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This is a report (finalized at this meeting) of the first steps in a study 
of groups of exponent 8 aimed at answering the special case of Burnside's 
question: is every 2-generator group of exponent 8 finite? It contains 
the bare details of the work. More informal accounts were given in lectures 

to the workshop of which written versions appear elsewhere in these 
proceedings. 
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INTRODUCTION 

One of the driving forces behind the study of the structure of groups is a number 

of questions posed by Burnside (1902). In particular he asked whether every 

m-generator group of exponent n (every element has order dividing n ) is finite. 

It is known that the answer is 'yes' for exponents 2, 3, 4, 6 and all (finite) 

numbers of generators (see, for example, Sections 5.12 and 5.13 of Magnus, Karrass, 

Solitar (1966)) and 'no' for all odd exponents greater than or equal to 665 (see 

Adian (1974), (1975)). 

These results focus particular attention on the exponents which are powers of 

two. This paper is a report on some first steps in a study of groups of exponent 

eight. 

We denote the free group of rank m and exponent n by B(m, n) . 

Little seems to be known about groups of exponent 8 . In 1947 Sanov showed 

that there is a 2-generator group of exponent 8 with order 2136 by making use of 

the Schreier formula for the rank of a subgroup of finite index in a free group of 

finite rank. It is part of the folk-lore that the same argument applied to the 

subgroup F 4 generated by fourth powers of elements in a free group F of rank 2 

shows that F/(F4) 2 is a 2-generator group of exponent 8 and order 241O9 

[because F/F 4 has order 212 - see §6.8 of Coxeter and Moser (1957)). Recently 

Shield (1977) has shown that the nilpotency class of F/(F4) 2 is 39 . In 1951 Sanov 

began another area of investigation by proving that all groups of exponent 8 satisfy 

the 23rd Engel congruence. The best result in. this direction is due to Krause 

(1964); he showed they satisfy the 14th Engel congruence. Macdonald ((1973), 

p. 437), using a computer implementation of an algorithm for calculating nilpotent 

quotient (or factor) groups, showed that the largest 2-generator group of exponent 8 

and nilpotency class 6 has order 235 . This has since been extended to class 12 

and order 2722 using the Canberra implementation of a related algorithm called the 
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nilpotent quotient algorithm (see Newman (1976)). Hermanns (1977) has recently 

studied the largest metabelian quotient group of B(2, 8) and has shown that it has 

order 263 and nilpotency class 12 (this has been confirmed by the nilpotent 

quotient algorithm). 

The present study was begun by two of us (Grunewald, Mennicke). It has its 

origin in the possibility that the nature of the subgroups of B(2, 8) might give a 

hint as to whether to expect that B(2, 8) is finite or not. Adian in ((1971), 

Corollary 2) proved that B(m, n) has all its finite subgroups cyclic for n odd and 

at least 4381 (the bound has since been reduced by him to 665 ; (1975), Theorem 

Vll.l.8). This might suggest that a pointer to finiteness of B(2, 8) would be 

obtained if it were possible to show that B(2, 8) has comparatively large finite 

subgroups. However the situation is not quite so simple because every infinite 

2-group has an infinite abelian subgroup (see Theorem 3.41 of Robinson (1972)). 

Therefore infinite 2-groups have abelian subgroups of every 2-power order. In the 

context of groups of exponent 8 these large finite abelian subgroups require many 

generators. This suggests that a pointer to finiteness of B(2, 8) would be obtained 

if one could show that B(2, 8) has comparatively large finite 2-generator 

subgroups. Whatever one feels about such motivation, it raises finiteness problems 

which are more approachable than that for B(2, 8) itself. Some of these are 

discussed below. For those with affirmative solution examples (described later) give 

a lower bound for the order of the subgroup of B(2, 8) in question. As Burnside 

himself pointed out, once one knows that a group is finite the next problem is to 

determine its order. This is discussed for some of the groups which arise. 

Let {a, b} be a free generating set for B(2, 8) - from now on simply B . 

Before turning attention to 2-generator subgroups of B(2, 8) we look briefly at 

1-generator or cyclic subgroups, in part to prepare for some questions which arise in 

the 2-generator context. Here, of course, there is no finiteness problem and the 

order of every cyclic subgroup or element divides 8 . An element which has odd 

exponent sum in either a or b has order 8 for it has order 8 in a cyclic 

homomorphic image. Equally clearly squares of elements have order at most 4 . For 

some other elements it is comparatively easy to determine the order by constructing 

suitable examples. One sees that a2b 2 and the commutator [b~ a] have order 8 by 

considering the group presented by 

(k, h I k8 = h4 = i, k h2 = k -1, kk h = khk) . 

This group is a splitting extension of a direct product of two cyclic groups of order 

8 (the normal closure of k ) by a cyclic group of order 4 (generated by h ). It 

is easily seen to have exponent 8 , so the mapping a~-~ hk , b ~ -~ h can be 

extended to a homomorphism from B . Under this homomorphism ~a262] 4 and [b, a] 4 
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both map to (kkh] 4 which is not the identity. Considering the group K presented 

by 

<k, h I k8 = h8 = i, k h4 = k -1, kk h = khk, kk h2 = kh2k, kk h3 = kh3k> , 

which is a splitting extension of a direct product of four cyclic groups of order 8 

by a cyclic group of order 8 and has exponent 8 , settles the order problem for 

more complicated elements; for instance, a4b 4 and [b, a, a, a] both have order 

8 . For commutators of higher weight we record a few coarser results. Let B 
c 

denote the cth term of the lower central series of B and B" the second derived 

group of B . The work of Hermanns (1977) shows that IBs] 4 ~ Bf ~ and IB9] 2 ~ B, ~ . 

Calculating in B/BI2 gives IB6 )2 ~ B 7 (cf. p. 437 of Macdonald (1973)), 

IB5 ]4 ~ BI2 and IB7 ]2 ~ BII . Hence, for example, IBc ]2 ~ Bc+ I for all c 

greater than or equal to 6 . Finally we mention, for later use, that la4b4) 4 lies 

in BI2 so that [la4b4] 4, b 2, !a4b4) 4] is in B26 . 

We now turn to 2-generator subgroups of B . Observe first that if the two 

generators have order 2 , then the subgroup they generate is dihedral of order 4, 8 

or 16 . The first case of interest is <a 4, b 4) (here < > denotes subgroup 

generated by). This has order 16 ; consider ~(hk) 4, h4> in the group K above. 

If either generator does not have order 2 finiteness problems immediately arise. 

Even the simplest seems difficult. 

PROBLEM ]. Is the subgroup of B(2, 8) generated by {a 4, b 2} finite? 

