 12 (4), Lemma 11 (25).

= v7'p(ac)2-(c‘la)2-c'lb_la_lbaD_lcab'la_lDbp_lu

Then Lemma 13 (12) follows by Lemma 12 (1), (3), (5), (4) and Lemma 13 (u4), (6).

(17) Use the definition of vi and the transformation formulae to conclude

Lemma 10 (5), Lemma 11 (28), Lemma 12 show

7
(vu, vs, 06’ v7) < (V)

(UlUQ]2 = (Ulva)z = (Ulvg)z = 1 follows by v, = (qu]u and Lemma 13 (1)-(16).

The other commutator formulae are obtained by transforming the above formulae

by p and gq .

(18) By the definition of wv,, v, and Lemma 12

1’73

1

v v, = (abcb)Q'b-la_ bac b teb Lob ™t abab caFa” FD

= vy F (abcb)2(ac)2'b_la_lba'c_lb_la_lc_lFa_lFb by Lemma 11 (25), (2u)
= Vv, = (abcb_l]z'[c_la)2'(aa)Q'a_lcb_le—la‘l'a-lFa_lFb by Lemma 11 (17), (7)
=

V.V, = [ac_l)Q'[abcb_l)2'(abcb)2'c2ababFa'(a_lFabF]z'Fb—la_lb
by Lemma 11 (24), (28).

Raise the formula Lemma 12 (18) to the second power and compare with Lemma 12 (2) to

obtain

(a_lFabF]2 = (ac)z(ac_l]z-(abcb_l)Q'(abcb)2°b2

We insert this in the above formulae obtaining, by Lemma 12,

v vy = (ae)?+c’abababa *vFa" Fa

- vog = (o) (abeb)’e (c7a) e’ e b P P by Lemma 11 (28).

v and Lemma 12

By the definition of Uys Vg



v,V v, =
2 8Ul 3

1}

Then Lemma 13

(19)
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(ea) i e I N S A L2142

a]2-ab_la_lb e b e b Leav ac™p " a%p by Lemma 11 (25)
l lb -1 b—lc-lb—lc—lb—laZb

(abeb)?e (7t
(abcb)

*(ca) °ab

by Lemma 11 (24), Lemma 4 (1)

B l l -1

(abeb)?+ (ca)’a b e ™'ba’h by Lemma 11 (22), (26), (2

(babe)Q-(ca)2°ab‘babaab by Lemma 11 (24).

(18) follows by Lemma 11 (25), (28).

Lemma 13 (19) is obtained by applying to Lemma 13 (18) the automorphism

induced by g .

V is also an elementary abelian normal subgroup of G .

Ul, v2, [N 06 .

It is generated by

By definition the elements vl, ..., ¥_ are contained in Gq

5

By Lemma 13 (10),

The definition of vl

V==a

shows that V 1is the normal subgroup in & generated by

(b*a)"
paq -
We shall now describe the normal subgroup generated by (qu)u . Let
o0 :G>G
be the involutory automorphism of G which just interchanges p and ¢q . Obviously,
(v) 1is then the normal subgroup in G generated by (qu)q Here are the formulae
for the operation of ¢ on V :
-1 Lo
poip T = v, .9 = Py
-1 -1
puop T F v, Qg T Vgl
-1 -1
pvyp = U0, quaq T T VUV Vg
-1 -1
pop T = g g =Yy
-1 -1
pugp T = v, Qg = Vg
-1 -1
pv6p = 7.7“_7)5'06 C[U6q - qusvg,
-1 -1 -1
= = cv.C = v
ava vy bv.b IO 1 2
-1 1 v etz
av,a " = v bob T = v v 9 1
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-1 -1 -1

a = V.V = v =

vaa K QUSDHUG bv3b 10203 v e V1V, Va0V
-1 -1 -1

ava " = v, bvub =, cvy e =,
-1 -1 _ -1

avga T = v, vab = v evee T = vg
-1 -1 -1

ava "~ = v, qub = Vg ovee T = v
-1 _ -1 B

dv.d ~ = vlvuve evie T = v vU,
-1 -1

dvzd = Vv ev,e T = Vv
-1 -1 _

dvad IO eve ” = v v
-1 -1 _

duud =, eve” = v,
-1 -1

do d = v, evge = Vg
-1 -1

dv6d = v, eve " = v .

To enable a more detailed study
fourth powers, it will be convenient

2 (36)-(48).

LEMMA 14,

_l - - —l .
(1) ece ~ = CRCHC beb 7F ;
(2) de b edt = v (eb)?bD7

1,1 _ T e
(3) ede d = = VUV beb e

2 _ -1 -1

(%) e = v3vuv6bcb e .
Proof. (1)

ece

Then Lemma 14 (1) follows
(2) By Lemma 2 (41)

devbee tqdt = o7

= °c2bc°abab'cD_l

6

= ve-ccbcb-

Then Lemma 14 (2) follows

D

By Lemma 2 (43) and the definition of v

bt

of the normal subgroup generated in & by the

to somewhat refine some of the formulae, Lemma

E

-1
E)

3 follows

-t bc°v3'b_lF .

by Lemma 13.

and Lemma 12,

L leptege o eyt t

by Lemma 9 {(13)

e pept by Lemma 11 (25), (2u4).

by Lemma 11 (25) and Lemma 13 (19).
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(3) By Lemma 2 (45), Lemma 12, Lemma 13,

&
s
1

= vavsv6babca_lbc_lb"lc-bgca-bca_l-bc‘lbc-bc-D_l

= v3v6-babca—lb~c_lb_lcb_l-cb’lczD_l

by Lemma 4 (1), Lemma 11 (24), Lemma 9 (13)

vevsve'c—la‘lb_la_lc-lb_lcb—lcb—lcz'D_l by Lemma 9 (13), Lemma 11 (25)

vsvuvs'c_lcb'bcb_lc_l-ch_lGQD_l by Lemma 11 (24)

v3v406'c_l'bc_lb_lc_l'c_lD_l by Lemma 11 (17), (25).

Then Lemma 14 (3) follows by Lemma 11 (1).

(4) By Lemma 2 (47) and the definition of v, follows

e = bev ple™t .
3
Hence Lemma 14 (4) follows by Lemma 13.
DEFINITION.
u; = a(vi) , L=1,2, ..., 6,

U := <ul, e uﬁ) .

From Lemma 13 it follows that U 1is an elementary abelian normal subgroup in &

. 2 N4
which is generated by fourth powers. U is the normal subgroup generated by (q p) ,

obviously it centralizes V .
LEMMA 15, The elements u, can be computed in terms of the v, :

= . _l.
(1) u; =g bEb ~ ;

(2) u, = UG'a—lb_lFba 3

(3) wu, = vz'cbch 3

(W) w, = Ue'b_la_lfbbF :

() ug = v b a FabF ;
(6) u, = v, ;:

(7)Y wu. = v,v

The following transformation formulae apply:
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upt=u u.q = u
pup = my T T
-1 _ -1 _
pup = uguy qug T = Uiy
pu p_l = U UUU qu q—l = uu
(8) { 3 4757673 (9) .< 3 472
-1 -1 _
pup =y wma T ¥
-1 -1
pugp = ug qug =,
-1 -1 _
pugp = uucg qugq = wugy -

Proof. The following formulae follow immediately by the definition of

a, b, ..., e and Lemma 1l:
ala) = pgp gt = a7t
alb) = qa_lq— = ad ™t H
ale) = qza_l "2 2 dee

ald) = pg p Lot o p ;
ale) = qb-la_lq_l = ape a7t

(1 u

2 34 -1 -1, -1-1, -1
(q p) =p Fp =p +ebe "a "ba p
dad Yabea’pe

which follows by the definition of F and Lemma 1. Moreover Lemma 2 (36) and Lemma
12 imply
up = vuusve-D‘lbabea2c2D-D_ch-Fabca2bc

2 -12 2,-1 -1

a?+a’p " a Y Fababea’be by Lemma 12, Lemma 13 (19)

= R . -
uy vuvsue.bab ca” ¢

= u

| = vgrbaba ‘bearabeb bt by Lemma 12

Then Lemma 15 (1) follows by Lemma 11 (24%) and Lemma 4 (1).

(2) G(UQJ = q[avla_l} = a_lv6bfb_la . Lemma 15 (2) then follows by Lemma 13 and

Lemma 12.

(4), (5), (6). Obviously,

and

a((ac)2) = g tdercat et e .
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By Lemma 2 (uu4), (38),

a((ac)z) = a_lDbc_lbDbabc

= a((ac)Q) = qu5-a—l-bc—lb_lc-c_lb_labcb_la_lfubF by Lemma 12

= a((ac)Q] = v,v.a Yol b oabcb e trabr by Lemma 11 (17), (25).

476

Then Lemma 15 (4) follows by Lemma 11 (24), Lemma 4 (1) and Lemma 15 (5) follows by
Lemma 11 (26), Lemma 13 (19) and the formula for a((ab)q)
142 -1 -1, -1 -1.-

a[(ac l) ) =a lc lda o ld * follows by the definition and (ed)2 =1 and

cale . By Lemma 2 (36), (42)
u((ac_l)Q) = a Yo opach 07t .

Then Lemma 15 (6) follows by Lemma 11 (24), Lemma 12 and Lemma 13 (19).

(8), (9). These formulae follow by Lemma 13 applying o .

(3) Use Lemma 14 (4) to conclude

2. -1,-1
v, = e ebe b Uy -

Apply o , then we have by the statements already proven

Uy = ab-de'abca-e—ld_l-ded_le_l-ec—le_l'a_l'uq-u6 .

By Lemma 14 (1)-(3), Lemma 2 (38), (41), Lemma 13, Lemma 12 follows

uy = vlv2v6-b_l-D‘lcbcb—lc_la_l-b_lcbc2b_la_lib_la—lﬁubF

> uy = vlv2-b_lD_lcbcb_la-b_lc'lbc-b-la_lFb_la-lFubEvSUB by Lemma 11 (1), (2u)

- u, = leQqu5'b-lcbeb'laQb—lc—lD_lc_lD-D_l-Fb_la‘lFabF

by Lemma 11 (17), (24), Lemma 12

- i} el o-12.-12 1o,
ug = U0, b “ebeb “a’b “ctab v, ta b TeF
by Lemma 12 and the definition of vy
= ug = v2'b_lcbcb-lac_lb_lcba_lb_lF by Lemma 11 (24)
- -1 -1 -]
= u, = vowb tebeb top e F by Lemma 11 (9)
3 27476
= Uy = UQO_leO_lF by Lemma 11 (1).

Conjugating this relation with 02 and using Lemma 13, Lemma 15 (7), (8) yields Lemma

15 (3).

By Lemma 15 follows immediately the collection of formulae given hereafter.
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The formulae for the operation of G on

uluQusuuuﬁ

H
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uluzuauuus

The join of ¥V and U is again an elementary abelian normal subgroup in

U and V centralize each other.

Hence we have

It is easy to check that the representation of (G on the [

compatible with the relations (i)-(xvi).

as mentioned in part A.

. <
<v6, v vS) <

"

Obviously V n U

VaU.

2

We shall now collect some relations in G/Gu .

G

vector space

>

because

is just the group fixed by a .

Vel 1is

The factor group G/VeU is of exponent 4
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LEMMA 16.

(1)

(2)

(3)

()

(8)

(6)

(7

(8)

(9)

(10)

(11)

(12)

(13)

(1)

(15)

(18)

(17)

(18)

(139)

(20)

Fo=uguy, 3

Ugha¥ Vg 3

ab = ulu3u5vlv2v3v5 3

ae = ulu2u5u61)27)3125 3

aca et = u VO, 3

< = UgUMUTHYSE

2 ~2

(ab)” d " = uugv Vg Vs 5
2 -2

(ab)* (be) = = uw,v

59100% 3

d- e " Fuulg s

Q
N
o
Q
N
Gl|
v
!

= UV, 5

o
N
Q
o
N
8 1
fu
]

= uSUvau5 5

= u4u6vlv2 N
2, 2. -1

ebe’h T = u v Vyls 3

I, T,
d adal=uu

-2, 2 -1 _ .
d hd’D T = ughg 3

) -
d cdzcl:uu 3

-1 -1 .-
dad ~a ~d = ugv Vg ;

dbd“lb'ld—2 = UM U

-1 -1.,-2
ded “e d U Uty V1Vg 5

-1 152 ]
eae a = %)V, Vg 3

b'ld'2 = IR

-1
€ U UUgU Vg5

eb

121
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-1 -1 -2
[}

(21) ece d = = uyugug

(22) da'd "a = ) UpVg Vg

.

(28) 4p°d " = Uy 3
2 -1 2
(24) de'd lc = uyupugy

(25) eqd'e "a = Uy UnUs Uy

w.

2 -1.2
(26) ebe b = Ug Uty Vg

v

2
(27) ece ¢

w.

T U Uyl Ug
2 _

(28) D" = yyo; -

Proof. (1) follows by Lemma 15 (1).

(2) follows by Lemma 15 (3), if one replaces F using Lemma 16 (1).

(3) is Lemma 16 (2) transformed by p—l .

(4#), (5) follow by Lemma 16 (2), (3).

(6) Use the definition of v, to conclude

-1.2 -1_-1 -1 2 -1
VvV T aba ba b a +(ab)eD " .

Lemma 16 (6) follows by Lemma 16 (3).

(7) By Lemma 11 (25), (18), (26)
2 -2
(ab)"+(be) ~ = babacheb+v,vg -
Lemma 16 (7) follows by Lemma 11 (24) and Lemma 16 (2).
(8) Transform Lemma 16 (6) by p and use Lemma 16 (7) to obtain Lemma 16 (8).

(9)-(12) follow by Lemma 16 (2)-(4) under consideration of Lemmas 13 and 15.

(13)-(15) follow by Lemma 16 (6), (7) under consideration of Lemma 11 (25),
(26), (22).

(16) By Lemma 2 (36)

1 -1 - -1 - - -1 -1,-1 -1-1_ -2
dad ta 0t = aben ra tobarbea o Febe ta e e nen 2

Lemma 16 (16) follows by Lemma 11 (24), Lemma 16 (1), (13), (3), (4).

(17) By Lemma 2 (39) follows
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dbd b0t = ebeb?erea®ea e e ara® b 002
Lemma 16 (17) follows by Lemma 11 (24), Lemma 16 (3), (1u).
(18) By Lemma 2 (42)

ded Yo lp™d - ab°b_la—lDba-a_lb_l-F'abab'[b_la_lb_lc'l)Q-GD_lc_lD°D_2 .
Lemma 16 (18) follows by Lemma 11 {25), Lemma 16 (3), (15).

(18)-(21) follow by Lemma 16 (16)-(18) on transformation by p under

consideration of Lemma 16 (18).

(22)-(24) follow by raising Lemma 16 (19)-(21) to the second power under

consideration of Lemma 12 (10).

REMARK. The formulae in Lemma 16 imply that aQ, b2 and 02 commute pairwise.