Since the paper was submitted it has been shown (by Havas and Newman) that this 

subgroup has a largest finite quotient - of order at most 2205 and class at most 

26 . The subgroup < a 4, b 2) may be regarded as a product of its finite subgroups 

(a 4, b 4> and (b 2) ; these meet in (b4> fin other words <a 4, b2> is generated by 

an amalgam of finite groups]. In < a 4, b 4) there are two proper subgroups 

( (a464] 4, b 4) and (la4b4) 2, b 4) containing b 4 This suggests two intermediate 

finiteness problems. Is L = (la4b4) 4, b2> finite? Is "M = < la4b4] 2, b 2) finite? 

The first of these is easy to answer for b 4 is central in L and L/(b4> is 

generated by two elements of order 2 , so L is finite of order at most 32 . In 

more detail L is a homomorphic image of 
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under the mapping T~-+ (a4b4] 4 , Y~-+ b 2 . Thus L has order 32 if and only if 

[(a4b4) 4, b 2, (a464) 4] is non-trivial; so the earlier observation that this element 

lies in B26 implies that, if L has order 32 , an example of nilpotency class at 

least 26 will be involved in exhibiting this order. The second question is harder. 

Its solution is the main result of the investigation so far. 

The subgroup of B(2, 8) generated by {(a4b4] 2, b 2} is finite of order at most 

231 

The best lower bound we have for the order of this subgroup M is 25 which 

comes by considering ( "'[(hk)4h4j 2, h 2) in the group K . 

PROBLEM 2. What are the orders of the subgroups of B(2, 8) generated by 

{[a4b4] 4, b 2} and {(a4b4) 2, b 2} ? 

The proof of the finiteness of M , as can be seen by glancing ahead, is highly 

computational and combinatorial. In the later stages it has been significantly 

machine assisted. Below we give an outline of the proof and its development. The 

proof has evolved in a way which is hard, and not always illuminating, to describe. 

The account here contains some traces of the evolution. They have been kept partly 

because their removal would not, we believe, significantly aid understanding (and 

could introduce errors which hinder it) and partly because their retention may Shed 

some light on what was involved in developing the proof. 

Observe to begin with that M is a homomorphic image of the group F* presented 

by 

(Y, W I y4 : W 4 = (y2W]2 : i, exponent 8) 

under the mapping Y~-+ b 2 , W~ -+ (a4b4) 2 . We prove that F* is finite of order 

231 . Another presentation for F* was actually used, namely 

(Y, Z I y4 = (yZ)4 = (yZ-I) 2 = i, exponent 8) . 

A finiteness proof need only use finitely many eighth powers, so it can be set in the 

context of some suitable finitely presented preimage of F* The one we ended up 

with is the group F with the presentation given at the beginning of Chapter 2. This 

group has a subgroup F I of index 8 generated by 

{(Zy) 2, yz2y -I = (yZ)2Z -2, ZyZ2y-]-Z -I = (Zy)2z -2} 

(Theorem i of Chapter 2). A major step in the proof is to @how <(ZY)2Z -2, (YZ)2Z -2) 

is a finite 2-group. This is done by considering a preimage G of the group G* 

presented by 
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<P, q I p4 = q4 = (pq)4 = {pq-1) 4 = ~p2q2) 4 = 

{pqp-lq-1]~ ~2 2 ~2 
: UP qPq Pq) : i, exponent 8) . 

Theorem 3 of Chapter 2 shows that the group G is a preimage of the subgroup via the 

mapping p ~-+ (ZY)2Z -2 , q~--~ (YZ)2Z -2 . (The relation (qp-lqpq-lp]% = I - p. 196 

was found after the proof in Chapter 1 was essentially complete.] The proof of the 

finiteness of G was the subject of Grunewald's dissertation (1973) and of a lecture 

(by Mennicke) at Oberwolfaeh in May 1974. The collaboration reported here arose out 

of a discussion (between Mennicke and Newman) following that lecture. It seemed that 

a judicious mixture of hand and machine calculations should result in better progress. 

This has been the case, firstly because great care and considerable time are needed to 

try to ensure that hand calculations are accurate, and secondly because the nilpotent 

quotient algorithm is able to give quite detailed information about the groups 

involved. A presentation for G is given at the beginning of Chapter i. In that 

chapter G is shown to be finite of order at most 221 (Theorem 4). Moreover G 

has exponent 8 (Theorem 7), so G and G* coincide. The nilpotent quotient 

algorithm was applied to the presentation for G . It terminated, showing that G 

has a largest finite 2-quotient of order 221 and nilpoteney class 9 . Combined 

with the finiteness proof this gives that G* has order 221 . A consistent power 

commutator presentation for G ~ is given in Chapter 3. (This presentation was used 

to help check the calculations in Chapter 1.) The nilpotent quotient algorithm also 

yields that the rank of the multiplicator of G ~ is 7 . This suggests the 

possibility that G * has a presentation involving only two eighth powers in addition 

to the explicitly given relations. This has been confirmed by a technique based on 

coset enumeration. This is described in Chapter 3 and provides an alternative and 

independent proof for the finiteness of G* . Chapter 2 contains the rest of the 

finiteness proof for F * (via one for F ). This proof involves less detailed 

calculations than those in Chapter 1 because in the final stages of completing the 

proof it was known that the nilpotent quotient algorithm applied to F* terminates 

and shows that F* has a largest finite 2-quotient of order 231 and nilpotency 

class 19 . The resulting consistent power commutator presentation can be deduced 

from that for F given in Chapter 4. This presentation was used to help guide and 

check the proof in Chapter 2. From the presentation can be "read off" properties of 

F ~ such as ((F~)4] 2 is non-trivial and (((F~)4]2) 2 is trivial. The group F 

which is shown to be a finite 2-group in Chapter 2, is a proper preimage of F * ; 

the nilpotent quotient algorithm shows F to have order 233 and nilpotency class 

21 . 

The image of G* in F has order 214 . The kernel is generated as a normal 
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subgroup of G* by 

{[[q, p], (q2p) 4], [q, p212[q2, p]2 (qpq-kp) 4} . 