124 Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman

CHAPTER 2

A FINITENESS PROOF FOR T

We shall now study the following group and we show that it is of finite order:

r=«<(yv, z| (1y vH=2%-1 ;
(i) (1z %=1
(1i1) ()t =1
(iv) (y222)8 =1,
) (1298 =
wi) (2% -1
(vivy (2'vz’r)® =1
viid) (zz?)® =1
(ix) (Z“YQZQYZZ”YQZ 8 -1
) (2'r%2%v%)® -1,
(xi) (rz yzay223) =1
(xii) (2°1)® =
xiii) (2°79)% =1,
(xiv) (Z”YQZQYQZYJ =1 ;
xv) (2'7%2n)® =1
(i) (2trzr))® -1
(xvii) (2°r°2%r%)8 = 1 ;
(xviii) (2°r?27%v9)8 =1
(xix) (2%7°z1)% = 1 |
() (227208 = 1
O /e e G R Sy e o i oy e o R T
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(xii) (2'722%7%2% %7 %)% 21
(xxiii)  (2'r2222My2 %)% o1
xiv) (2122 r%2%r%% )8 - 1
xxv)  (2'7%27%7%2%r%2%v%)8 = b
A. The main theorems
We shall carry through our computations in a subgroup of I . For this we need
the
DEFINITION.
2 -
p :=(2¥)°Z 2 ,
q = (x0)%7%
x := (ZY)2 R
Fl ={p, q, x> =T .
THEOREM 1. r, 18 a normal subgroup of T , and we have
_ 53
It | =2
and
I

Proof. The formulae in Lemma 1 (Part B) show that Fl is normal in T . The
quotient F/Fl is obviously isomorphic to the dihedral group of order 8 . The

. . b,
presentation of B(2, 4) in Coxeter and Moser (1857, p. 8l), proves that T is the

normal subgroup of I , which is generated by Zu and (YQZQ)I+ . Then Lemmas 1, 3-8

prove ]."L'L = F2 .
1
For our further computations, an automorphism of Fl induced by an inner

automorphism of [' will be of importance.

DEFINITION. Let o be the automorphism induced by ZYQZ_l = gyzyt = z¥° on

THEOREM 2. o operates on the generators of Fl in the following way:
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a:p*rq
qrp
xTrx .

Proof. See the transformation formulae in Lemma 1, Part B.
Next we shall show some relations in Fl between p, ¢ and x . Then we shall

find (see Theorem 3 (1)-(15)) that the subgroup of T generated by p and ¢ 1is a
factor group of the group studied in Chapter 1. Hence we have in particular the
relations shown in Chapter 1, Lemma 16, between p and ¢ . When we obviously use

these relations, we shall not indicate it separately.

THEOREM 3. In T we have the following relations:

(1) p =g

"
[
.

(2) (g =1 ;
(3) (pq_l)'“L =13

zqz)u <1

) (p
(5) (pgp et =1

(&) (@ g ) =1 ;

1
=
“,

2 2 2
(1) (P qpq’ra)

2 2 -1.8 2 2 -1\8
8) (¢pgp ) =1, (¢ ) =13

v

2 38 28
(9 (%) = (¢p) =13
-1 -
(10) (papg )% = (qpap )% =1 ;

2 -1. 2 -1 -1.8 2 -1 2 -1 -1,8
(11 (p®epa poap "¢ ") = (@pap @pg P ) =1
~1 228 -1 2
(12) (qpa %) = (pap 1d)°

2 2 - 2 -
13 %% ™M)® = (@p%ePhH?®

=13

1}
[
v,

() (pap’a”)® = (apa’p)® = 1
(15) (pap’a™)® = (wa’p )% =1
(16) =" =1;

(17) (p:z:)l+ = (q:x:)4 =1

(18) (pq_la:]2 =13
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(19)  (epapg”)” = (eqzqp?) ™ = 1 ;

(20) (pqu)u =1;

(21) (p lege) " = 1

(22) (qqup)q = (pxpxq)u =1;

(23) (p%z)* = (g%p)" = 1 ;

@) (opmp ™" = (mamg ) = 15

(25) (¢ p qpapx)” = (o 'q pawan)" = 1 ;
(26) (p°qage)” = (q'papa)” = 1 ;

27 (quq_%xpmp)q = (Pq2p~lquq)u =1

-1 4 -1 Y
(28) (qpq “=pxp) = (pqp wgmq) =1 ;
2-12 1.4 2 -1 2 -1+4
(29) (qp°q Pap m) = (pgp qxqg m) =1;

1 -1 4u -1 -1y
(30) (qpq pxp ) = (pgp qmq =) =1;

n
—
[

(31) (q—lpx]I+

[}

2 24 2 2 44
(32) (apq) =1, (¢P%) =1;
(33) (pqpqxqpqpx)2 =13
-1 -1 -1\ -1 -1 -1\
(39)  (pqp "q “wpwgap z)” = (qpq P zqEpzq x) = 1.
Proof. See Part B.
The list in Theorem 3 is not a complete presentation of Fl , because in our

computations we use also the conjugates of relations (1)-(34) under Y or 2 .

It is now necessary to pass to a subgroup of Tl .

DEFINITION. Let T, be the normal subgroup of Fl which is generated by the

elements

-1 -1
pep “q ©, @pxp, zqxq .

We want to state a system of generators of the group F2 . So assume that
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-1 -
a = qpqg ot s := papw
-1 -1 -1 -1
b :=pqpq P P t := ppxpzp ~ ,
2 -1.-1-2 -1 -1
e :=pgpq P P u :=p “qpxpxq p ,
2 -2 -1 -1
d:=qpqg P, v := qpxprq ~ ,
_ 2 2.1 -1 _ -1 -1
e :=pgpqg PP, w := pqpxprq P -,
-1 2 -2
r := xpxp , z :=p qprprq p .
Obviously we have {a, b, ¢, d, e, r, ..., 8} = r, .
THEQREM 4.
P2 ={a, b,c,d, e, r, 8, t, u, v, W, 8> ;
5
|7, =T, =2

Proof. Lemma 3 shows

(a, b, e,d, e, r, 8, ty u, v, w, 8> 3 Fl =TI, = {a, b, e, d, e, v, 8, t, u, v, W, 3) .

The other inclusion is obvious. Tl/T is isomorphic to the semidirect product of an

2

abelian group of order 16 with a group of order 2 .

DEFINITION,
F3 :=(a, b, e, d, e, r, s, ty, u, v, w ,
Fu :={a, b, ¢, d, e, r, t, u, v, W ,
F5 :={a, b, e, d, e, v, t, v, W ,
TL :={a, b, e, d, e, s, t, u, v, W) ,
FS =la, b, c,d, e, s, t, U, V) .

Now we deduce sufficient relations between a, b, ¢, d, e, r, 8, t, u, v, w, 8 to

prove the following theorem.

THEOREM 5. For the above-defined groups I, we have :
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(1) 11"2 : r3| =2;
(2) |1“3 : rql =2
(3) Iru s Tl =25
() g =T =2
(5) |TL+ : T5| 2.

In particular

FS ={a, b, e, d, e, », t, v, W)

and

T5 ={a, b, ¢, d, @, 8, t, U, V)

have finite indices in T .
I, and Tg are subnormal
subgroups of T .

Proof. Theorem 5 is proved by Lemmas 8, 9, 10, 9',
10°'.

DEFINITION. If G is a group and S < G is a subset, then we write ({§))

G
for the normal subgroup generated by S in G and CG(S) for the centralizer of S

in G .

For our following argumentation the simple theorem stated hereafter is of

importance.

THEOREM 6. Let G be a group and H 2H=2G where
(1) H i8 finite,
(2) G/E is finite;

then ((Hl>)G is finite.
Proof, 1f gl, cres G, is a system of coset representatives of G/H , then
Wi g = <91H1911’ e gnng;zl> :
Since we have
ging;l S H forall 2 =1, «co, B 3

hence ((Hl)) is generated by finitely many normal finite subgroups of H .

G
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COROLLARY. Let G be a group with a subnormal subgroup H of finite index.

Moreover, let Hl be a finite normal subgroup of H . Then ((Hl>>G 1s also finite.
Proof. Using Theorem 6 several times yields the corollary.
We repeat again a definition of Chapter 1.

DEFINITION. D= d% = (% ™2,

2. 14
u = {ap) s

_ -1 -1, 2 4\4 -1 -1
u, = pep q (a°p) awq P s

2 34 -1
uy = qlap)'q s

<
|

2 \ 4
L= ) s
v, = qpq o (p%a) pap N

2 34 -1
s =plpd) P

<
"

<
1}

y = (e 'e) "t s

&
u

y = )" s

<
"

= (pap g p2apa ) 2
¢ = (pap™"q papa )" 5

<<“1’ a’, de, D»F :

Next we shall show that & 1s a finite group. In order to prove it, we take

"

i

elements 6 € (a, b, ¢, d, ¢} and show that O generates a finite normal subgroup

either in Fs or in Tg . In both cases Theorem 5 and the corollary yield that ©
generates also in [I' a finite normal subgroup (<6>>P . But in the factor group
I‘/((G))r the Theorems 1-5 and the Lemmas 1-12 hold. Then, in the factor group, one
finds new elements in (a, b, ¢, d, ¢} , whose normal closure in FS or fg can be
computed. After some steps one exhausts ¥ by this method.

THEOREM 7. N <is a finite group.

Proof. See Lemmas 13-17.

If we use the same symbols for the images of the elements a, b, ec,d, e, r, s,
t, u, v, w in [/N , then Chapter 1, Lemma 16 yields that {a, b, ¢, d, ¢> in T/WN

is an elementary abelian group of exponent 2 . Moreover, we show in [/¥ that
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{a, b,e,d, e, r, 8, t?ala, b,e,d, e, r,s5,t, u v, w
and that the index is 8 at most.

We use this in Lemma 19. Then Lemma 2C shows that

(1) Ka, b, e, d, e, », 8, t) : ta, b, e, d, e, s, t)] =2,
(2) Ka, b, e, d, e, 8, t) : Ca, b, e, d, e, 8} =2,
in TI/N . Hence it suffices to show the finiteness of (a, b, ¢, d, e, 8§} in

We have now deduced so many relations in [/N that it is easy to show that
(3) {a, b, ¢, d, e, 8 =T/N
is metabelian at most,
4) {a, b, ¢, d, e, 8 =T/
is finite. Thus we have proved

THEOREM 8. T <is finite.

Hence, if we use the shortened form

U =Yz

we see that the group

T =,y | P =9 ()Y =1, WP =D
is a factor group of [ . Hence we get
THEOREM 9. T'* is finite.
B. The proofs
LEMMA 1. We have the rules of conjugation
(1) YpY_l = qp_lxq_l s (2) ZpZ_l = p_lqu—lp s
YqY_l = xq_l , ZqZ~l =p,
Yoyl = qp_lx s 277t = p—lxq H
and the formulae
244 S1 142 -
(3 z' = @)’ ; (P2 = (g %
(s5) p° = vty izt (6) ¢° =1y2'yt;
1 ? = 2y ()it (8) (gm)? = ¥%2*r? .

131

T/ .

Proof. All these formulae are obvious consequences of the relations (i)-(iii).

Proof of Theorem 3. By Lemma 1 we have
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xYQ:p—>q
q7p
T T .

Hence, if we have proved one formula of Theorem 3, we have also shown the formula

which is implied by the first one when putting g for p and p for g .

In our computations we shall not indicate separately obvious consequences of the

relations (i)-(iii).
(D
¢ = (o)t = vyt -

by (ii), (i).

(2)
(pq)" = (zvzvz %vavz H)*
St
=1
by (iv).
(3)
(pg )" = (rzvz iy iz iy )t
= (rizty g tyzvalyays ty ety )2
= (P2(r2%) 4271
=1
by (v).
(W)
%A = (zrzzztyzys Pyzyz tyzyz )Y
= 2 (12°v27%v2y) 7t
= 2yt (v*2N) Bzt
=1
by (vi).
(5)
(pap tq 1) = (zvave 2vzvslvzyey 2ty h*

(zrzyz 3y to ity Y

(zrzyz3y?28r2)" = v iz ty (2% ) Bray = 1

by (vi).
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(8)
(qp—lqpq_lp)q = (YZYZQYZYQZY“lz'lyzyzgyzfzy‘lz‘l)4
= (vzyz?vay’zy iz h)®
= (vzrzlvaytz?)®
R R L
o A S A e A
by (vii).

(7) By Lemma 1 we have
Y—le = qux .
Hence
-1 2
p*Y "pY = pgpx .
Moreover, we have
o - -
Y p¥ leY 2. xqpq2 .
We multiply these formulae obtaining
-1.8
pr ™)

rH® = (zvzvz?y

2 242
(pap“apq”)* »

1)8

2y (rPzyz %)%yt = 1

by (viii).
(8)

vzvz Yyzvlayrlyave Yyavelyzy

2 2 -1
qrqp
v23y2zyz 2ynyilyzy
- 28y vy ey et

= yz"lz”YQZQYQZ”YQZ’QYQZY'l .

Hence we have (q2pq2pnl)8 =1 by (ix).

(9)

vy Yyzylayn?

2
qp
v2°y2zyz 2

AR e e 7

Hence we have [q2p]8 =1 by (x).
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(10)

papq * = zyzyz lyzyloyzly iz iyl

T G A o e e O

= vy 8yt sy vy

Hence we have (pqpth)g =1 by (xi).

(11)

2 .12 -1-
(Ppap  apq o 18 = (12°v%2rz vavaPray?e®yavs ty ey 2R yay) 8
(r2%v°2°y% 2%z “2y25 2%y %y e yzy) 8

1

= vz (2 YAty e e A A G R
by (xxi).
(12)
[pqp_qu]B = z[yzyz‘2y2y22yzy2z3y]ez 1
= 2v(2%y%2%y? e e ) Byt -
by (xxii).
(13)
R B M (2 28 7B a0 G A e G A e
N U A A S G R G
by (xxiii).
(1)
(pap’q?)® = (zvzyz ?vzv?zlyz%vs®vz )8
R AT LI
by (xxiv).
(15)
(apa’p H)® = (vzrzyz yzlyz’yzy)®
= (vzr’z%y?z y2%yay)®
= y2(PP22 2t AP 8yt o
by (xxv).

(16) 2% = (zvzn)? = (20 = 1 by (iid).

(17) YU ri=q@an .
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(18) ¥ (18) ¥t = (18).

(19)
(xpxpq?) * = (zyzvavays *zvayeyzyz vovs~lyzyz Yt
= (z”yz3yz'l)”
=7(z°) %27t = 1
by (xii).

(20) ¥ (2) ¥ = (20).

(21) z (3) 271 = (o).

(22)
(zpogp)” = ( _lYZYQZyzzYZ_Q)u
- (Y% %
= 27N 8
=1
by (xiii).
(23)
(@7pa)" = (v2°r%2vs tyzr)®
- y(2%) o
=1
by (xiii).
(24)

(@pep™H* = (z7tvzyz’yan)*
=y (2% By
=1

by (xii).

(25) We have ZszqY_lZ_l = xp~lxp_lq_lx . Hence

2 8 2 2 -1 -1 .4
(pq2Y)" = (p"qzyp°qy "z ")

i

2 -1\ 4
(p” qpzpzq ™)
=1

by (17) and because
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(P%qz)® = (zvzyz tyvayz 2vay®)®
= (zyz”y2z2y2)8
=1
by (xiv).
(26) We have ZY_poYZ—l = xq_lxq_l Hence
- 2 - —
(pZZY 1)8 - [pbzy lp2YZ l)u
2 y
= (p“qmqx)
=1
because
(p%2y 18 = (zrayztyzyztyh)®
= (zyzlvzty )8
= (zvz*y?)
=1
by (xv).
(27} We have by Lemma 1,
2.,-1,-1 -1 -1 -1 2 8 2,-1.-1
R Gt A e e 3 R 3 i S A
n
= (ap’q ey )
=1
because
(quZY) ® - (vorlavz tyzyzty) 8
= (vzr’zh)®
=1
by (xvi).
(28) Essentially is (22).
(29) We have ZY2p2xY2Z—l = q—lxp-l Hence
(p%2r?)® = (p%wzr’per?s tor?ayr®)"

1]

because

(p2wq—lxp—lzy—]z—ly—l]4
2 -1 -1 -154

(pxq xp "q )

1
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(p2x2y2) = ( zyzyz‘lyzyz‘lyzyzy2) 8

(zvz Syzyz} ;

zy(z'syzz’2y2) Sy tat

1

by (xvii).

(30) We have ZY2prQZ_l = p_lxqp . Hence

2ZY2 4

n

(prY2)8 [prYprYQZ—lZY

"

(pep Smqpzy 2y
B 1 Ly
= (pzp “=apq )
1

because

[pxzy2} 8 {zyzyz'lyzyzyz) 8

( zy2°r27%)°

7y (zayzz‘ 2y2) 8y it

1

by (xviii).
(31) We have Z_Y_leZ_l = xq_l . Hence

(p2r )8 = (pzrprz )"

-1\ 4
= (p=a )
=1
because
(pZ.Y_l) 8 - (zyrayzty h)®
- oy (2°r'an by et
=1
by (xix).

(32) We have Zl/'pqnl.Y_lZ_l = xp_lmq . Hence

(pq—l 27) 8 [pq—l 27pq v Z—lx) 4

-1 -1 b
(pq “xp “xqz)

2 4
z(qp=q) x
1

because
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(pg z5) ® = (avzvz vtz 7ty iy 8

(zyQZ‘QYQZQﬂ 8

9, - _
= 2v%(2 %% %vzr?) Byt

= zyQ(z’ly‘lzy22Y2y2)8y22'l

O Ul e G e G 0 o e

Vi o G e e S e R

R A Ui & e S e S e o R o/

= v (2% Pyt 8Pt

2, -1.2 - -
= 27" (2 y?g ly222yz)8y22 a

N e G I A S A S R A e

i S A G A SV R e e
=1

by (xix).

(33) We have Y_lq_lpy = mpqux . Hence

-1 .-1,8 -1 -1 -1 2 -1 -1 -1 22
(¢ py™)° = (¢ pY "q pYy°q pY q pyr’)

11

-1 2 .2 -1 2 N2
= (¢ papap xy°q pxpap xY”)
-1 2 -1 A2

= (q “papqp zap ~qrgpq”)

-1 2 -1
= q “plxpqpqxqpap) P 4
=1

because

(zr 22ty tzyzyz 2y h)
2.-1

-1 ~1.8
(@ e )
2?2y Layzy) 82y
22 (2°r%en) 827 %yt

vz (Py 2y 8%t

by (viii).

(34) We have ZY2pqp_lYQZ_l q_lxpqup_lxq . Hence

-1,.2v8 -1,.2 -1.,2,-1,.2,.2q4
(pgp™2Y°)" = (pqp ~2¢pap ¥ 2 2Y°2Y")
-1 -1 -1 -1ys
(pap™"q “zpmqap “zqq )
1

because



Next we shall express some elements of F2

LEMMA 2.
-1
(1) p “wpwpp

(2) p qupng

(3) pq2rpxq2

2
(W) pzq xpxq

(5)

(6) xgxq

(7)) prqxqp

(8) p aqugp”

(9) p mqeqp

(10)

(1) qqzqxq

(12)  pqqxqzq
Proof. (1)
(2)

(3)

whteuzb  d "t

By Theorem 3 (17),

(4)

(5)

dbruzswb = q

-12 22
p q xpxq p

-1 -1 -
= tb "wa “vabcuzc

-1 -1 _
p ™t =

By Theorem 3 (3),
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- 218
(pap 121%)° =

S G (e A ¢ 0 g

=Y lZ L

= pst ;
-1 2 -1, -1 -1
P =uc Jb a “vawb ;
-1 .-
= wbtsuzb d 1

2 -1 -1
7 = ze ecvatrva ;

= dbruzswb ;

1
ec ;

L. sabeudbruzswb ;

-1
= 3¢ “ecvat ;

= dbruz ;

qrqr = as ;

-1
=da v ;

eb k.

(17) follows

(20), (22) follows (3).

{

#"

-1 4 2 2.2
p {xq) q xpxq p

i

(zvzyz~2yzya’yayey

(

2, -1 =12
= pq (g ap x) [z

follows obviously by Theorem 3 (20),

-1 -1 222
q “xpxqp (zp xq) "q¢°p

2]8
-1 l)

-1,4 l -1 2 -2

Yy )82y

1 by (xx).

follows by using Theorem 3 (17) several times.

follows by using Theorem 3 (17) several times.

=142 2
p ) “(qpapx) “qpq -

(21), (17).

-1 322 -12
p ~(qpxpx) q p zpxpqprprrq TP

by Theorem 3 (17),

by Theorem 3 (21),

in terms of a, b,

s Ty B .

(22)

(18).

139
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Hence we have shown (5).

(6)

-1 -1 -1 2 -1 2
tb “wa wabcuze “ec = p xprpqrp ~XqpEpIPq
= p(xp_lxq)aq by Theorem 3 (17)

= pq—lxpxq by Theorem 3 (21)
= xgrq by Theorem 3 (18).

(7) Use (5) to conclude

sabcudbruzswb = p(xpxq)aqu
= pq_lxp_lxqp_lp_l by Theorem 3 (20).
Hence we have proved (7).

(8) Use (4) to conclude

-1 2 -1, -1 3
gec “ecvat = pq (q xpx] p
= pzq—l:cp_lxqp—po by Theorem 3 (21).
Hence the proof of (8) is complete.

(9) follows obviously by Theorem 3 (22), (18).

(10)
-1
as = qpq  Xpx
= gqxqr by Theorem 3 (18).
(11)
-1 2 -1 -1
da v = q pq “zpxq
= q2:r:q.1cq_l by Theorem 3 (18).
(12)

2 -1 -1
eb "w = pq pq “xpxq p
2 -1 -1
= pq xqrq p by Theorem 3 (18).

Next we shall sum up the transformation formulae which are necessary to prove

Theorem .

LEMMA 3.
(1) pap_l =D ; (%) pdp_l = e ;
(2) pbp—l =c; (s) pept = b rab ;
(3) pcp_l =gt ; &) prpt = s ;
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(7) psp_l =t ; (10) pup_l = w ;
(8) ptp_l = rst ; (11) pwp_l = cue b ra tvawb B
(9) pup_l =v; (12) pzp_l = dwbtsuzb ltdl
(13) qaq_l - dgt ; (19) qsq_l = v ;
(14) qbq_l = aeb tqt ; (20) qtq_l - awa t :
(15) ch_l = adbe b a7t ; (23) quq_l = abeze a7t
(16) qdq_l = oteig 7t 3 (2u) qvq_l = dwbtsuzb Tdt H
(17) qeq—l = ad Yabeblat 3 (25) qwq_l = aeze tecvatry ;
(18) qrq_l = abcuc_lb_la_l R (26) qz:q—l = aboruze b gt 3
(27) zard = b wa Yvabouse ™ een ;
(28) wbz L = rdbrusts R
(29) ezt = sa e te tozs 3

lb—la—lc—le—lb—la—l .

E)

(30) zdz L = ecsvdesue”

(31) zex T = rdbruc”tecdbdbruzsa” Tvaboub™ Y d Tber 3
(32) wrz Ll = s ;

(33) xsz l = v R

(34) xtr* = str 3

(35) Tz T = abeudbruzsubth”“wa Yvabeuse™ o twszurb ™ td tue p a7t 3

(36) zvx ' = ecsvdwbtsuarsth ‘wd tvse et 3
(37) awx L = rdbruc ecvate ra tdbruzr 3
(38) zac ¢ = abcudbruzsubd Labese Yecvatrvawbteusb Yeb twbts 3

(39) ola) =a = ;

(40) a(b) = ad t ;

(41) ale) = dec ;

1]

o.‘I

QH
o

(42)  old)
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(43) ole) = abde ;
(1) alp) = tb Twa Tvabouze ec 3
(45) ale) = as ;

-1
(48) alt) =da v ;

_ -1 -1 .

(47) ™u) = ¢ “e “sabcudbruzswbec ;
(48) alv) = bt ;
(43) o) = aeb " wa " ;

(50) a(z) = dbaeze “ecvate a BT .
Proof. (1)-(5) follow by Chapter 1, Lemma 1.
(6)-(12) follow by Lemma 2 (1), (2), (3).
(13)-(17) follow by Chapter 1, Lemma 1.
(18)-(25) follow by Lemma 2 (1), (2), (u).
(26) Because

-1 2 -1 -14y2 -1 -1
q2q ~ = qp qpap (pa ®) " =mq pp apq
this formula is implied by Lemma 2 (9) and Theorem 3.
(27) Theorem 3 (18) yields

-1 -1
rar = xqrqp xp X
= xqxq xpxp by Theorem 3 (17).

Then Lemma 2 (6) implies (27).

(28) By Theorem 3 (18) we have

2 -
xbx = (2p) p l(xq)zp pzprx .
Then Lemma 2 (2), (9) imply (28).

(29) By Theorem 3 (18) we have

zex = (xp)2 p_l(xp)Qp pQ(:cq)zp_2(p:x:)2 .
Then (28) follows by using Lemma 2 (1), (8).

(30) We write out the right-hand side of the formula obtaining

-1 -1 2 -1 -1 -1 2 -1 -1 -1 _
pq b (qpapx)” gqpqp “q “apxq (px)” pqp ~q pq = = xdx
using Theorem 3 (17), (18), (22).

(31) By Lemma 2 (5) we have
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P lzp = b *dbdbruzsub .

Since we have

zex = r p"lxdrpr s
then (31) follows by Lemma 3 (30), (1)-(12) and the formula for p_lzp stated above.
(32)-(34) are obvious.
(35) follows by Lemma 2 (7), (6) and Theorem 3.
(38)

1-1

ecsvd whteuzb At db ret b lwd tvse te”

(¢ papz) 2 ¢ tpap™t

= pq o N gpape)* wpep® (qapm)? gp

by Lemma 2 (3), {1). Use Theorem 3 (17}, (18), (20}, (22), to conclude {(36).

(37) Use Lemma 2 (9), (8) to obtain (37).

(38) follows immediately by Lemma 2 (3), (&), (7), (12).

(39)-(43) are the formulae contained in Chapter 1, Lemma 15.

(44) follows by Lemma 2 (6).

(45) follows by Lemma 2 (10).

(46) follows by Lemma 2 (11).

(47) follows by Leftma 2 (7).

(48) follows by Theorem 3 (18).

(49) follows by Lemma 2 (12).

(50) follows by Lemma 2 (8).

LEMMA 4. In addition to the relations proved in Chapter 1, we have in the group
G=(p, q) = Fl R

Proof. Theorem 3 (6) yields

-1 -1yh
(@ "apa™p)" = 1.
Hence
N
(gpe) =1.
Now we use the relations of Chapter 1 to obtain (1).
(2) and (3) follow by (1) using Chapter 1, Lemma 16.

Next we collect some relations between the elements a, b, ¢, d, e, r, 8, t, u,
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v, W, 2 which are immediate consequences of Theorem 3.

LEMMA 5.
1y wu =v  =w =r =8 =t"=2"=1;

(2) (uaebc)2

1l
[
.

(3) (vdaH)? =1 ;

(u4) [web"l)Q =13

(5) (rabc)2 =1

(6) (sa)? =1 ;

(7 (%=1

(8) (acteedr)? =1 ;

(9) (wst)? = 1 H

(10) (rt)2 =13

(11) (rsts)? =1 ;

(12) ()€ =1 ;

(13)  (ewe e tvanb)? = 1 ;
1,1

(1)  (veue a_lvawb)2 =1

(15) [wbcuc_lb‘l]Q =1 ;
(16} (abcuc_lb_;a_lvma_lv)Q =1 ;

(17) (crstas)2 =1 ;

(18) (trabeb)? =1 ;

(19) (ta'lrab2)2 =13

abe? 3

(20) rea tber
(21} sth lets = a te lp It 3
(22) absbeth Ta lrste b n = 1;

(23) arste b Ya Yeesbr = 13



(2u)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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(vabt)? = 1 ;
(beus)2 =1 ;
[ta_lvae)2 =13

(sbcuc_lb—la_lda_l]2 =1 ;
[tb-la_lvabcu)2 =1
(c'lwbrst)Q =13

(eret)? = 1 ;

(zr)? = 1 ;

(aur)? = 1 ;

(dbuc'lb—la_lvabts)2 =

[
w.

(ecvawbcrs)2 =1 ;

[zc_lectb_lwa'lvabcu]2 =1;

(dwbtsusb a2 = 1 ;

[zc_lecvat]2 =1 ;

leavate_la—l]z =1

(ze”
(dbruz)2 =13

[zc_lecvatrvae)2 =1

"
[
-

(zc’lecvatrvaet)2

I
[
'

(zswbe"la‘ldbru)2 =
(zswdbdbru)2 =1 ;
(zc'lecuatrvad_labc]2 =13
(tb_lwa'lvabcuzo'l)2 =13

b Yi lseb~ted taberstacher = 1 ;
rste_la_lrda_lsc'le_ltdec_le"l =13

sa tdstb Yesre b Ldbtsabecr - 1 ;

145
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(49) dbruc Yecdbe Yecabeurabe = 1 ;

k)

(50) aeb Ya toabeur ™ d Yhecabene o e da Tty = 1 3

(51) (deb twbte)? = 1 .

Proof. (1) Since u, ..., 2 are conjugates of

8 = (p:z:)2 s
(1) follows by Theorem 3 (17).

(6)

(sa)? = (papwqpq ph)?

-1 41 -1
pap {xq) pg p T =1

by Theorem 3 (17).
-1
(7) p(Yp = =(7) .
(5) p2 (1 p 2= (5) .
(3) q(8) g =3 .
-1
2) p @ p=(2) .
-1
) p ) p = .

(8) q (¢ t=(s) .

(9)

2 2 -1y 2
(rst)* = (apxppape-p wpep ™)

=p ap)p = 1

using Theorem 3 (17) several times.

(10) (rt)? = (;Lpaczo'l)"l = 1 by Theorem 3 (24).

(11)
(rote)” = (apap-pepe-p op’a)’
= (p lepa)" = 2
by Theorem 3 (17), (24).
(12)
2

-1 -12 -1 =12
(p™"qpxpzq™p qpapxq p")

CGw)

-1 2 4 -3 -1
pqlq pqpapx) ¢ P = 1



by Theorem 3 (25).

(1)

(15)

(13)

(18)

(17)
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p (12) pt = (14).

q (10) g t= 15).

p (15) p'l = (13).

g (11) ¢t = (16).

by Theorem 3 (26).

(18)

(19)

Then (19)

(20)

Then (20)

(21)

(22)

p (17) pt = (18)

By Theorem 3 (27)

(=
H

1w

follows using (7).