The elements of the kernel when mapped into B via F* yield words in a, b which 

may be viewed as non-obvious consequences of the exponent 8 condition. The images 

of the generators of the kernel are rather unpleasant to write down, some other 

examples of non-obvious consequences are 

[(a4b4a4b 2) 2, b 4 (a4b 4a4b 2) 464 ] 4 , 

( (a4b4a4b 2) 364 (aqb4a4b 2) 3 b 2 (a4b4a4b 2) 2 b 2) 4 

We are indebted to Mr W.A. Afford of the Australian National University for doing 

some of the computing and to Mr R.I. Yager, a vacation scholar at the Australian 

National University during the summer of 1976-1977, for his careful checking of the 

proofs in Chapter 2 which enabled us to eliminate a number of errors and misprints 

from a draft. 
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CHAPTER 1 

A FINITENESS PROOF FOR G 

We shall prove that the group 

G = <p, q I (i) p4 : 1 

is finite. 

this group. 

q4: i 

(pq)4 = l 

[pq-l)4 : i 

~2 2~ 4 q) =l 

~qp- lq- l ) 4 

[p2qpq2pq) 2 

2 2 -i~ 8 
qPqP ) 

[i02q) 8 : (q2p]8 = 1 

= 1 

= 1 

: , jfp2qp2q-l]8 : 1 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 

(ix) 

(x)  ~qpq-i I 8 - i  8 = (qpqp ] = i 

r 2 -i 2 -i -i~8 -i 2 -ip-l]8 
(xi) [P qPq P qP q ) = [q2pqp q pq = i 

[ -i 2~ 8 -i 2 8 
(xii) .qpq p j : (pqp q ] : 1 

(xiii) (p2q2p2q-l] 8 : [q2p2q2p-l] 8 : 1 

r 2 2-~8 (xiv) [PqP q ) : (qpq2p2) 8 = 1 

2 -i 8 2 -i 8 
(xv) [foqp q ) : l) (qPq P ] : 

The elementary computations which follow will also show the structure of 

A. The Main Theorems 

THEOREM I .  The co~nutator subgroup G' ~ G 

la: o ' I  = 2 4 

having the index* 

* If H I ~ H 2 are two groups we write 

IH 2 
for the index of H I in H 2 . 

: sll 
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is generated by:* 

2 -2 -i (i) a = qpq-lp-i (4) d = q pq p 

-i -i -i 2 2 -i -i 
(2) b : p'qpq p "p (5) e : p'q pq p "p 

2 -i -i -2 
(3) c = p "qpq p "p 

This theorem is proved by the transformation formulae in Lemma i. 

DEFINITION. H := < a ,  b ,  c> . 

Let R H be a defining system of relations for H . Let 

system of relations for G' . Let H be the subgroup of H 
g 

with an even number of letters. 

G~ :: Ker(G' ÷ (a, b, c, d, e I BG,; a : b : c = i; d 2 : e 2 

D :: d 2 = (q2pq-2p-l)2 . 

F := ebe-la-lba -I = ,~ 2] 4 

H is generated by 
g 

and has in H the index 

2 c 2 a , b 2, , ab, ac, bc 

RG, be a defining 

consisting of the words 

: (ed) 2 : l>! . 

IH : Hg I ~ 2 . 

G~ is generated by 

a, dad -1 , eae -I, deae-ld -I, b, dbd -I, ebe -I, debe-ld -I, c, dcd -I, ece -I, dece-ld -I, 

d 2, ede-ld -I, dede -I, e 2, de2d -I 

and has in G' the index 

I C '  : a~l  ~ 2 2 • 

Obviously, the systems ef generators stated are reductions of the systems of 

generators obtained by the Reidemeister-Schreier method. 

THEOREM 2. (i) D normalizes <a, b, c, F> . 

(2) D 2 ( <a, b, c) . Moreover D 2 lies in the centre of G . 

(3) G~ = <a, b, c, F, D> . 

* We use here a, b , which were already used for generators of B(2, 8) in the 
introduction. This should cause no confusion. 
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(4)  IG' : <a, b ,  c ,  F, D> I i 2 2 . 

(5)  I<a, b ,  c ,  F,  D> : ( a ,  b ,  c ,  F> t i 2 . 

(6) I<a, b, c, F) : <a, b, c) I i 23 . 

Proof. (i), (2) follow by Lemma i6. 

(3) follows by Lemma 2 (36)-(48). 

(6) Lemma 16 and the transformation formulae derived from Lemmas 13, 15 show 

that F normalizes the normal subgroup N generated by a 2, b 2, c 2, ac, (ab) 2 in 

(a, b, c) . Since the elements FaFa -i and FbFb -I lie in the centre of 

< a, b, c, F) by Lemma 16 and since both are of the order 2 , the factor group 

<a, b, c, F>/N 

is of an order smaller than 25 . Since it is obvious that N in <a, b, c) has 

index 4 , the proof of (6) is complete. 

THEOREM 3. ( ( a c )  2, ( c - l a ]  2, [abcb-1]2> is an elementary abelian subgroup of 

2 in the centre of H . The following relations hold in the factor group 

a 4 b 4 4 = = C = i, 

exponent 

(i) 

(2) (as) 2 = (abcb-l] 2. = (a-lal 2 = (abcb) 2 = i , 

(3) (ab) 4 = (bc) 4 = i , 

(4) bcab -I = ac , 

(5) bacb -I = ca , 

(6) [bcb-la-l] 2 : i . 

Proof. The first relation follows by Theorem i0, Lemma ii (28), Lemma 13 (19), 

Lemma ii (13), Lemma 16o 

(2) follows by Lemma 16. 

(3) Lemma ii (26), (22). 

(4) Lemma ii (24). 

(5) Lemma ii (24), Lemma 4 (i). 

(6) Lemma ii (7). 

Obviously, in the group H/< (ac) 2, (c-la] 2, (abcb-l) 2) , (ac, ca) is an 

elementary abelian normal subgroup of order 22 . The factor group is a factor group 

of the group studied by Coxeter (1940): 
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<P, Q I p4 : Q4 : (pQ)4 : (p-1Q]4 : (p- lQ-1pQ) 2 : (pQ-1pQ) 2 : (p-1QpQ]2 : 1> . 

At most, it is of order 2 6 . So the proof of the following theorem is complete. 

THEOREM 4. G is finite and 

IGI ~ 221 

We shall now describe the normal subgroup which is generated in G by the 4th 

powers. 

DEFINITION. 

Vl := b-la-iDba = [p2q)4 , 

v2 := ab-la-lDb , 

v3 := c-lb-lcb-ID-icb-iFac-lb-la-lb-iFb , 

v4 :: (ac)2 : (qpq-lp]4 , 

v s := (abab-1] 2 , 

% := (alo)2 

V :: <Vl, V2, V3, V4~ V5, V 6) . 

Let ~ be the automorphism of G which interchanges p and q . 

u i :: a(vi) , i : i, 2, 3, 4, 5, 6 , 

U := <Ul, u2, u 3, u4, Us, u 6) . 

THEOREM 5. V is the normal subgroup generated by [p2q]4 in G . U is the 

normal subgroup generated by [q2p] 4 in G . V.U is elementary abelian of exponent 

2 . V n U >_ (v4v5, V 6) . IV'U] <_ 210 . 