By Theorem 3 (28)

-
n

follows using (5),

p (20) pt = (21)

By Theorem 3 (29)

o
i 1

i

Thus we have proved (22).

(23)

By Theorem 3 (30)

(crstas)? = [pquqacpquqx)2

2 4
(pgmgx) " = 1

we have

2 -1 y
(qp°q” wpzp)
(20 % 2.2 21 2
qp 9 pp xpxpp p qp q xpmp]
[abtb‘la_lr]Q .

we have

-1 -1 4
(qpq™ """ papzp)

(asp)'+ = ozspasp—l p2asp_2 p_lasp
asbterste b a tr |

(8), (7).

we have

2 -1 -2 4
(ap°q "0 “pmp=p)
(absp)L+ = agbs pabsp_l p2absp_2p_labsp

absbeth Yo trste bl .

we have
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1 S1 ok -1.2 S1y b4
(qpq "pxp " x) " = (papq ~p xpxpp ")

—
il

(brp—l)qL = br-p_lbrp-pgbrp-zpbrp_l
= bravste b la  tes .
Thus we have proved (23).

(24)

2 -1 2 -122 -1,2
(vabt)” = (q-pxpz+q qp°q p'p wpap ')

-1 -1 -1, 2
(quwp™ " +xpq "zepap ")

S1y 4
= (qup ) =1
by Theorem 3 (17), (18), (31).
-1
(25) p = (24) p = (25).
(26)
-1 2 2 -1 -1 -1 -1 2 -2
(ta "vae)” = p“« (zpmqupx+q p Tq P vq) P

-2

2 -1 -1 242
(wpxqp”"xp mqpq”) p
2 -2

2 -1 -1 282
(xp°q P x2qpq”) p
2 2

P
p
2 4 -2

plep g ) p T =1

by Theorem 3 (32).

(27) pt (28) p= (27).
(28)
-1 -1 2 2 -1 2 -142
(t6™"a "vabew)” = (p“azpwpqp” wp“zq p)
=1 234 -1
= pleg ™ p%) P =1

by Theorem 3 (23).
-1
(29) p (24) p = = (29).
(30 p (7) p’l = (30).

(31) (zr’)2 = p_l(qumpx)up = 1 , by Theorem 3 (26).
(32)

2 -1, 2 -1 -1 2
(zur)” = p (¢ prpm+q ~prpzq ~papx) p

-1 -1 L
pq (px)gp =1

by Theorem 3 (22), (17).
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(33)
(dbuc™ b a rvabts)? = {q_lp_lfpxpxpzwpxpzq_lmp236)2
1 -12 2
(¢ o %’ sopq tap %)

1 -1-1 -1 -1 2
e S B e R )

u

= (pqpauqpapx)’

By Theorem 3 (17), (18), (33) follows.
-1
(3u) p (33) p ~ = (34).
. -1 -1 -1 2 L
(35) Lemma 2 (6) yields (tb wa ~vabeuzc ec) = (xg) =1, by Theorem 3 (17).

(36) By Lemma 2 (3) we have [dwbtsuzb_ld_l]2 = qz(p::c)”q_2 =1 by Theorem 3
(17).
-1 2 2 4 -2
(37) By Lemma 2 (8) we have (ze ~ecvat)” = p“(zq) p ~ = 1 by Theorem 3 (17).
(38) By Lemma 2 (8) we have

—l] 2

[zc_lecvate_la = (pzqupqp)2

-1 4
q “(xp) qp =

This follows by Theorem 3 (18), (17).

(39) By Lemma 2 (9) we have (dbruz)® = p—l(xq)qp =

(40) By Lemma 2 (4) we have [zc_lecvatrvae] =p q (xp)uq2p2 = 1.

(41) By Lemma 2 (4) we have

(zc_lecvatrvaet)z = pZ(q2xpxp)up-2 =1.

This last equation follows by Theorem 3 {19).
(42) By Lemma 2 (5) we have

-1 -1y2 -1 -1 -1, -1 2
(@brusswbe™"a™)" = pq b~ (pq =pwq) pap
“1 -1 -1, 4
pTq p “(xq) pap
1.

We use Theorem 3 (18), (17) for this computation.

(43) By Lemma 2 (5) we have

(dbruzswbb_ldb]2 = p 1% @) e
1

which is implied using Theorem 3 (17).
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(44) By Lemma 2 (4) we have

(zc_lecvatrvad_labc)2 = p2q_lp—l(Pq-lxprJ2pqp2

1

2 -1 -1 y 2
p'q 'p (x2q) pqp
1.

We have used Theorem 3 (17), (18) for this computation.

(45) By Lemma 2 (6) we have

1)2

(tb wa tvabouze tece te pq_l[qp_lqup)qu_l

-1 4 -1
pq ~(xp) qp

"
[

using Theorem 3 (17), (18).
(46) By Lemma 2 (5) we have

¢ te ez dbruzswb = qzxpzxq2p2 .

The 39th formula of this lemma yields
e re tourbta tewb = q2xp2xq2p2
2 N os
We apply p to this formula obtaining
e twtd Laberstue v a7t = p2q2xp2xq2

Multiplying both formulae yields

e~ te tourb Y Yowbe tutd taberetuc v lat = 1 .
. -1 -1 -1 s . .
Use Lemma 5 (4), (2) together with the formula ecae “a "¢ = = 1 which is contained
in Chapter 1, Lemma 16, to obtain the formula (46).
(47) We apply p_l to (46) obtaining
rste la lrda se” e tc b l ldab .

and by Chapter 1, Lemma 16,

L le Ydabece a7t = 1.

(48) By Theorem 3 (34) we have
-1 -1 -1 34 -l 2 2 -1 4
1 = (qpqp “wqupmq w)' = q " (q°pq P *pepepazqz) q
. . -1 4
which yields [sa dsp] = 1 . Hence

sa_ldspsa_ldsp_lpzsa_l5sp_2p_lsa—lésp =1.

We use the formulae for p to conclude (48).
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(49) By definition we have

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
dbruc “ecdbe “ecabeurabe = q p T qpxpxqpxpr qpqp q  pq % pxq p Xpxp qp q P

-1 -1 o -1-1_-1__ -1 -1 -1 -1 -1
=q p ¥ Xxp q Ip xXgp g xqx¥q g Xq p

q tepeq Yzq eq g ap
= (¢7wp)? = 1.
In this computation Theorem 3 (17), (18), (22) are used.
(50) By definition we have

aeb Yo Y vabeub ™t d thecabeue ™ e taa

-1 -1 -12 -
=p q p qPp xp xq pqpqpq P q P q xpmpqquq

12-1-1-1-1-1
qparq P xp xqp ap q9 pP q9 P qupqquq

apquap ™ ap tap aqp g pququpaugmg

q(pqqu)uq_l =1 .

In this computation Theorem 3 (17), (18), (22) are used.

(51)

deb Yubts q2p2q_lxpqu_lxp2x

i

22 -1
qpq xpapx

2 2
(a"pz)” .
Hence (51) follows by Theorem 3 (23).
Lemma 6 contains some immediate consequences of Lemma 5.

LEMMA 6.
(1) taet = b 1 Loaeb™tva 3
-1 -1 -1 -1.,-1

(2) sees =a wvad "¢ e d v

b Yoo Ltabets 3

i

(3) rar

(4) pbr = abebte b ale ;

(5) rer = ste “ts ;

lll

(6) td ‘abet = watbrd wb ;

(7) zaez = ¢ ‘ecbe *a tvaba tvete e 3

(8) 8Dz = vDv ;

(9) svawbs = a b twa tva ;
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(10) ra " Yvabour = abeue b Yo tvac et 3
(1) (wbeue p71) 2 =

(12) (vawa )% =1 ;

(13)  (vabeuc” Lty l]L‘L =1 ;
(1) (et)' =1

(15) (rs)u

1.

Proof. (1) By Lemma 5 (7), (26)

b Ya Yvaeta fvaer™ = 1 .
Lemma 5 (24) yields (1).
(2) We apply o on Lemma 5 (21) obtaining (2).
(3) is Lemma 5 (23).
(4) is Lemma 5 (18) together with Lemma 5 (5).
(5) 1is Lemma 5 (30).
(6) We apply p to (2) obtaining

td Yabet = wee ‘b ra tdeb twb |,

and by Chapter 1 we have ¢ e d abc la_lb_ld_l =1 .

(7) By Lemma 5 (37), (38)

ae Ya s = o Yecvataeta Tve te e .

Then {1) implies (7).
(8) By (2) we have

l l -1 1-1-1 —l)QU

ea tecs = vad aty = s(a Yee)?s = v(ad te e

By Chapter 1 we then have

(a-lec]2 =D,

lc-le—ld—l)Q =p.

(ad”
(3) We apply p‘l to Lemma 5 (28) obtaining

(asvazdb)2 =

which proves (9).
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(10) We apply p2 to Lemma 5 (28) obtaining

(11)

(1)

(rabcuc_lb—la_

is Lemma 5 (15).

By Lemma 5 (9), (10), (11)

1 2

trst = sr = t(rs)zt = (ar

On the other hand we have

We apply p . Then (14) follows.

(15) 1is also proved by this procedure.

(12) q () ¢t = (2).

(13) p (12) p = 13).

Next we show the formulae which are necessary to prove Theorems 5 and 6.

LEMMA 7.

(1) rar = b Yse Y tabets ;

(2) rbr = abebte b a1t 3

(3) rer = abecasbs ;

(W) rde = ste b Ya  tesbe b 0 se ot tap ™t
sa Yo ta Ystece td  tecsad et
tabctstabctb_lc_lb_la_lstc_lb—la_ltcsbtstabctb—lc_lb_la_l ;

(5) rer = ste b la ttosbda tse te tedec te s :

(6) ritr = t ;

(7) rsr = tst ;

(8) r normalizes {a, b, ¢, d, e, 8, t) ;

(9) u normalizes <(a, b, ¢, d, e, v, W) .

Proof. (1) is Lemma 6 (3).

(2) is Lemma 6 (4).

(3) follows by Lemma 5 (20), (5), (6).

(5) By Lemma 5 (47)

va) =1.

)2 .

terst = srs = t(rs)zt = (rs)2 = (r's)u = 1.

1

ts re ta e datee e tde et = 1 .

E)

1583
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Using only the first formula of this lemma we obtain (5).
(6) is Lemma 5 (10).
(7) By Lemma 5 (9)
1 = rstrst = rsrist
because of Lemma 5 (10).

(4) By Lemma 5 (48)

re b Yabtsabecr = se lbtsd Yas .
Using (1), (2), (3), (5), (8), (7) we obtain (4).

(9) Obviously the transformation formula in Lemma 3 yields
c_lb—la—lqrq_labc =u,

c_lb_la_lq(a, b, e, d, e, s, t)q_labc ={a, b, e, d, e, v, W
such that by (8) we have also proved (9).
Lemma 7' follows in the same way as Lemma 7.
LEMMA 7',
(1) ¢ normalizes {a, b, c, d, e, r, 8) ;
(2) w normalizes {a, b, ¢, d, e, u, v) .
Proof. (1) It is obvious that we must prove
tat, tbt, tet, tdt, tet, trt, tst € (a, b, ¢, d, e, », &)
to show (1):
tbt € {a, b, e, d, e, r, 8) is clear by Lemma 5 (7);
tet € {a, b, ¢, d, e, r, 8) follows by Lemma 5 (21);

trt € (a,

b
b

tat €{a, b, ¢, d, e, r, s) follows by Lemma 5 (22);
b, e, d, e, », 8) follows by Lemma 5 (10);
b

tst €{a, b, e, d, e, r, 8} is Lemma 7 (7).

By Lemma 5 (46)

td Yapet ¢ {a, b,c,d, e, », 8= tdt €{a, b, c, d, e, r, 8) .
By Lemma 5 (u48)
bt esre b Lapt ¢ {a, b, e, d, e, v, 8) = tet €{a, b, e, d, e, r, )
So we have shown (1).

(2) By Lemma 3 we have
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a_lqtq’la w

{a, b, c, d, e, u, v? .

a_lq(a, b, e,d, e, r, s)q_la

We recall the definitions

—
1l

={a, b, c,d, e, r, 8, t, u, v, W) ,

~1
"

y = (as b, e, dy e, vy, ty, u, v, W ,

I'. =(a, b, ¢, d, e, », t, v, W)
LEMMA 8.

-1 -1 - -1 -~ -1 -1 -
(1) zaz = re “ecvate la lvrtb la lvaeb Lo le 1o
wrb Y d Lruc Yeodbraete Ya torta e e e ;

—l l

(2) zbz = d” 1t

-1 -1 -1 -1 -1
swdbaeb wsdbruc “ecbe “a “vaba "ve e "¢ ;

-1 -
(3) zez = urb L true Yecdbue o e toaubte” Lo ttpwa Toabou ;

11 -1 -1 - -1 -1 -
(4) zads = wrb ~d “ruc “ecvab la lvaeb c e lcur

b ra Y swbe Y o d tusdbdbru ;

(5) zez = ¢ Yecvtrvaete Yo torb d Yo te Leurbd
ﬁuc—lecbe’la_luabtrvaeta‘lvc’le_lcre_leebe_la"luaba_lvc—le_lc H
(6) zrz=1r;
(1) zsz = wb td 1b  d Lwsdbreth lud tedw
brsth td twsrste b tudbe Yubterdbru ;

(8) =zta = c_lecvatrvaete—la-lvrta'lvc"le_lc ;

(9) =2uz = rur ;

(10) =vz = rc leevate la lvrtb a lvaeb lc 1 l R

(11) 2wz = urb_ld”lrstb'lwd_lsdwbrstb"ld’lwsrstc_lb—lwdbc_lwbtsrdbru 3

(12) =2 normalizes F3 .

Proof. The formulae (1)-(11) are implied by the formulae Lemma 5 (35)-(45).
The formulae (6) and (9) are implied by Lemma 5 (31), (32).

Then we have, by Lemma 5 (39),

(#%) zdbz = wrb *d tru
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and by Lemma 5 (8),

() zc Yecz = b id e e ourdbru
By Lemma 5 (35), (45)
1-1

1 1

ze e e or = ue bt a Yvawbtecth tua tvabeu .
The third formula of this lemma is obtained by (%%%),

By Lemma 5 (43), using (*%) and Lemma 5 (39),

(feii) aswz = urb d b d ‘wsdbdbru .

By Lemma 5 (42)

zswazhbzze o Yzadbruz = wrb td taeb lws .
Then (#%%%) and Lemma 5 (39), Lemma 6 (7) imply (2).
We use (2) and (**) obtaining immediately (4).
Use Lemma S (40) to obtain

- -1 -1 -1 -1 -1
3¢ lecvatzzrzzvzzaez = e "q “vrta "ve e ¢ .

Then Lemma 5 (31), (37) and Lemma 6 (7) yield (10).
Obviously (8) follows by Lemma 5 (40), (41).
By Lemma 5 (37)

- -1 -1 -1
zc leczzvzzazztz = ta ve e ¢ .

Use (*%%)_  (10), (8) to conclude (1).
We apply p to (10) obtaining (11). Then (¥%%%) and (11) yield (7).
Hence we have shown all formulae (1)-(11).

We obtain (12) when we keep in mind that Ta is generated by the elements a, b,

¢, d, e, r, 8, t, u, v, W .