PFoof. The above statements fellow by Lemma 13, Lemma 15, Lemma 16. 

4 4 4 -i 4 2 4 
B(2, 4) := (x, y I w4 . . . .  i) ~_ (x, y } x y (xy) : [x y) [x y) 

(xf] 4 <xyr 2 2~4j (sislxy]4 -i 4 
. . . .  (x yxy] : 

This presentation is found in Coxeter-Moxer (1957, p. 81). Now we shall show that 

( ( x y ) 2 ( y x ) 2 )  2 ( Z(B(2, 4)) . 

It is sufficient to show the identity 
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((xy)2(yx)2) 2 : (x2yxfxy] 2 

this is equivalent to x $ [(xy)2(yx) 2) 2 ; where $ denotes commutes with. 

the commutator relation which remains to be shown, it suffices to exchange 

in the above identity: 

[ (xy) 2 (yx) 2] 2. (x 2yxy 2xy) 2 

To obtain 

X and y 

-1 -i 
= xyxy'yxyx'xyxy'yxyx "yxyx "xyxy'x'xyxy'yxy 

-i -i -i 2 -i 2 -i -i -i -i 2 -i 2 -i -i -i 
-- xyxy'x y "x y x y "x y xy "x y x y "x y x yxy 

-- (xy) 4 : i . 

It is well-known that [(xy)2(yx)2) 2 # i in B(2, 4) . 

A proof of this fact is also given by Theorem 8. 

THEOREM 6. G/V'U is of exponent 4 and 

IG/V.U{ : 2 ll 

PPOOf. Obviously, it is sufficient to show that the relation 

~qpq-l) 4 : 1 

holds in G/V'U . This follows by the definition of V 4 o When determining the 

order, remember that B(2, 4) is exactly of order 912 . Thus we have shown that 

V'U is exactly the normal subgroup of G which is generated by the 4th powers. 

Next follows : 

TH[OR[N 7. G is of exponent 8 ; G 4 is elementary abelian of exponent 2 . 

For G we have the following diagram: 

G 

=V.U 

U : <( (q2p) 4 > > G < ~ V  : << ~2q]4>> G -< 221 

~ Vo U >- {V4Vs, v 6> 

where <1 x) > G denotes the normal subgroup generated by x in G . 

The following computations yield also a description of the commutator subgroup of 
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For the generators of 

of G' . 

G/V.U = G/G 4 . 

(G/V'U) r we shall use the same notation as for the generators 

THEOREM 8. In (G/G 4) ' we have the following relations: 

(i) a 2 b 2 2 = = c 

(2) (ab) 2 = (bc) 2 = d 2 = e 2 

(3) ac = ca ; 

(4) a 2 2 [ ( G / G 4 ] , )  , e (Z 

(5) dad -I = e2a , 

dbd -I : e2b , 

dcd -I = e2c ; 

-i 2 
(6) eae = e a , 

ebe -I = e2b , 

-i 2 
eoe = e c . 

Proof. These relations are all stated in Lemma 16. Dividing IG/G4! ' by the 

normal subgroup < a 2, e2> one obviously obtains an elementary abelian group of order 

2 5 . This implies also that G/G 4 is of order 211 at most. 

THEOREM 9. ( i )  The solubility length of G is at most 3 . 

(2) The nilpotency class of G is at most 9 . 

Proof. (i) Lemma 16 yields that 

[G', G'] <- < V'U, D) 

where (V'U, D) is an abelian group. 

(2) Let ~i(G) be the ith term of the upper central series of our group G , 

that is, ~0(G) = (i) and 6i+l(G)/~i(G) : Z[G/~i(G) ] 

Considering the formulas in Lemmas 13, 15, 16 one finds that < U'V, D) c_ ~5(G) . 

The formulas of Theorem 8 and Lemma i then imply: 

2 
<de, a , ac, U.V, D> c _ ~6(G) ; 

2 
<d, ab, de, a , ac, U.V, D) ~ ~7(G) ; 

[G, G] ~ ~8(G) . 
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This proves (2). 

B. The Proofs 

LEMMA I .  

( l )  

(2) 

(3) 

(4) 

(s) 

We have the following rules of conjugation: 

-l -1 
pap = b , (6) qaq 

pbp -I = c , (7) qbq -I 

-i c-lb-i -i -i pcp = , (8) qcq 

pdp -I = e , (9) qdq -I 

-i -1 pep = b-ldb , (io) qeq 

using (i), (ii). 

=~-i 

: aeb-la -I , 

= adbc-lb-la -I , 

-I -I -i 
= c e a , 

= ad-labcb-la -I 

Proof. (i) to (4) follow by the definition of a - e 

(5) follows by (i), (ii), (iii), (iv). 

(6) and (7) follow by the definition of a - e • 

(8) By the definition of a - e and (i), (ii) we have 

qcq-labcb-ld-la -I 

Then (iii), (iv) imply (8). 

2 r -i~4. .4 -i -i -i -2 -i 
= qP qPq t qP ) ~Pq) q P q P q . 

(9) follows immediately by (ii), (iv). 

(i0) follows by (iii). 

LEMMA 2. In <a, b, c, D, F> we have the relations: 

(i) a 4 = b 4 = c 4 = D 4 = F 2 = l ; 

(2) (ac) 4 = (abe) 4 = (abcb-i) 4 = (ca-i) 8 = i ; 

(3) {Dbc-lbc) 2 = i ; 

(4)  {Dbc-1) 2 = (ab) 2 ; 

(5) d $ abcb -1 D ÷ abcb -I l 
J wr 

(6) c2 ~ b-la-lDba 1 

(7) (D-lab) 2 = (be-i) 2 ; 

(8) (Db~-ia-i) 2 = i ; 

(9) { Dbaba- l } 2 = i ; 
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(io) 

(ii) 

( i2 )  

(13) 

(14) 

(15) 

(i6) 

(17) 

( i8) 

( i9) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(3 i )  

(32) 

(33) 

(34) 

Dbacb-kD-laba-lc-kb-la -I = 1 ; 

Dbc-lbDb ~ abca -i ; 

c-1 a-iDbc-k ca -1 -i D - ab b -I b b -ib ica = i ; 

(D-kabca-iDb-ic-l) 2 = i ; 

(Dba2b] 4• = i ; 

(Dba2ba-lba-lb) 2 = i ,. 