(5) follows by Lemma 6 (7) and Lemma 8 (1).

LEMMA 9.
(1) sas ¢ Ty s
(2) sbs €71, ;

(3) scs €T, ;
(4) eds €T, ;

(5) ses €T, ;



Groups of exponent eight

(8) srs ¢ Fu 3

(7) sts ¢ Pu 3
(8) sus ¢ Fq H

(9) svs € I‘L+ 3

(10) sws € F4 3
(11) s normalizes Fq .

Proof. (1) is Lemma 5 (6).

(2) By Lemma 5 (20),

sbs = a ‘rabe’r .
(3) By Lemma 5 (21),

scs = chb_la_lraztc_ltb_la .

(8) By Lemma 5 (25),
sbeus € Fu = sus ¢ I‘4
using (2), (3).
(4) By Lemma 5 (27),
sheue b ta tda s « I, =eds €T,
using (1), (2), (3), (8).
(5) follows by Lemma 6 (2) and (3).

(6) By Lemma 6 (9), svawbs € [, s Dy Lemma 5 (34) we have
secvawbers € Fu = ()

using (3), (5).

(7) By Lemma 5 (9) we have srts = rt . Then (7) is implied by (6).

(9) By Lemma 5 (33), sdbuc_lb—la_lvabts €T, . The formulae already proved

yield svs ¢ ru .

(10) By Lemma 5 (29), stc_lwbrs € Fq . (1)-(9) yield sws € Fq .

(11) Fu is generated by a, b, ¢, d, e, ry, t, U, UV, W .

157
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LEMMA 10,

(1) wuau € T'_ ;
(2) ubu €T_;
(3) wuecu €T, ;
(4) udu €T, ;
(5) wueu €T, ;
(6) uru € T, ;
(7) utu € T_ ;
(8) wuvu €T_ ;
(9) wwu € F5 3
(10) u wnormalizes T, .

5

Proof. (1) to (5) follow by Lemma 7 (9). (8) and (9) are also implied by Lemma
7 (9).

(7) By Lemma 5 (28),
-1 -1
utbh “a “vabecu € FS = utu € FS .

1

-1, -1 - -
(6) By Lemma 6 (10), ue b ~a "ra luabcu € FS . The formulae already proved

yield wuru € T5 .
(10) By definition [, is generated by a, b,e,d, e, r, t, v, w .
We need another subnormal subgroup of FS .

DEFINITION.

!
1

={a, b, e, d, €, S5 T, Us U, W} ,

|
1

5 i=¢a, b, c,d, e, 8, t, u, v) .

Then we obtain
LEMMA 10'.

(1) r normalizes f(a, b, ¢, d, €, 8, t, Uy V, W) = T;

(2) w normalizes {a, b, ¢, d, e, 8, t, u, V.= F5

(3) Ty is subnormal of finite index in T .
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Proof. (1) Lemma 7 shows that

rar, rbr, rer, rdr, rer, rsr, rtr € TL .

By Lemma 5 (29)

rete Yubr € T = mm € T, .
mn U
By Lemma 5 (34)
rsecvawber € Th = pur € Tﬁ .
By Lemma 6 (10)
-1 —_ =
ra “vabcur € I‘11l = ryr ¢ Fu .

Thus we have shown (1).

(2) By Lemma 7' we have

waw, whw, wew, wdw, wew, wuw, wow € I

5 -
By Lemma 6
-1 —_ —
wbsa “vaw € Io=wsw €1 .
By Lemma 5 (51)
wbtedeb ™\ € T, = wtw € T, .
Thus we have shown (2).
(3) Tg has index 4 in Ts . Moreover, Tg is subnormal in Té . Hence
follows (3) by the theorems of Part A.
Now we shall construct finite normal subgroups in I' . To do this we shall make

frequent use of the following lemma.
LEMMA 11. Zet 6 €<a, b, ¢, d, e and p°, q°» qps 7> @ € CL(8) . Then
((6))r is finite. In particular we shall prove step by step:

(1) a, b, e, d, e ¢ CF(G) 3

(2) ¢, v e Cp(O) ;

(3) waw, wbw, wew, wdw, wew € cr<e) N
(4) wuau, ubu, ucu, udu, ueu € cr<e) 3

(5) wou € CF(B) 3
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(6) wvaww, wobvw, wvevw, wodvw, woevw € cr(e) K
(7) wvavu, wvbvu, uvevu, uvdvou, uvevu € cr(e) K
(8) wrvu, utvu, urtu € cr<e) 3
(9) wrvw, wtvw, wrtw € CF(G) i

(10) wwwawvw, wwwbwrw, WHwewrw, WowdWw, wowewvw ecﬁe);
4

(11) (wv)’ € cr(e) H
I

(12) (wr) ¢ CF(G) N

(13) W) « cp(8)
Proof. (1) By definition we have
2 2
{a, b, ¢, d, e) ={p~, g°, qp? = CF(G) .
(2) Lemma 3 yields

2 -2
p rp =t,

n
<

-1 -1
arrp q

(3) By Lemma 5 (6), (20), (21) we have

shs = a Trabe’r ,

1

2,-1 -1 2, -1,-
ses = re'b la ra te ~th la .

Hence we have obviously

sas, sbs, sces € cr(e> .

We apply o to these formulae obtaining

sds, ses € cr(e) .
But by assumption we have
a_lqp € Cp(B) .
On the other hand a_lqp normalizes the group (a, b, ¢, d, ¢) and we have

a_lqpsp_lq_la zw .
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Hence we have shown (3).

2 .
(4) p~ normalizes the group (a, b, ¢, d, ¢} and we have

2 -2
pwp  =u.

So we have obviously shown (4).

(5) We have
pzvp—2 = cue bt toaub € cp(8)

Then (5) follows by (3), (4).
(8), (7) follow obviously by (3), (%) and (5).
(8) By Lemma 6 (10) we have

1

ra Ypabeurabea Tvabeue b ta™t = 1 ¢ cp(8)

By (1) to (7)

urvy € cr<e) = urwrwvu € cr(e) = urw € cr(e)

We apply p2 obtaining

wtu € CF<8) = yuty € cr(e) = yrtu € CT(O) .

(9) Applying p2 to wurtu € CF(B) yields wrtw € CF(G) . Moreover we have by
(8),

UrVY = UDWWOrIOVU € CT(G) = wory € cr<e)

which suffices to prove (9).
(10) First we show the formulae

wuaww , wubwe, wucww, wuduw, wuewd € cr(e) .
By Lemma 5 (2), (&), (12)

wuaebecuw , wueb L € cr(e)
But by Lemma 5 (15),

2

ﬁobcuc_lb_l) =1 ecne = wbewne b wuubeuc bt ¢ Cp(8) = wubcww € CL(8) .

By Lemma 6 (6)

wa Bt ey o td Yabobt = wua b N e e e = waa T e e o

= utd “abebtu = utvuuvd “abcbvuuvtu € C(8) = wua b7 d s € CL(9)
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By Lemma 5 (50) we have

wb Y ecabou = o b Y Yoabe e Yvad tabe .

We use the same method as above obtaining by (1) to (8),

w4 becabews € C(8) = wub™d wr € Cp(8)
where we use the formula which is implied by Chapter I, Lemma 16,
1

1 -1

ecae "a ¢ = 1.

But the elements db, dba, be, aebe, eb_l generate (a, b, ¢, d, ¢) . Now use
WOWAWVW = WOUWUAUWUDW

to conclude from wuaas € CF(B) that wowawvw € cr(e) . Then the formulae already

proved yield that the right hand side is contained in cr(e)

(11) By Lemma 6 (12) we have

1= (vawa 1" e cp(e) = vawa vava  vava tvawat € cp(8)

Obviously, by using (1) to (10) follows

Y e Cp(8) = ™ ¢ Cp(8)

(vw)
since v € cr(e)

(12) First we shall show the formulae

uwvuauvu, uvubuvu, uvucuvu, uvuduvu, uvueuvu € cr(e) .

For wvuauvu proceed in the following way

UVUAUVU = UDWWUHRUWVU € CP(G)
Then Lemma 6 (13) yields obviously (vu)L+ € CF(G) . By Lemma 5 (24), (2) we have
tabeut = b e Mou tue b e vab = (utabeut)? = (ub_la_lvu_luc“lb‘la—lvab)2 .

Hence the proofs given hitherto yield that the right hand side of this formula is
contained in CF(G) . Then

utabeututabeut € cr(e) = yvabcututabcou € CF(G)
Then by (7), ()" e cr(e) . We apply p2 obtaining (12).
(13) If we apply a to (1ll), then we obtain

(aeb ™ uabt)"* € cp(8) = ) € (o)
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Now we shall prove that ¢{ 6)>I. is finite. To do this we shall show first that

« 8))1.. is of finite order. We claim that the elements &, ww, vwbwv, wowbuvw are
5

a eonjugacy class in FS . Obviously, all four elements are centralized by a, b, ¢,

d, e . Moreover, we have by {1) to (13),

rér = 0 , tt = 8 ,
rwbwr = vwbwy , twbwt = vwbwv ,
rowbwvr = ww , towbwt = wbw
rwvwbwowr = wowbovw , twwbwvwt = wowbwvw |,
véy = § ,

vwbwv = vwbwy
vowbwvy = whw ,
vovwlvvwy = wowbwow .

Obviously w leaves the above four elements invariant so that ((6))1_, is
5

generated by 6, wbw, wwbwy, wowbwow .
Because of 0 €{a, b, ¢, d, e} , B8 is of finite order and the formulae (3),
(6), (10) show that ({(8)) is abelian. Hence ({8 is finite.

Ts Ty

1"5 is a subnormal subgroup of finite index in T . Then Theorem 6 of the

introduction yields the proof of the lemma.

Next we study the automorphism of I‘l which is induced by the element q_lY .

By this automorphism we shall obtain the elements © for which we can use Lemma 11.

LEMMA 12.
-1 -

(1) q ¥p)=p = ;

(2) ') = q = ;

(3) ¢ ) = p teg ;

1]
BN
£
.

O a1
() ¢ r(gp)

() q_lY(p2) = ;

n
s
Q
“

1 ¢ H(@e)?) = abe b e dee ;

(8) q Y[uldb_l) = (abe)? ;
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(9) q_lY(ulvlvs) = vV

(10) q_lY(uavg] = uu

1 2u VULV

3¥1¥oY;3 5

-1
(11)  q "¥(uvu,v,00) = uvu,0,0; ;

(12) q‘lY(uqvu] = wo, .

Proof. (1) to (6) follow obviously by the transformation formulae in Lemma 1 and
by Theorem 3 (18).
(7) By definition we have (abc)2 = (qp_lq—lp]2 3 hence

q_lY((abc)Q) = q_poquQCfl = abe b la Ydee

using the definitions in Chapter I.
(8) By Chapter 1, Lemma 16, we have

1

ulde_l I

-1 -1 -1 -1 -1 -1 -1
a “rabeed = p Tqpq “*pq “*'pq P "q°qp " .

Hence

-1 -1 2 -1 -12-1 -1
q "Y|ude g qp v 9P 9 P
= (abc)2 .

(9) By Chapter I, Lemma 16, we have

S B P
u v g = q pecp “qred Tu e a

-1 -1-1 -1 -1-1_ -1 -1
=q ppq P qp 9qpq q pqp qp .

Hence

-1 -1 -12-1 -1 -1-1 -1 -1 2
q Yluwvg) =pq P qp ap ap q pap q papq

(ee) e Yo Y dee o e Ydee

ulvlv6

by Chapter I, Lemma 16.

(10) By Chapter I
R N -1 .
Ugty = q TPV VD g 3

hence
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-1 _ -1 -1
q Y@y& = pg uffﬁp
= ulu2u3v1v2v3 .

(11) By Chapter I

1 -1
UV PyPe T P4 UgUsAP s

hence
-1 _ -1 -1
q Y(u2v2uuvuva] =P qu UV VVq TP
S UV VU Y, -

27°2°67474h

(12) By Chapter I

- » - . _l. —l
uuv,+ = ulvlv6 u303 u202uuvuv6 rq ullequ .
Hence we have

-1 _ -1 -1
q Y(uuvu) T UV VU UGU DV VU VU D, VD qUaD VG P

u,v

4oy o

by the transformation formulae for the p, g on the Uss Ui .

The following lemmas will serve to show that

N = <<ul, a2, D, de>>r

is a finite group. In our computations we shall be a bit sloppy using the same
notations for elements contained in [' and elements contained in factor groups of

T ,since all the Lemmas 1 to 12 apply for any factor group of I . In the same way,
all formulae stated in Chapter I apply for any factor group of [ . First we define

DEFINITION.

Nl:= ((ulu2leQ, U, ve, uluavlv3))r .

Now Lemma 12 and Lemma 11 imply

LEMMA 13. n 18 a finite group.

Proof. Let us start with the normal subgroup Ml = ((7,14111+)>F . By Chapter I

2 2
qp, @ » P, & € Cr(uqvq,)
Then using Lemma 12 (6), (12) we have also

r € Cr(uuvq)
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Hence Lemma 11 implies that Ml is finite. Tor the factor group F/Ml we have by

Chapter I,
2 2
g >, p s qp, @€ CF/Mi(uluzvlvz .

Then by Lemma 12 (6), (9), (11),

r uuU‘U]

€ CF/Ml( 1727172

Then Lemma 11 yields that

My = Suquvivg, w,, My

is finite. By Chapter I we have

-1 B
PU UV VD TU UV D, = U D

Hence LA € M2 . Then, using the transformation formulae of Chapter I, it is easy

to see that
qp> 4. p°, 0 € CF/MQ(”1“3”1”3)
and
ap. 47, p°, o € CF/Mz(ulu3vlvavs)

Using Lemma 12 (6), (9), (10) the first formulae yield that

r €C U UV V)

F/Mz( 173717376

Then Lemma 11 shows that

M, = Kuv

)
3 WPy uluzvlv2, U UV VD)

173"17376° T

is finite. Since we have also, by Chapter I,

-1 _ .
PU U D DD DU UV VU UV VDU D Ve

hence the proof of Lemma 13 is complete.
Now we use another method to compute the normal subgroup generated by D .
DEFINITION.
v, := «D, UUNVVps Uys Vg ulusvlv3>)F .

Then we obtain by Lemma 13

LEMMA 14. , is a finite group.
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Proof. Obviously we need only show that (D)} /¥, is finite. Use

=
I‘/Nl 1

Chapter I in I'/IVl to obtain a, b, ¢, d, e $ D . By Lemma 6 (8) we have

(*) 8Ds = vDv .
By Chapter I, Lemma 16 we have a(D) = D in I‘/Nl . We apply 0 to the formula (%)
obtaining

(%) sDs = tDt .
Applying to this formula p_lq , we obtain

20 o - -1 -

(k) ubu = ¢ lb a lvaabc .
Now we claim that

(Hededen) a, b, e, d, e L 8Ds .

The formula q I sDs follows by Lemma 5 (6), 7 sDs follows by (#%) and Lemma 5
7).

Apply o to the formula b 7 gDs which yields 2 8Ds . Now (%*%%*) becomes

cubuc™t = sDs .

Then by Lemma 5 (2),

caeb T sDs T cae T sDs = eca T &Ds

by the formula contained in Chapter I, Lemma 16:

1.-1

-1 -1 -
ecae a ¢ - =1 ecl sDs .