(c-ib-ia-iDca-l] 4. = i ; 

b 2 ÷÷ (c-lb-ia-iDca-l} 2 ; 

(DbaDbc-lbDbaa-l) 2 = i ; 

2 Fa2F = a ; 

Fbc2b-iF = bc2b -I ; 

Fab2c2aF = a-ic2b2a-i ; 

F(ab -I) 2 F = a-lc2b-la-lc2b -I ; 

Fab-labca-iF = a-lc-labcacb -i . 

cb-iFac-lb-ia -1 ~ b 2 . 
J 

-i b c-i -iFDbac2 -i a- c-i c-i -IFD b 2 b- a-i . c cbcFa b b i Fa b ac i = i , 

caFac- ib- iFDbac2b- iFac- lb- iFDba2bc = i ; 

aca-lb-iD-iFbca-lFa-la-iFac-lb-lFDba = i ; 

2 i i i i i i i i 2 i i i 
bc a- b- D- Fbca- Fc- b- cabcFac- b- FDbac b- a- c- = i ; 

Dbc-lbDbac-ib-ia-lb-iD-ica-ib-iD-iFbcb-laF = i ; 

i 1 i i i i i i i i i i 1 
aca- b- D- Fbcb- aFa- b- D- b- cac- Dbac- b- cb- D- = 1 ; 

l l 1 i i i l 1 1 1 i 1 i 1 
Dbac- b- a- b- D- c- b- Fc- b- cb- Fac- b- a- c- b = i ; 

-i -iab-la c- la c- i D aD Fa bFa = 1 ; 

(Fac-lb-la-i -1] 2 cb = i; 

-iFac-i -i] 2 (D abcb = i ; 
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(35) (caFab-la] 4 : i ; 

(36) dad -i = Pbabea-iFbc-ia-lb-ID -I ; 

(37) eae -i = babea-iFbc-iDba ; 

(38) de'a'e-ld -i = b-la-lb-iD -i ; 

(39) dbd -i = eb-iFac-ib-la-ib-iD -I ; 

(40) ebe -i = Fab-la ; 

(41) de.b.e-ld -I : c-lb-iFc-lb-lcb-lFac-lb-la-lb-iD -I ; 

(42) dcd -1 : DFac-lb-la-lb-iD -1 ; 

(43) ece -1 : cb-iD-lcb-iFac-lb-la-lb -l ; 

(44) de'c'e-ld -I : Dbc-lb ; 

(45) ede-ld -1 : babca-iFbabca-iFbc-lb-lcabca-lFbc-lbcFbc ; 

(46) dede -I : cFbabca-iFbc-lDbc -I ; 

(97) e 2 = cb-iD-lcb-iFac-lb-la-lb-iFc -1 ; 

(48) de2d -I 

: c-lb-iFc-lb-lcb-iFac-lb-la-lc-lbcb-lFac-lb-la-lb-iFac-lb-lalb-iD -I ; 

(49) (dbc-l) 2 =(db) 4 : (dba) 2 : i . 

Proof. (i) follows by (vi), (viii), (ix). 

(2) follows by (x), (vi), the transformation formulae in Lemma 1 and (xi). 

(3) 

(Dba-lba) 2 

(4) 

-i -i : (q2pq-l.q-lp-lq-l[q-lp] 4p-lq-l.q-lp-lq P .qp2q-lp] 2 

= (q2.pqp-lq-l.pqp-l~q-l)4.q-l.q2]2 by (iv), (iii), (vii) 

= i by (iv), (vi). 

22-i-i-i P • ~c-l~c-lb-la-lb-la-i : q Pq "P q P . ~q-l]4q2p-iq-lp2.q2pq2 -lq-lp-l~q-1]4 

-i -i -i 2 -i 2 2 -i 2 -i -i 2 -i 2 -i 
q "q pq P'PqP q : q.qpq qPq "p q "Pq Pq "Pq P "qPqP "q 

by (iv), (iii), (vii) 

: 1 by (iv), (iii), (vii). 
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(5) Lemma i yields 

p4dp-4 : abcb-l.d.bc-lb-la-i 

Then (i) yields Lemma 2 (5). 

(6) 

a - ib - ID- labc 2b- la - iDbac 2 2 -i -i 4 qp-i 4pqpq2 -i -i -i -i -i 
: p'q pqp'(p q ) "( ] "P q P q "p q 

-i -I 2 2 -i -i -it -i~4 -i -I -i -i 
"pq p qP qpq p q p [pq I. "qpqP'q pqPq p "qPq P 

2 2 -i 2 -i -i 2 2 -i -i 2 -i -i 2 
= p.q pqP qP'q Pq Pq P qP qPq "p q P q P q 

-1 -i -1 
• pqpq p qpq p by (iii), (iv) 

-1 2 1 -1 2 -1 -1.p2q-1 qp2 8.p2 -1 -1 -1 -1 -1 
= q p q P qPq "pq Pq ( ) "q p q P "qPq P 

by (vii) 

-i -i r -i -i~4 -i -i 
= q pq "(qpq p J "pq pq p by (ix), (iv), (iii) 

= 1 by (vi), (iv). 

(7) 

D- labD- labab- icb- i 2 -i 2 2 -i -i 2 -i -i 2 -i 2 2 -1 -i -1 -1 -1 -1 -i 
: pq P q P'q P q P q P "q p q Pq "p q P q "p qp q 

-i -i -i -1 -i 
• pqpq p qp q p 

2 -i 2 2 t -i ~ r  -i -i~4 -i -i -i -i -i 
: pq P q "p qpq'[q pJq'qpqp'(p q ) "PqPq P "qP q P 

by (iii), (vii) 

: pq.(qp-l) 4q-lp-i by (iii), (iv), (vii) 

= 1 by (iv). 

(8) 

(Dbab-la-l) 2 = (q2pq-l.pqpq. (q-lp-l] 4" [Pq f -I~) 4.qpqp.q-lpqp2q-l~] 2 

q2p.q-lp-lq-lp-i 2 -i 2 = ( .q2.p-lq-lp-lq-l.pqp q ) by (iv), (iii), (vii) 

2 2 8q-2 
: q [p q] by (iii) 

: i by (ix). 

(9) 

[Dbaba- i] 2 I 2 -1 "qPqP "q P qP = q Pq "P'qPq" (q-lp-1) 4. Ipq-1) 4 2 -1 -1 -lq-11 2 

2 2 r -i -i~4 -i -i 4- -i -i 2 
- [q p .qp. by , , [P q ) "q P .qp.(p-lq] "q P .p2q2] (iii) (iv) (vii) 

= 1 by (iii), (iv), (vi). 
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(io) 

Dbacb-iD-laba-lc-lb-la -1 2 -i 4 2 -i 4 : q Pq "PqPq" (q-lp-l) • (pq-l) 4.qpqp.q-l.pqpq • (qp ] 

2 -i -I 2 -i -1 2 -i -i -i -i -i 
"PqP'q P q P q P "q "q p q P "qPq 

2 -i 2 2 -i 2 2 -i 
= q pq p'qpq pqp "qpq "pqp qpq pq by (iii), (vii) 

2 [ -i -l~4p-lq2 
: q p q p ) by (vii) 

: i by (iii). 

(ii) 

Dbc - ib Dbabca- ib- ID- i b- icb- I D- lac - ib- la- i 

: q2pq2.p-lq-ip-l~q-1)4 . q2p-lq-lp-l.qpq-lp2q2pq-l.q-lp-lq-lp-1 . ~pqr -i~4] "qPqp-lq-lp2q 

-i -i -i -i (qp-l) 2 -1 2 2 -i -i 2 ( -lq]4 2 -i -i -I 2 -i 
"P q P q "< "P q P "qP q "PqPq "P'LP "qP'q P q Pq P qPq 

2 -i -i 2 2 2 2 -i 2 -i -i 2 2 2 2 -i 2 2 -i -i -i -i -i 2 
: q PqP q "p q P q "Pq PqPq PqP q P q "PqP qPq "p q P q'P q P q "p q 

-i -i -i -i -i -i -i -i 2 -i 
• p q p q .q p q pq p qpq by (iv), (iii), (vii) 

2 -i -i -i 2 -i 2 -i -i -i (pq)4 -i -i -i 
= q P'qP qP "p q P q P q P • .qpqp "q pq P'PqP 

.p[p2q2]4.q-lpq-l.p-l.q-lpq-lp.pqpq-i by (v), (vii), (iii) 

2 2 -i -i -i 2 -1 2 -i-i 2 -1 -i -i 2 -i 2 -i -i 2 
= q P q Pq P q P "q p q P q P "q pqp q P'PqPq'P q P q 

by (v), (iii), (iv) 

2 2 -i -i -i -i -l.(qp)4.pq-i -i -i -i -i -i 2 
: q p q pq p q "pq pq "p q pq p q by (iii), (vii) 

= q2p(pq-l)4p-lq2 by (iii), (iv) 

= 1 by (iv). 

(12) 

ol~c- ib - ia - iDbc-lbca - ib - iD- ib- lea 

2 2 -i , ,4 -i -i -it -I~4 2 -i -i -i 2 -I 9 
: qP q P "~Pq) "q'P q P I Pq ] q "P q P "qP q P q 

-i -i -i -it -i~4 2 -i 2 2 -i -i -i -i -i 
"p q P q (qP ] "PqPq P q P qP q PqPq PqPq P 

2 2 -i 2 2 -i 2 2 2 2 -i 2 2 -i -i -i -i -i 
: qp q P "qPqP'q "pqpq'p q P "q pqp qP'q P q P qP "q pqpq "PqPq P 

by (iii), (iv), (vii) 

-i 2 2 2 2 2 r -i ~4 2 2 2 2 2 2 -i -i -i -i -i 
: q "q P q P q "qPq'lq P] "P'q'q P q P q P "P "P q P q 

-i -i -i • pqpq .pqpq p by (iii), (iv), (vii) 

-i 2 2 -i -i -i -i 2 9 -i -i 
= q p q .pq pq .q p .qpqp qpq.q pqpq p by (iii), (iv), (v) 

-i 2 -i -i 2: -i -i~4 -i -i 2 -i -i, ,4 2 -i 
: q p "q p q [q p ] p q p q p ~pq) "q p by (iv), (vii) 

= 1 by (iii), (vii), 



Groups of exponent eight 67 

(13) 

D-labca-iDb-lc -I 2 -i -i -i -i r -i -i~4 r -i~4 -i 22 -i 2 2 
= pq P q "q pq p'Lp q ) "[qp ) "Pq p q P q Pq 

-i -i -i -i -i 2 -i -i -i 2 -i 
PqP q p'Pq'P q P q P q P "PqPq P 

2-i-i-i 2 -i 2 -l.(qp-i 4] -I 2 
Pq P q P qP'P qPq "p qpq ~ J "Pq "pqpq PqP 

2 -i -i -i, ,4 -i -i 2 -i 
p q pq p <pq) .qpqpqp.p q pqpq p by (iii), (iv), (vii) 

2 -I -i -i r 2 -i~4 -i -i 2 -i 
: pq p q p qp.[p qpq ] .p q pqpq p by (ill), (iv), (vii). 

Then (xii) yields Lemma 2 (13). 

(14) 

Dba2b = q2p . q2p- lq- lp2 .p Opq- l ) 4 . qpqp . q- lp- lqp2q- lp2 

22 222-12 
= q p qp q p q p by (iii), (iv), (vii) 

22-12 22 2 
: q p q p .q p qp by (v). 

By (v), (xiii) follows Lemma 2 (14). 

(i5) 

2 2 -i -i 2 -i -i -i , .2 r -i~2 -i -i 2 -i 
Dba2bc-lbc-lb = q P'q P q P q P q "tqP) "tPq ) .(qp)2 q P qP q Pq 

-i -i -i -i -i -i -i -i 2 
P q P qPq PqP q P qPq P 

22 -i 222222 . .4 -i -i -i 2 -i -i -i 2 -i 
: q P "q .q p q P q P "p'~pq) .q p q P q P q "q pq 

:i -i -I -i 2 
pqp q p qpq p by (iii), (iv), (vii) 

22 -i 22 2 -i -i -i -i -i -i 2 
= q p q p q .pqpq'p qp.q pq p'qp q p qpq p by (iii), (v), (vii) 

2 2 -i 2 -i -i -i -i -i -i 2 -i -i -i -i 2 
= q p q p qp .q pq p.p q p q p q p "qpq p by (iii), (iv) 

22 -i 2 2 -i 2 -i 2 
: q p q .p qp qp "qpq.p'q "pqpq'pq p by (iv), (vii) 

q2p2q-l.p2 2 2 -i 2 2 2 2 2 -i 2 2 
= qp qp q "p q p q p q "qp q by (iii) 

: q2p2q-l. (p2q)4qp2q2 by (v) 

= 1 by (ix). 

(16) and (17) 

(c-lb-la-iDca-l]2 r -i -i -i -i( )4 -i -i 2 -i 2 -i -i~2 
= UP "P q "P Pq "qP qP "PqPq PqP'q P qP q J 

[2:2q2p'q-i -i -i -i 2 r -i -i~4 -I -i -i~2 
P q P "q "qPlP q ) "qP qP "q ) 

by (iii), (iv), (vii) 

2 2 2 -i -i 2 2 2 2 -i -i 2 
= p q p qp q p'q p q p "qp q pq by (iii), (iv) 

2222 -i -i -i -i -i -i -i -i -i -i -i 2 
= p q p q .q p q p q .q p .p q p q "pq by (v) 

2 2 -i -i -i -i -i 2 2 
= q p q "q p qp'q p qp qp q by (iii), (v). 