Apply o to this to obtain
abe T sDs ® ¢l sDs T e I sDs .
Hence we have proved (##%%#),
Now (%*%%) reduces to
(Hk) 8De = ubu .

Of course, these computations apply only in I‘/IVl !

The formulae (%*)-(%%%%) yield clearly that {D, sDs} is a conjugacy class in

fé . Since D €(a, b, ¢, d) , (#%%) yields that the group generated by D and sDs

is abelian. Hence the normal subgroup generated by D in Tg ig finite. Then

Lemmas 9' and 10' (3) and the corollary contained in Part A show the lemma.
On our way to the normal subgroup N , next we come to study the normal subgroup

s U UD,V YD

By 2= (ugvgs Dy wys Vgs Ugihys wjugv vad)p

6> “
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where we can use the same method as in Lemma 13 for Nl

LEMMA 15. N, isa finite group.

Proof. Clearly it suffices to show that {wu v, )., =<T/N, is finite. 1In
373 I"/N2 2

fact, by Chapter I, we have
uou, = Ly ewn
172 - Dpr 6 2

Now we have in F/N2 .

2 2
qr, P, g , € CT/NQ(uSU3) N

such that Lemma 12 (10), (6) force »r € CP/NQ(MSUBJ

Using Lemma 11, <<u303))T/N is then a finite group. This completes the proof
2

of Lemma 15.
For our next step the method used in Lemma 14 1s again of importance. Let

n,oi=Ku Ns))

L 1° T

LEMMA 16.

(1) (abcsbs)2 €ly;

(2) (secsd_la]z €, ;

(3) (vavdec)2 ¥y

(%) m, is a finite group.

Proof. (1) We consider the automorphism induced by xYQpZ on {p, q, x) , for
which we have, by Lemma 1,
2
xY ' pZ : p > xpx
qr—q
-1
xl—?qu .

By definition abeb™t = qp_lq_lp—lqp_lq_lp—l . We apply again the automorphism using

Theorem 3 to compute
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xYQpZ(abcb-l) qxp_lxq_lxp_lqup_lxq"lxp_lx

-1 -1 2 -1 -1 -1 -1
qrp Xp xgqp xqxp xq xq IXpq

2 -1 -1
= q°pxpqp xqIp qIqpq

-1 -1 2 2 -1 -1
qp q X*xqp Xpgp xqxp q°xqpq

1

“1-1 -1 -1 .11 ] -1
qp q Xpq *Xp Xpqp q Xpxp qIGpq

-1 -1 -1 -1 -1 .2 -1 -1 -1 -1 -1 -1 -1
qQp q Xpq *xp xXp *pqp q P pxXprp qpq °qp Xqpq .
Hence we have

qp—lxqpq_leQpZ[abcb_l] = sb lee a7t

The proof of (1) is complete.

(2) Apply o to (1) to obtain (2). We must keep in mind that o 1is induced by
an inner automorphism xY2

(3) Imsert in (2) the formula stated in Lemma 6 (2) to obtain (3).

(4) First take into consideration that

-1 R
= = 4
puv.p U,V € IV3 Vg € Iy !
Then we have in F/N3 by Chapter I, Lemma 16,
() aa teca e el = up -

By Lemma 6 (2)

sa Yecs = vad e leta N .

Now apply s to (%), then

-1 -1__.-1-1
sasesa “ecssa "ssc e "as

su.s
1

o tvad e e Y d vavdecda ™ty

a tvad te e Ya e e va vda Y

1

This holds in I'/IV3 by (3). Moreover, by Lemma 5 (3),

su,8 = B B e

in T'/ZV3 . Then follows in F/IV3 N

-1 -1 -1,1-1-1,-1_, -1
su,s = vad “¢ le ld lo e d vda

vad te e ta e e i ad ™ty
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The formulae contained in Chapter I, Lemma 16, imply

(1) su;8 = vu, v in I‘/N3 .

Apply o to this formula obtaining

(2) suls = tult .

p (2) p_l implies

(3) su,s = rulr .

Now we claim

4) a, b,e,d, e 8u,8 -

a¥ su.s follows immediately by Lemma 5 (6); b % su

1 s follows by (2) and Lemma 5

1
(7); e% su;s follows by (3) and Lemma 5 (5).

Apply o to the second and third formula, then d ¥ su,s and e hY sus .

Evidently all these computations apply only in I‘/N3 !

We apply q to (2) keeping in mind (1) and (4). Then we obtain

(5) suls = wulw .

p2 (5) p_2 implies
(6) suje = uuju .
Obviously the formulae (1) to (6) imply that

fu), sus)

is a conjugacy class in Fa . Since Uy ¢{a, b, e, d, &) , <(ul)>F3'N3/N3 is an

abelian group of order 4 at most.

Since T3 is subnormal of finite index in T , our Lemma 16 follows.

Now we have gathered enough formulae together to take cne of the last steps

b «az, de. D. ul»r - <<a2, de, N"‘>>I’

showing that

is finite.
LEMMA 17. &~ is a finite group.

2 . .
Proof. Again it will be sufficient to show that ({a°, de))F/N is finite. Bu
n
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now it suffices to show that <<a2>)T/N is finite, since, by Lemma 12 (8),
In

ulde_l = Y_lq(abc)zq_ly H

that is de ¢ <<a2, Nu>>

By Lemma 5 (6) we have, obviously, sa’s = a° . But in r/y

T

2 .
y > @ s
centralized by p and ¢ (by Chapter I, Lemma 16!). Since », t, u, v, w are all

conjugates of s wunder p, ¢ , we have

a2Ecaﬁw@a,b,c,d,e,r,s,t,u,v,w%Nuﬂd

= center(F3'Nu/N4)

Hence ((az))r non is finite. Since T, is subnormal of finite index in T , our
37u My

3
lemma follows.

In order to show the finiteness of T , we must collect some relations in T/W¥ ,
where we shall also use the same notations for the elements in T and their images in
F/W . TFor these computations remember that (a, b, ¢, d, €?> in T/J is elementary

abelian of exponent 2 and that it is generated by a, b, ¢, d .

LEMMA 18. In T/N we have the relations

(1) @wp)?=1;

(2) (tad)? =1 ;
(3) (asm?=1;
@ wr?=1;
(5) ws)?=1 3

(6) (aebMwe)? =1 ;

(7) vav = atata ;
(8) (c_lb_la_lda'lvr]Q =1;

(9) (bts)?

1]
[

(10) (vas)? =1 ;

(1) (c_lb_la_lst)2 =1;

(12) (ors)2 =1

>
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(13) tact =

Proof. (1) 1In

1=daptate?

Moreover note that

Hence

-1 22 2 2-12
q ¥{qp e arq v q)

ecsbsacsbes .

Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman

T'/H we have

-1 -1 _ 22 2 2 .12
b "a “dec = ¢'pTqpTqp q "Pq .

q_ly T p b p_lx
q Pﬁ-q_lx

x p_lxq .

-1 -1 -1
XqLQEUPLPq pLPq  pIPLIpLPLeIq %

_ -1 - - 2 -1
zqzq(ep)’q Tpap q tqlep) g qequ (pa) feng e

qu'abcuc-lb_la—la_l'abcuc—lb_la_l'as-s'xq_lx

which then implies waua = 1 in [/N .
We apply p obtaining (1).
(2) o (1) =(2).
(3) 2a27t = 2qpg iy izt
-1 -1
= xzgrp xq xp
-1 -1 -1
g eqrqrp Xp Xq
-1
= q “asrq .
Then a° = 1 yields (3) in T/N .
(4) We have
bl = prape Tt = 2 ety e = papeqlapapq

-1 -1
q qpxprq Ipxpq

-1
q “vrq .

In I'/N we have (ab)2 = 1 3 hence (4),

(5) p (W) pr=(s) .
(6)

By definition

1
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-1
xqrgpqrqIp

qu—qup - c—le-lc N qu2p—lq2py—lz—l
-1 -1 -1
= q qrqrqpqrqrp q 4

= q_lasaeb_la-lawa_lq

q_lseb—lwa_lq .

Since in T/W , (c e 012 = 3 we get (6).
(7) In T/N we have
q2p2q—lp2q2p2qp z e ld lb 1 lbdea_l =1 .

Hence

-1 22-=-1222 2 -1 - -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
q Y(qp g pqp ap”) = q wq wp wp qp wp xq wq xp *p *q Tp xp

= (apa tp  qtep) g7 (@) Patep) g o) Dz

= xa bcuc b sabcuc lb la lsx

1

which implies
beuc b eaboue e ts = 1 .
We apply p obtaining
v e tvap o tvat =
By Lemma 5 (24)
ta Yt = ba toavab .
Then (1) and =1 yield (7).
-1
(8) p~ (6 p=(8).
-1
(9) p(3)p =~ =(9).
(10) o (9) = (10).
an p? (9 p 2= ().
-1
(12 p (%) p = = (12).
(13) By (12) follows
-1
rsrrer = ¢ 8 .

We insert rer using Lemma 7 (3) obtaining

(*) rsr = o ‘sbosbs .
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Lemma 7 (1) yields

rasrrsr = b Yse Ttabets .
Use (3) and (%) to conclude (13).

Now we show that it suffices to show the finiteness of the group

{a, b, c,d, e, r, 8, t) in T/N .
LEMMA 19. In T/N we have
(1) v normalizes {(a, b, ¢, d, e, r, s, t) ;
(2) u, v, w normalize {(a, b, c, d, e, r, s, t) ;

(3) in {a, b,e,d,e, r, s, t, u, v, w> , a, b, e, d, e, r, 8, t)
of index 8 at most.

Proof. (1) By Lemma 18 (7)
vav € {a, b, ¢, d, e, r, g, £} ;
vbv € {a, b, ¢, d, e, r, g, t}
follows by Lemma 18 (1).
vdv € {a, b, ¢, d, e, », §, t}
follows by Lemma 5 (3),
vrv € (a, b, ¢, d, e, r, 8, L)
follows by Lemma 18 (4).
Then by Lemma 18 (8),
vev €la, b, e, d, e, r, 8, t) .
By Lemma 5 (24) we have

vabty = th ia T .

Hence

vtv €{a, b, ¢, d, e, r, 8, t) .
Moreover, by Lemma 18 (10),

vev €€a, b, e, d, e, r, s, t) .
Hence we have proved (1) in T/N (1)

(2) We have:

-1
us=p vp,

w = pvp_l .

By Lemma 3, (a, b, ¢, d, e, r, s, £) is normalized by p -

18
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(3 (a, by, e, d, e, 7, 8, £} 1is a normal subgroup in
{a, b, ¢, d, e, ry 8, ty u, ¥, w> . But by Lemma 5 (28), (34), (12) we have
(w)?
2
(w)“y €{a, b, ¢, d, e, r, 8, ) .
(w)?

Hence the quotient is elementary abelian. Since wu, v, w are involutions, it is of

order 8 at most.

Next we show that it is sufficient to show the finiteness of the group

(a, b, ¢, d, €, 87 in T/N in order to prove that T is finite.
LEMMA 20. In T/N we have
(1) r normalizes {a, b, ¢, d, e, ¢, t) ,
(2) ¢t normalizes {a, b, ¢, d, e, 8) ,

(3) ¢a, by e, d, e, 8} s in {a, b, e, d, e, r, 8, t) of index 4 at

most.
Proof. (1) is our Lemma 7.

(2) By Lemma 5 (7) we have tbt €{a, b, ¢, d, e, 8} . Use Lemma 18 (9) to
obtain tst €¢{a, b, ¢, d, e, 8) . By Lemma 5 (21) we have ¢t €{(a, b, ¢, d, ¢, 8) .
Use Lemma 18 (13) to conclude tat €{a, b, e, d, ¢, §) . Then Lemma 18 (2) implies
tdt € {a, b, e, d, e, 8) .

Obviously these computations suffice to prove (2).
(3) reformulates (1) and (2).

By the next lemma we shall now prove the finiteness of (a, b, ¢, d, e, 8’ in
T/N . Then the preceding lemmas show that the finiteness of {(a, b, e, d, e, 8

implies the finiteness of T .
LEMMA 21. The subgroup f{a, b, ¢, d, e, s} of T/N 1is finite.

Proof. First we claim that in T/, a, b, ¢, d, e Z sbs ,

a, b, e, d, e 2 ses . To show these formulae, it suffices to see that
(*) b, ¢ Z sbs

since

() a, bed € center{a, b, ¢, d, e, 8))

and since a, b, ¢, d , are involutions! bed € center({q, b, ¢, d, e, s)) follows by
the formula sbeds = bed , which is obtained by applying p_l to Lemma 18 (2). To
prove (%) remember that Lemma 5 (21) yields tet = bsbes in T/N . Obviously this

formula implies
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(Fefeir) b ? sbes

By Lemma 18 (11) follows tacttbst = sabe which implies esbsacsbes.sb = sabe by

Lemma 18 (9) and (13) which then implies ¢ I sbs and b Z ses . Then, using (%%%)
we have proved (*). Hence we know that A := (b, sbs, ¢, scs) is an abelian subgroup
of (a, b, ¢, d, 8 , which is centralized by a, b, ¢, d, e . Obviously A 1is also
normalized by & . Hence A is normal in ¢a, b, ¢, d, ¢, 8} . A 1is of order 16

at most. By (%) the quotient (a, b, ¢, d, e, s}/A is of order 8 at most.
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CHAPTER 3
A DESCRIPTION OF ¢

In this chapter we describe the application of computer implemented algorithms to

investigation of the group G , examined in Chapter 1, and some related groups.

All computer calculations were done on a Univac 1100/42 at the Australian
National University in Canberra. The principal programs used were an implementation
of the nilpotent quotient algorithm (NQA, see Newman (1976)) and implementations of
two different versions of coset enumeration, namely the Haselgrove-Leech-Trotter
method (HLT) and the Felsch method (see Cannon, Dimino, Havas and Watson (1973)), with
certain auxiliary programs. Henceforth reference to the NQA or coset enumeration will

include reference to a computer implementation.

First consider the group G (Chapter 1, p. 56). The NQA applied to the
presentation for (G yields that G has a maximal nilpotent 2-quotient, Gf , of
order 22l and class 9 . (Of course the proof in Chapter 1 shows G = Gf , and in
this chapter we describe an independent proof.)

The consistent power commutator presentation for Gf given by that program
follows. Detailed information about Gf (hence G ) can be read from this
presentation,

We denote the initial generators p and g of G by 1 and 2 , and the
additional generators introduced by 3 to 21 . For brevity we omit those power
relations which specify that squares of generators are trivial and those commutator
relations which specify that a commutator is trivial. For convenient reference we

also list the relations defining the additional generators separately.

The relations which define generators 3 to 21 are:

3=10[2,1]1, #u=1°, 5=2°, 6=1[3,1], 7=10[38,21, 8=1C6,1]1,
9 =106,2], 1w0=1[7,2], 11=108,1], 12 =108, 2], 13 =1[9, 1],
= [12, 1], 15 =[12, 2] , 16 = [14, 11, 17 = [14, 23 , 18 = [15, 1],

19 = [16, 2] , 20 = [18, 11, 21 = [19, 2] .

The nontrivial power relations are:
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l2 =4, 22 =5, 32 = 8.9.10.13.15.18.19.21 , 62 = 11.14.16.17.18.19 ,
72 = 11.15.18.19.20 , 82 = 16.17 , 102 = 16.17 , ll2 =21, 132 =21 .
The nontrivial commutator relations are:
(2,11=3, [3,11=6, [3,2] =7, I[4, 2] = 6.8.9.10.11.13.14.15.16.17 ,
[+, 3] = 8.11.14.18,19.21 , [5, 1] = 7.8.9.10.14.17.21 ,
{5, 3] = 10.11.15.16.17.18.19.20.21 , [5, 4] = 9.13.17.22 , (6, 11 =28,
[6, 23 =9, [6, 3] =12,13.15,17.19.20 , {6, 4] = 11.16.17 ,
{6, 5] = 12.13.14.15.18.21 , f[7, 1} = 9.12.14,17.20 , [7, 2] =10 ,
[7, 3] = 18.14.15.17-, [7, 83 = 13.14.16.21 , [7, 5] = 11.18.19.20.21 ,
[7, 61 = 14,15.16,17.20 , {8, 11 =11, [8, 2] =12, [8, 3] = 14.16.18.19.20.21 ,
[8, 43 = 16.17 , [8, 5] =15, [8, 6] = 16.20 , [8, 73 =18.19 , [9, 1] =13 ,
[9, 2] = 12,13,14.15,18.21 , [9, 3] = 14.15.16.19.21 , [9, 5] = 16.17.18.20.21 ,
[e, 6] = 16.21 , [9, 7] = 16.17.18.19.21 , [9, 81 = 20.21 ,
[10, 1] = 12.14.15.16.19 , [10, 2] = 11.16.,17.18.19.20.21 , [l0, 3] = 15.20 ,
(10, 4] = 14.16.18.21 , [10, 5] = 16.17 , [10, 61 = 17.19.20 ,
[10, 7] = 16.17.18.19.,20 , [10, 8] = 19.20 , [lo0, 9] =19 , [11, 1] = 16.17.21 ,
(11, 21 = 16.17.212 , ([11, 4} =21, (11, 5] =21, [12, 11 =14 , [12, 2] =15,
(12, 3] = 17.18.19.20 , [12, 4] = 16 , [12, 5} = 16.17.18.19.20 ,
[12, 6] = 19.20.21 , [12, 7] = 19.20 , ([12, 8] = 21, [12, 10] =21 ,
[13, 1] = 21 , (13, 2] = 15.17.19 , ({13, 3] = 18.20 , [13, 5] = 16.17.18.20 ,
[13, 6] = 20.21 , [13, 7] =20 , (13, 8] =21, [13, 9] =21, [14, 1] =16 ,
(14, 21 =17 , f[i4, 3] =19, [1%, 4] = 21 , [1s, 5] =19.21 , [14, 71 =21,
[15, 1] = 18 , (15, 2] = 16.17.18.19.20 , [15, 31 =20, [15, 4] = 20 ,
(15, 6] = 22 , [16, 1] =21 , [16, 2] =19 , [16, 51 = 21, [17, 2] = 19.21 ,
(17, 51 = 21, f[18, 11 =20, [18, 4] =21, [19, 21 =21, [20, 11 = 21 .
Further investigation of Gf , using the consistent power commutator presentation

and computer collection of eighth powers of an appropriate set of words (see Havas

and Newman (these proceedings)), reveals that

The NQA does not cast any light on the question whether G

Gp

is finite

does indeed have exponent

8 .

or not.

For groups given by presentations a major approach to finiteness questions is coset

enumeration.

However, the order of the maximal nilpotent quotient of &

implies that

direct coset enumeration is likely to be very difficult, even if the group is finite.

The largest subgroups of & which are easily seen {from the presentation for & on

p. 56) to be finite have orders at most

cosets over these subgroups to prove finiteness directly.

approach is available.

8 This means enumerating at 1

Fortunately an

east 218

indirect

Given a finitely presented group K and a subgroup H generated by a set {hj}
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the following coset enumeration based technique exists for finding a subgroup Hl 5

which is a cyclic extension of H (see Havas (1974)). If 1 is a coset of H such
that <.h = ¢ for each element h of the generating set of H then < is called a

normalizing (or stabilizing) coset of H . If e, is a coset representative of the

normalizing coset < then cihc;l €H ; so Hl =(H, ci) is a cyclic extension of

H . For our purposes we wish to start with a finite subgroup H of a group K and

construct Hl ={H, ci) with finite order. If e; is a coset representative for a

normalizing coset and m 1is the least positive integer such that cz €H (m is the

order of ¢, modulo H | then [(H, ci)[ = mi#| .

The implementations of coset enumeration available in Canberra include facilities
for finding normalizing cosets, for finding coset representatives and for determining
the orders of group elements modulo the subgroup whose cosets are being enumerated.
There is no difficulty in completely determining all normalizing cosets, coset
representatives and the orders modulo the subgroup of the coset representatives frem

a complete table of cosets for a subgroup of a group.

What is vital here is that from an incomplete coset table, under favourable
circumstances, normalizing cosets (and coset representatives) can be found. Observe

that if we find from an incomplete coset table for a subgroup H of a group X that
coset 7 normalizes H , and that cg € H then, due to possibly undiscovered
coincidences between cosets, the actual order modulo H of e, is a divisor of m .
This is enough to ensure that the cyclic extension H, = {H, ci) is finite provided
H is finite. However, from an incomplete table it is possible that no power of e,

can be found to be in H . Fortunately, when a normalizing coset (and coset
representative) can be found from an incomplete table a multiple of the order of the

coset representative can frequently also be found. This suffices for our purposes.

This technique can be applied repeatedly provided a suitable (possibly
incomplete) coset table can be found, which yields normalizing cosets with
representatives of finite order. Under these circumstances we can construct a

subnormal chain of subgroups

Moreover, when K is finite and multiples of the orders (modulo the subgroup being
extended) of the extending elements are calculable, then upper bounds for the orders

of the subgroups in the chain are caiculable.

Let us look at the application of the normalizing coset technique to & . For
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brevity we include details of only one chain of subgroups constructed by the method.

Consider the subgroup H of & generated by pqpq_l . From the initial presentation
for G , IH! divides 8 . An HLT coset enumeration for (G H with a limit of 8000

cosets does not of course complete. However four normalizing cosets are found, cosets
. : 2 2 -1 -1 -1 -1 .
with representatives q > pg’p ~» pq "pg and q "p “qp with orders module H

dividing 2, 2, 8 and 8 , respectively. Let K, =(H, pq_lpq> . Then [Hl|

divides 26 . With a limit of 8000 cosets the HLT enumeration G]Hl does not
complete, but three normalizing cosets are found, with representatives pq_l, q_lp_l

and q_2 which have orders modulo Hl dividing 4, 4 and 2 respectively. Let

H, = <Hl, q—lp_l> = (pq_l, pq) . Then ]H2| divides 2° , so [@: H2] is a

multiple of 213 = 8192 . Using the Felsch method of coset enumeration the index

e : H2] was determined to be 8192 (with a maximum of 8192 cosets). It follows

that |G| divides 22l . This information combined with that given by the NQA proves

that |G| = 2%,

A modification to the NQA yields that the multipiicator of ¢ has rank 7 .
This implies that 9 1is a lower bound for the number of relations required for a
presentation of G (see Huppert (1967), p. 631). With this motivation consider the
presentation
“1yu 2 2yh -1 -1y4
) q)" = (par™"q )

= pPpa’ra)” = ()% = d?)® = »

(that is, a presentation with the 9 'simplest" relations of G ). Clearly the group

4y 4
(poqlp =q =0 =g ) =1[p

with this presentation, say qw , has G as a homomorphic image. The NQA reveals G

is the maximal nilpotent quotient of Gm .

If qm and G are isomorphic then we have found a minimal presentation for & .
Since their nilpotent quotients are identical, to prove that Gm and (G are

isomorphic it suffices to show that G% is a finite 2-group.

To investigate the finiteness of Gm we cannot follow the same subnormal chain

we used in & because we cannot read from the presentation for Gﬁ that the
starting point, pqpq_l , has finite order. Consider the subgroup H of qﬂ

generated by pzq . Clearly |H| divides 8 . With a limit of 20 000 cosets the

HLT enumeration G%|H does not complete, but yields one normalizing coset with
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representative pqp q lp 2q lp 2q lp lqp with order modulo ¥ dividing 2 . (An

HLT enumeration with an 8000 coset limit does not yield any normalizing cosets.)

-1-1-2-1-2-1-1 -1

Let H =(H,pqp g p ¢ p g P qp ) . Then |H | divides o% . With a limit

l I

of 8000 cosets, the HLT enumeration Gm‘H does not complete, but yields one
P . . -1 -1-1 -1 .
normalizing coset with representative pqp g "p ~qp with order modulo Hl

dividing 2 . Let H, = <Hl, pqp‘lq‘lp‘lqp“l> . Then |A | divides 2% . with a

limit of 8000 cosets the HLT enumeration Gmlﬁz does not complete, but yields ome
o s . . -2 -1 . s as
normalizing coset with representative pg p with order modulo H2 dividing 2 .

Let H, = <H2, pq_Qp—l . Then |H3| divides 2° . Using a limit of 8000 cosets,

the HLT enumeration Gﬁiﬁa does not complete, but yields one normalizing coset with

representative pq_lp—l with order modulo H3 dividing 2 . Let

Hq < 3 pq ) (p q, pq p . Then IHHI divides 2’ , 80 B%]: Hu] is a

multiple of 2lLiL = 16 384 if qﬁ = ¢ . Using the Felsch method of coset enumeration
the index [qw : Hu] was determined to be 16 384 (with a maximum of 16 384
cosets!).

It follows that the nine relator presentation for Gm is a minimal presentation
for G .

Observe the effectiveness of the normalizing coset extension method in this case.
Each coset representative used actually had as order modulo subgroup the number which

was given as a multiple of its order from the incomplete coset table.
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CHAPTER 4
A DESCRIPTION OF T

In this chapter we describe the application of computer implemented algorithms to

the investigation of the group T examined in Chapter 2 and some related groups.

The NQA applied to the presentation for I (Chapter 2, p. 124) yields that T

has a maximal nilpotent 2-quotient, Ff , of order 233 and class 21 . The

consistent power commutator presentation for Ff , given by the NQA follows. (The
proof in Chapter 2 implies that T = Ff , 80 the presentation below gives detailed
information about T .)

We denote the initial generators Y and Z of I by 1 and 2, and the
additional generators introduced by 3 to 33 . For brevity we omit those power
relations which specify that squares of generators are trivial and those commutator
relations which specify that a commutator is trivial. For convenient reference we

also list the relations defining the additional generators separately.
The relations which define generators 3 to 33 are:

[2. 11, 4= 12 , 5=108,11, 6=10[3,2}, 7=105,11, 8=1[7,2],

(g, 13, w0 =1709,11, 11=1[9, 2], 12 =[11, 1], 13 = [12, 1],
4 = [12, 2] , 15 = [13, 1] , 16 = [i4, 1] , 17 = [15, 2] , 18 = [16, 2],
19 = [17, 13, 20 =1[19,1], 21 =[19, 2] , 22 =1[20,1] , 23 =[21, 13,
24 = [22, 2], 25=1[23,1], 26 =[24,1], 27 =0[25,1], 28 =[26, 2],
29 = [28, 1] , 380 = [29, 1], 31 =(29, 2], 32=1[380, 1], 33 =[32, 2]

w0 W
" 1]

The nontrivial power relations are:

2 2

17 =4, 2" = 3,4.,5.6,7.10.11.,13.15.17.19.21.23.26,27.29.30.31.32 ,
32 = 5.6.10,12,15,17.18.21.22.23.24,25.26.33 ,

52 =11.12.13.17.18.25.26.28.31.32.33 ,

72 = 10.15.16.17.18.19.21.22,26.27 ,

82 = 14.18.20.23.25,.28.30,31.33 ,

92 = 16.19.20.23.24,25.27,28,30.33 ,
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112 = 18.26.27,28.29.30 , 122 = 26,27.30.31 , 172 = 33 .

The nontrivial commutator relations are:

[2,11=3, [38,11=5, [3,2}=6, [4, 2]=56,

[4, 3] = 7.10.11.,12.13.15.16,18.19,21.22.25.27.30.32.33 , [5, 11 =7 ,
[5, 2] = 7.8.9.10.11.16.21.24,25.27.28.29.32.33 ,

[5, 3] = 8.12.13.14.16,17.19,24.25,26.27.28.31,32.33 ,

[5. 4] = 9.12.13.14.16.19.20.24.25,27.29.33 ,

(6, 1] = 7.8.11.13.14,15.18.21.24,25.26.28.30.33 ,

(6, 2] = 7.9.10.11.12.13.14.17.24,27.30.32.33 ,

[6, 3] = 8.12.13,14.16.17.19,24.25.26.27.28.31,32.33 ,

[6, 5] = 10.11.,13.15,21.22,23.24,26.27.28.29,30.31.32 ,

[7, 1] = 9.10.12.13.14,15.17.18,20.21.24.28,33 , [7, 2] = 8 ,

[7, 3] = 9.10.12.13,16.17.18.19.20.22.31.33
[7, 4] = 10.13.16.19,20.23.25.26,27.28.32.33 ,

[7, 5] = 10.12,13.16,17.18,19.22.23.29,33 , {7, 6] = 10.13.18.21.23.25.28.30.31.33 ,
[8, 11 =9, [8, 2] = 9.14,16.20,21.22,23.25,27.28.29.31,32.33 ,

[8, 3] = 10.11,13.14,16.18.19.21.22.23,24.25.27.29.30.32 ,

[8, 4] = 10.16,19.20.23.24.25.27,28.30.32.33 ,

[8, 5] = 13.15.16.19.21.22.23,24,27.28.29.30.32.33 ,

[8, 6] = 14.17.18.20.21.22.24.26.27.30.31.33 ,

[8, 7] = 13.15.16.17,20.21.25.27.28.33 , [9, 11 =10 , [9, 21 =11,

[9, 3] = 12.17.19.20.21..23.27.30,381 , [9, 4] = 15.16.19.25.26.27.32 ,

[9, 5] = 13.15,16.17.23.25.28.30,32.33 , [9, 6] = 13.17.21.24,27.29.30.32.33 ,

[9, 7] = 15,20.21.24.26.27.29,31.33 , [9, 8] = 19.20.22.23.24.26,27.28.32 ,

[10, 1] = 15.16.19.25.26.27.32 , [10, 2] = 13.14.15.16,19.20.21.25.26,27.32.33 ,
{10, 3] = 15.16.19.22.2%.27.28.29.31.33 , [10, 8] = 27.33 ,

[10, 5] = 19.20.21.22.26.29.31.32 , [10, 6] = 28.30.31.33 , [10, 7] = 22.24.30.32 ,
[10, 8] = 20.27.29.33 , [10, 9] = 22.25.26.27.28.30 , [11, 1] =12,

b

[11, 2] = 12.17.18.31,32 , [11, 3] = 13.14,18.19,21.22.23.24,26.29.30.32.33 ,
[11, 4] = 13.26.27.30.31 , [11, 5] = 17.19.23.25.27.29.30.32 ,

[11, 6] = 18.20.24.25.26.27,28.29.30 , [11, 7] = 17.19.20.24.26.30 ,

[11, 8] = 24.26.29.31.32.33 , [11, 9] = 21.22.24.26.,27.29.30 ,

[11, 10] = 24,25.32,33 , (12, 1] =13 , (12, 2] =14 ,
(12, 3] = 15.16,22,24,25.28,29.32,33 , [12, 4] =15 ,

(12, 5] = 17.19.20.21.23,25,29,30.31.33 , [12, 6] = 17.32.33 ,
[12, 7] = 19.20.21.23.24.26,27.28,32.33 , [12, 8] = 21.22.23,.25.29.32 ,
[12, 9] = 23.24,25.27.30.31,33 , [12, 10] = 26.27.30.31 ,

[12, 11] = 29.30.31.32.33 , [13, 1] = 15 ,
[13, 2] = 15.17.18.20.24.25.26.27.28.29,31.,32,33 ,
{13, 3] = 17.19.22.24.26.29.30.31 , [13, 4] = 32 ,



f13,
[13,
[13,
f14,
Lin,
(14,
(14,
{15,
(15,
[15,
[1s5,
[1s,
[1s,
[1s,
[17,
(7,
17,
(17,
[18,
[19,
[19,
[19,
[19,
[20,
(20,
(21,
[21,
[22,
[22,
[23,
23,
[2u,
[24,
[25,
[26,
[26,
[27,
[2s,
(28,
L9,
[30,

51
7]
10]
2]
4]
8]
12]
3]
61
9]
14]
4]
71
10]
2]
5]
71
10]
3]
1]
5]
8]
12]
3]

il

1

n

1

I

n

"

Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman

20,21.24,25.26.28.29,30.31.32 ,
[13, 8]

20.22.2%.25.31,32.33 ,
30.33 , [13, 111 = 33 ,

16.24,25.26.27.28,29.30,31.32 ,
[14, 5] = 24.26 ,

20.30.32 ,
30.31.32.33 ,
31.32 , [15, 1] = 32 ,
19.20.21.22.23,24.26.33 ,

(1, 9] = 28.32 ,

{13, 6] = 30.
24,25.31 ,
[13, 12]

14, 371 = 18.
[1+, 8] = 30 ,

30.32 ,

(15, 21 = 17 ,
[15, 51 = 20.22.23.