Then follows Lemma 2 (16) by (vi) and moreover 
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(c-lb-la-iDca -I) 2.b2 

2 2 -i -i -i -i -i -i 2 2 2 2 2 2 -i -1 -i -i -i 
= q P q "q p qPq P qP'P "q p q P q P P "p q P q "PqP 

2 -i -i -i -i -I -i -i -i -i -1 -1 2 -i 2 -i -i 
= q P "p q P q "pq'p q P q "q p "qPqP qPqq P q P 

2 -i 2 2 2 -1 -i -i -i -1 2 -i -i 
: q p q'pqp q "pqp q'p q p q "q p q p by (iii), (vii) 

2 -i 2 2 2 2 2 2 2 -i -i 2 -1 -1 
= q p q'pqp q "pqp q "pqp q "q p q p q p by (iii) 

2 -1 : q P q.~pqp2q2]4.q-lpq2-- , by (vii). 

-i -i -1 
q p 

by (iii), (v), (vi) 

Then follows Lemma 2 (17) by (xiv). 

( is)  

DbaDbc-lbDbac -1 2 2 -i -i r -i ~4 -i -i -i 2 2 -i -i -i pq-1 4 
= q P'q P q "~q PJ P "qPqP'q P q Pq "P q P "( 1 

2 - i - l - 1  - 1 2  2 - 1 2  - 1 - 1  
q P q P "qp'q p q p .q  p q p , ' q p q p ' q  p qp q P 

2 2 2 - 1  - 1  - 1  2 2 2 2 2 2 - 1  - 1  - 1  2 
= q P qP q PqP q "p q P q "p qp "qP qP "q p 

by (iii), (iv), (vii) 

2 2 2 -i 2 -i 2 -lq 4 q-i -i r -i -i~4 2 2 2 2 2 
= q P q "q p "q p .~ ) Pq "qP~P q ) "q'p q P q "q 

2 2 2 r -i 2~4 2 2 2 
= q P q "lq P ) "q P q by (iii), (iv), (v). 

Then follows Lemma 2 (18) by (ix). 

(19) 

2 -i -it -i~4 -i -i. .4 -i -i 2 -i 
Fa 2 = pq Pq'qPq P ~q ) qPq P ~Pq) "q p q P • 

Then (iii), (iv), (vi) obviously yield Lemma 2 (19). 

(20) 

b- iFbc2b- iFbc 2 2 -i 2 2 2 2 2 -i -i -i -i -i 
= p qP "qPq PqP "p "qpq PqP "q p qPq "p qp q 

2 2 2 2 -i -i -i 
Pq Pq Pq PqP q P qPq P 

2 fp-lq2] 2 2 -i -i -i -i 2 2 2 
-- P "qPqP', j8.q Pq "Pq Pq "q Pq P'Pq Pq Pq 

2 ,-i -i -i 
pqp q p qpq p by (vii), (iv) 

-i -i -i -i -i 2 2 2 2 -i 2 -i 
= p.q P qPq P qP'PqP q'pq Pq Pq Pq "q p q 

-1 -i 
p qpq p by (ix), (iv), (iii) 

-i -i -i -i -i -i 2 -i 2 -i 2 -i -i 2 -i -i -i 
: q PqP q "PqPq'P q P q P q P "q p q P q ~ "qPq P 

by (ix), (vi) 

-i -i 2 -i -i 2 -i -i 2 -i -I 2 -i -i 
= q pqp q p q "p q p q p q "p q'pq pq "p by (vii), (iii) 

= 1 by (vii), (iv). 
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(2i) 

a- lFa-lb 2c 2 -i -it -1~4 -i -i r -i -i~4 2 -i -i 2 -i -i -i 
: p-l.p q LqP ) Pq'P q Pq~q P ) P qPq P qP q P qPq P 

-i -i 2 2 r -i ;4 -i 2 2 -i -i 2 -i -i -i 
: p q p "pqpq p'~p q] "qp'p q p q p qp q p qpq p by (iv), (iii) 

-i -i -i -i -i -i 2 2 2 2 2 -i -i 2 -i -i -i 
= p q Pq P q'qP qP "p'q p q P q P'P qP q'P q "p qpq P 

by (iv), (vii) 

-i-i -i -i -i -I -i 2-i -i 2 -i -i -i -i -i -i 
: p q Pq P "qPq Pq P q P q P "p q P q P "qPq P 

by (v), (iv) 

-i -i -i -i -i -i -i -it 2~8 2 -i 2 -i 2 -i 
= p q pq p qp'q p q p [pq ) "q p q p q p qp by (vii), (iii) 

-i -i -i -i 2 -i -i r -i "~4 -i -i 2 -1 -i 
= p q Pq P qP "qPq P "qp'[p q) "q p "p q PqP qP 

by (ix), (iii). 

Then by (iv), (vi) we have [a-iFa-lb2o2) 2 : i . Hence Lemma 2 (19) yields Lemma 

2 (21). 

(22) 

2 2 2 -i -i -i (pq-1]4 2 -i -i -i -i -i 2 2 2 
Fab-la -i c2aJoc2a ~ ~ : pq Pq "p .p q P .~ ) "q p q P "qPq PqP "qPq Pq~ "p 

2 2 -i -i -i -i -i -i -i -i -i 
"qPq PqP "q p qPq PqP q P qPq PqPq P 

2 2 -1 (qp)4.p-lq.(qp)4.p-lq-i -i -2 -i 2 -i 2 -i 2 -i 2 
= pq Pq P qPq" "p q P q P q P q P q 

-i -i -1 -i -i -i -i -i 
• p qpq pqp q p qpq pqpq p by (iv), (vii) 

2 2 -i -i -i -i -i -i -i -i -i -i -i -i -i 
: pq Pq P qPq'P qP q'Pq "q pq P'q PqP q P qPq PqPq P 

by (iii), (ix) 

2 -i -i -i -I 2 -i -i 2 -i -i 2 -i -i 
: pq Pq'qP qP "p q "p q P q P q "p q P "PqPqP 

-i -i -i 
• q pqpq p by (iv) 

: pq(pq)4q-lp-i by (vii), (iv), (iii) 

= i by (iii). 