20.33 , [15, 7] = 22.25.26.31.32 , [15, 8] =
27.,30.32 , [15, 101 = 32 , [15, 11] =30 ,
33 , [16, 13 = 20.30.32 , [16, 2] =18 ,
22.32 , [16, 5] = 24,26.28.29.32 , [16, 6] =
26.28,29.30.31 , [16, 8] = 28.29.30.32.33 ,
32.33 , [16, 11] = 31.32 , [1s, 13] =33,
19.20.21.33 , [17, 3] = 20.21.22.23.24.26 ,
24,25.26,27.28,29.30,31.32.33 , [17, 6] = 33
24.25,26.27.28.32 , [17, 8] = 28.32.33 , [17
33 , [17, 151 =33, [18, 1] = 26.27 , [18
30.31.32.33 , [18, 4] = 30.33 , ([18, 5] = 33

20 , [18, 21 =21,
24,25.26,27.29.31 ,
28.30.31.33 , [19, 9]
33 [19, 131 = 33,
24.26 , [20, 5]
30.33 , [20, 12] = 33,
25.26.28,32 ,
30 , [21, 9] = 31.33 ,
26.28.29.30.32 , [22, 5]
30.33 , [22, 9] =32,
26.27.29.31.32.33 ,
28.30.31 ,
26.28.30.33 , [24, 3]
30.32 , [24, 8] = 33,
28,29.31.33 , [25, 5]
30.33 , [26, 2] = 28 ,
30.32.33 ,
29.30.31.32.33 ,
29 , [28, 2]
33 (28, 7]
32 [29, 5]
33 [31, 1]

>

29.30.31
33,
33,
33

E

2

E) 3

[21, 4] = 25 ,
[21, 10] = 33,

[22, 111 = 33 ,
[23, 3] = 27 ,
[23, 7] = 29.30.31.32.33 ,
28.29.30.32 ,
{25, 11 = 27 ,
30.31.33 ,

L

[26, 6] = 30.33 ,
[27, 5] = 30.32 ,

3

[29, 1]
29, 6]
[31, 23

f19, 3] = 22.23.25.26.28,32.33 ,
[19, 6] = 24.25.30.33 ,
29.32.33 ,
[20, 1] = 22,
28.31.32.33 ,

[19, 10]
[20, 2
[20, 71 = 32
[21, 11 = 23 ,
[21, 51 = 28.31
[21,
[22, 6] =
[23,
[23, 4] =
[23, 8
[2u, u
f2s,
[25, 71 =
26, 3] = 29,30.31 ,
[26, 7] = 32 ,
[27, 8] =
[28, 3] = 30.31.32
30 , [29, 2]
33 , [30, 1]
33 , [32, 2]

29,30 ,

[14, 10] = 30.33 ,

33,
[13, 9] = 25.31.32 ,
(14, 1] = 16 ,

20.26.27.29.31.32.33 ,
[14, 7]

24.26.31.32
[14, 21] = 33 ,

24.27.28.29.33 ,
25.26.30.31.33 ,
[15, 121 = 32 ,

ou,33
{16, 91 = 29.30.32 ,
[17, 11 = 19 ,

[17, 41 = 20 ,

>

, 9] = 28.30.31.32 ,

, 2] = 26.27.30.31.33 ,

fis, 71 = 33 ,
[19, 4] = 22
[19, 7] = 26.27.28.31.3
=33, [19, 111 = 33,
] =22.24,33 ,

, [20, 8] = 30.33 ,

kl

.32,
111 = 33 , [22, 2] =
30.33 , [22, 7] = 30.
1] = 25 ,

27 , ([23, 5] = 28.29.
] = 31.32.33 , [24, 1]
1 =30.33, [24, 5]
2] = 27.28.31 ,

30.32.33 , [25, 8]

[26, 4] = 32 ,

[27, 21 = 28.31 ,

30 , [27, 71 =32,

, [28, 4] =230,
=31, [29, 3]
32 , [30, 2]
33 .

n

32.33
32.33

b

[16, 3] = 22.26.27.30.31.33 ,

>

3,

[21, 2] = 23.25.26.27.29.31.32 ,
[21, 71 = 28.29.30.31 ,

2u
32,

32,
26
30.31

33,

s

3

)

)



Groups of exponent eight 185

Computer collection of eighth powers of an appropriate set of words reveals that

Pf does not have exponent 8 , but that

8=« (v2'r%2%) 8 = (a2, 33)
f ’ Ff

so I'* = F/(([YZ”Y2ZQ)8))P It follows that TI'* has a maximal nilpotent quotient,

3 . .
F} , of order 2 1 and class 19 . (Of course [ = Ff implies that T#* = F} .] A
consistent power commutator presentation for T; can be read frem the comsistent power
commutator presentation given above for Ff by setting generators 32 and 33 trivial.

A coset enumeration based proof for the finiteness of I 1is not yet available.
Attempts at proofs like those given in Chapter 3 have not succeeded because of an
inability to define sufficient cosets. Attempts have been made with presentations for
T* and with presentations for low index subgroups of T* , with a limit of 40000
cosets., (It is appropriate to note that the checking of the proof of Chapter 2 done
by R.I. Yager involved use of some special purpose programs that he wrote to

manipulate words.)

The rank of the multiplicator of T is 9 as is the rank of the multiplicator
of TI'* . By investigation of groups with 11 relators selected from the

presentations for ' and TI* the following presentations were found.

The presentation
(v, z |7 =2 = (12 H? -t = (%29 - (1298 - (290 - (2°n)°
(2%y%)8 = (2%v%21)® = ("vz%%zy)® - »
of a group Fm , say, has [ as its maximal nilpotent quotient and a minimal number

( 4,2,2

of relations. Replacing the relation (quz)s =1 by \(¥Y2'Y°Z )8 =1 gives a

presentation for a group T; which has T#* as its maximal nilpotent quotient and has
a minimal number of defining relations. Questions as to whether Fm =T and F; = T#*
are as yet unsolved.

The fact that a minimal presentation for ¢ was found in Chapter 3 enables us to
simplify the presentations for I and T'* somewhat. A study of the proof that T
is finite reveals that the relations (ix), (xi), (xxi), (xxii), (xxiii), (xxiv), (xxv)
given in the presentation for T on p. 124 are used only to prove that the relatiomns
(8), (10), (12), (13), (14) and (15) (Chapter 2, Theorem 3) hold in T . In view of
the minimal presentation for G , this second set of relations is not required to
prove the finiteness of G , so it follows that the first set is not required in the
presentation for [' . Further relation (xvi) is redundant because it is used only to

prove that relation (27) holds in T . This is used only to prove Lemma 5 (13) which
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is not used elsewhere, so is not essential to the proof.

The above information gives us an 18 relator presentation for T (relations

(1)-(viii), (%), (xii)-(xv), (xvii)-(xx)) and a 19 relator presentation for T*

[namely the 18 relations for T plus (YZHYQZQ)8 =1 ].

Recall that G was selected as a preimage of a subgroup of I'* , namely

<(ZY)22_2, (YZ)2Z_2> , say S . A program auxiliary to the NQA enables computation of

a subgroup of a group given generators for the subgroup and a consistent power
commutator presentation for the group. The subgroup S in T'* was computed and
found to have order QJ'L+ .

It follows that the mapping of G onto S has kernel of order 27 . The
availability of the consistent power commutator presentation for T* enables us to
compute generators for the kernel of this mapping. By mapping elements of the kernel

into B we find words in the generators of B which are trivial in B .



Groups of exponent eight 187

References

C.H. Apan [S.I. Adjan] (1971), "0 nogrpynnax csBodonHbiX NEpPHOOHHECHMX Mpyrn HeHeTHora
noHasaTens” [On subgroups of free periodic groups of odd exponentl, Trudy Mat.
Inst. Steklov. 112, 64-72, 386; Proe. Steklov Inst. Math. 112, 61-69 (1973).
MRUB#2266; Zbl1,259,20028; RZ [1972], 1A331.

S.I. Adyan (1974), "Periodic groups of odd exponent", Proc. Second Internat. Conf.
Theory of Groups {Canberra, 1873), pp. 8-12 (Lecture Notes in Mathematics, 372.
Springer-Verlag, Berlin, Heidelberg, New York). MR51#3318; Zbl.306.200u44,

C.M. Apsx [S.I. Adjan] (1975), Ipobrema Bepucaiida u momwdecmsea 8 epynnax (Izdat
"Nauka", Moscow). English translation: S.I. Adian (1979), The Burnside problem
and identities in groups (translated by J. Lennox, J. Wiegold. Ergebnisse der
Mathematik und ihrer Grenzgebiete, 95. Springer-Verlag, Berlin, Heidelberg, New

York). MR55#5753; Zbl.306,20045; RZ [1975], 12A241 .

W. Burnside (1902), "On an unsettled question in the theory of discomtinuous groups'",
Quart. J. Pure Appl. Math. 33, 230-238. FdM33,149.

John J. Cannon, Lucien A. Dimino, Ceorge Havas and Jane M. Watson (1973),
"Implementation and analysis of the Todd-Coxeter algorithm", Math. Comp. 27,
463-490. MR4S9#390; Zbl.314,20028; RZ [197u], SA243.

H.S.M. Coxeter (1340), "A method for proving certain abstract groups to be infinite",

Bull. Amer. Math. Soc. 46, 246-251. MR1,258; FAM66,73; Zbl.24,254.

H.S.M. Coxeter and W.0.J. Moser (1957), Generators and relations for discrete groups
(Ergebnisse der Mathematik und ihrer Grenzgebiete, 14. Springer-Verlag, Berlin,
Gottingen, Heidelberg. Third edition: 1972). MR19,527; 7Zbl.77,28;

RZ [1961], 11A222 .

Fritz Grunewald - Jens Mennicke (1973), "Uber eine Gruppe vom Exponenten acht"
(Dissertation zur Erlangung des Doktorgrades der Fakultdt flir Mathematik der

Universitdt Bielefeld, Bielefeld).

George Havas (1974), "Computational approaches to combinatorial group theory” {PhD
thesis, University of Sydney, Sydney). See also: Abstract, Bull. Austral. Math.
Soe. 11, w75-476, RZ [1975], 8A224,

Franz~Josef Hermanns (1976), "Eine metabelsche Gruppe vom Exponenten 8 "

(Diplomarbeit, Fakultdt flir Mathematik, Universitit Bielefeld, Bielefeld).



188 Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman

B. Huppert (1967), Endliche Gruppen I (Die Grundlehren der Mathematischen
Wissenschaften, 134, Springer-Verlag, Berlin, Heidelberg, New York). MR37#302;
RZ [1968], BA256H.

Eugene F. Krause (1964), "Groups of exponent 8 satisfy the 14th Engel congruence’,
Proc. Amer. Math. Soc. 15, 491-496, MR29#2298; Zb1.122,30; RZ [1965], 1Al71.

I.D. Macdonald (1973), "Computer results on Burnside groups", Bull. Austral. Math.
Soe. 9, 433-438, MRUG#5165; Zbl.267.20011; RZ [1974], 10A201.

Wilhelm Magnus, Abraham Karrass, Donald Solitar (1966), Combinatorial group theory:
Presentations of groups in terms of generators and relations (Pure and Applied
Mathematics, 13. Interscience [John Wiley & Sons], New York, London, Sydney.
Second, revised edition: Dover, New York, 1976). MR3u#7617; Zbl.138,256;

RZ [1967], 9Alu3.

M.F. Newman (1976), "Calculating presentations for certain kinds of quotient groups",
SYMSAC '78, Proc, ACM Symposium on Symbolic and Algebraic Computation (New
York, 1876), pp. 2-8 (Association for Computing Machinery, New York).

Derek J.S. Robinson (1972), Finiteness conditions and generalized soluble groups, Part
I (Ergebnisse der Mathematik und ihrer Grenzgebiete, 62. Springer-Verlag,

Berlin, Heidelberg, New York). MR48#11314; 7bl.243,20032; RZ [1973], 4A325k.

H:H: Canos [I.N. Sanov] (1947), "O rpotneMe bepHcanga" [On Burnside's problem], Dokl.
Akad. Nauk SSSR (N.S5.) 57, 759-761. MR9,224; 7bl.239,102.

M.H. Canos [I.N. Sanov] (1951), "O HEHOTOROM CHMCTEME COCTHOWEHWH B MEepHOOUHECHMX
rpynNax C MNepvodoM CTENMKbR NpocToro ducsaa’ [On a certain system of relations in
periodic groups with period a power of a prime number], Izv. Akad. Nauk SSSR Ser.
Mat. 15, 477-502. MR14,722; Zbl.45,302.

David Shield (1977), The class of a nilpotent wreath product”, Bull. Austral. Math.
Soe. 17, 53-89. MR57#3266; 7bl.396.20015; RZ [1978], 9A232.

Sonderforschungsbereich,
Theoretische Mathematik,
Universitat Bonn, Bonn,

Federal Republic of Germany;

Department of Mathematics,
Institute of Advanced Studies,
Austral ian National University,

Canberra, ACT, Australia;

Universitat Bielefeld,
Bielefeld,

Federal Republic of Germany;

Department of Mathematics,
institute of Advanced Studies,
Australian National University,

Canberra, ACT, Australia.