(23) 

Fab - lab ca - i Fb c- la- ic -i b - la - lea 

2 2 -i -i fnq-i]4.q2p-lq-lp2.pqp-i -i 2 -i -i 2 -i 2 -l.q-lpq-ip 
: Pq Pq Pq P "w ) q "P "qP qP q P q P 

-i -i -i -i -i -i -i 2 -i -i -i 
"qP q P qP q P qPq P qPq PqPq P 

2 2 -i -i 2 -i 2 2 2 2 2 
= pq Pq P qPq PqP "qPqPqP "q p q P "qPq "pqpq 

-i -i -i -i 2 -i -i -i 
p q p qpq p qpq pqpq p by (iv), (vii), (iii) 

2 2 -i -i 2 2 2 -i -i 2 -I -i -i -i -i -i 
= pq Pq P qPq "PqPq'P q "p q P q P q "p qp q P 

-I 2 -i -i -I 
qpq p qpq pqpq p by (v), (iii) 
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2 2 -i 2 2 -i -i 4 -i -i -i -i 4 2 -i -i 
= Pq Pq P qPq P qP ~q ) "q "q p q (qP)°p q P 

-i 2 -i -i -i 
qpq p qpq pqpq p by (vii), (iii) 

2 -i -i 2 2 2 2 2 2 q-lp 4p-i -i -i -i 
= pq Pq'qP qP "p q P q P q ( ) "qPqP'q PqPq P 

by (iv), (iii), (vii) 

= pq(qp)4q-lp-i = i by (v), (iv), (iii). 

(24) 

c~9~D~oa-l--c -I q.p-lq-lp-lq-i r -i~4 -i 2 2 r -i ~4 -i -i 2 -i -i 2 
= .[qp ) PqP q P q'[q P] q'q P q P q P 

2 2 2 2 2 2  2 2 
= q pqp qp.p q p q .p qpq pq by (iv), (iii), (vii) 

-i -1 q-lp 4p-lq-lpq 
: p q pq.( ) by (v), (vii). 

By (vi), (iv) we have then (abca-iFbc-l] 2 : i . Moreover 

abca-iFbc-l.b2.abca-iFbc-lb 2 = p-lq-lpqp-lq-l.pqpq.pq-lp-lqp.q-lpq-lp.qp-lq-l.pqpq 

-i -i -i 2 
"Pq P qPq P 

-i -i -i p-lq2 8 -i -i 
= p "q pq p'( ) "q pq p'p by (iii), (iv) 

= i by (ix), (iv). 

(25) 

c- kbcbcFac- kb- iFDbac2b - la- kc- iFac- ib- kFDbac2b- ka- 1 

-i -i -i -i 2 -i 2 2 -i 2 2 2 2 -i -i 2 2 2 2 2 -i 2 -i -i 
= p qP q P qP q P qP q P q Pq Pq "Pq Pq "P'PqP qPq "Pq P q P q "Pq Pq 

2 -i -i -i -i -i 2 -i -i -i -i -i -i -i 2 2 -i -i 2 2 
"p qpq P'qPq P qPq P "qP q P q'P q P q "q pq Pq "Pq Pq "P'PqP qpq 

2 2 2 -i 2 -i -i 2 -i -i -i -i -i 2 -i 
"Pq P q P q "Pq Pq "p qpq P'qPq P "qPq P "qP q 

--i Ii --i --i 2 --i 2 2 --i 2 2 2 --i --i --i --i --i 2 2 --i --i --i --i --i 
= p qP q P qP q P qP q P q Pq P'q P q P "q p qP q "q p q P "qPqP 

-i 2 -I -i -i -i -i -i -i 2 2 -i -i -i -i -i 2 2 -i -i -i -i -i 
"q p qP q PqPq P qP q P q Pq P'q P q P q P q'P q "q p q P "qPqP 

-i 2 -i -i -i • q p qp q pqpq by (iii), (iv), (vi), (vii) 

-i -i -i -i 2 -i 2 2 -i 2 2 2 -I -i -i -i -i -i -i 
= p qP q P qP q P qP q P q Pq P q "p qp q'P q PqPq 

-i -i -i -i 2 2 2 -i -i 2 -i -i -i -i 
• p qp q p q pq p q.p qp q.p .qp qp "q pqpq by (iii), (iv), (vii) 

-i -i -i -i 2 -i 2 2 -i 2 2 -i -i 2 -i -i -i -i -i -i -i 
= p qP q P qP q P qP q P q Pq'qP qP "PqPq pqP'q P "q'p q P q "q p 

2 -i 2 2 -i 
• q p q pq pqpq by (iii), (iv), (vii) 

-i -i -i -i 2 -i 2 2 -i 2 2 -i 2 2 -i -i -i 2 2 
= p qP q P qP q P q'P q P q PqPq P q'P q PqPq PqPq "p qp qP 

by (iii), (iv), (vii) 

-i -i -i -i 2 -i 2 -i -i -i -i -i 2 -I -i -i 2 2 
= p qP q P q'P q P qPqP qPq P q PqP qP "q pqpq PqP'q P qP qP 

by (iii), (iv), (vii) 
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: p-lqp-lq-lp-lqpqp-lqpqp-lq2p.q2p2q-lp-lq-lpqpq-l.pqpq-lp2qp2qp by (iii), (vii) 

-i -i-i-i -i -i 2 -i -i -i -i -i 2 2 
= p qp q p qpqp qpqp "q pq pqp q p qpqpq p qp "qp by (iii), (vii) 

-i -i -i -i -i -1 -1 -1 -i -i -1 -i -i -i 
= p qp q p qpq'p qpqp q p q q p q p'q p qp by (iii), (vii) 

-i -1 -1 -1 2 -i -i -i 
= p qp q p "qpqp qpq'p q p qp by (iii), (vii) 

-l 2r -1 -i]4~-i -i~4 2 
= p q (q p • ~o q ] q p by (iii), (vii) 

= 1 by (iii). 

(26) 

caFac- ib- iFDbac 2b- iFac- ib - iFDba 2bc 

2 -i 2 2 -i -i 2 2 2 2 2 -i 2 -i -i 2 -i -I -i 
= p qPq "PqPq'Pq Pq "pq Pq "P'PqP qPq "Pq P q P q Pq Pq "p qpq P'qPq P 

-I -I -I 2 2 -I -I 2 2 2 2 2 -i 2 -i -i 2 -i -i -i -i 
"qPq P "qP qPq Pq "Pq Pq "P'PqP qPq "pq P q P q "Pq Pq "p qpq P qP q P 

2 2 -i -I -i -i -i -i 2 2 -i -i -i -i -i -i 2 -i -i 2 2 
= p qPq P qP'q P q P "q p qP q "q p q P "qPqP'q P "qP q "PqP qPq 

-i -i -i-i -i 2 2 -i -i -i-i -i -i-i -i -i 
"p'q p q P "q p qP q "q p q P "qPqP'q P qP q P 

by (iii), (iv), (vi), (vii) 

2 2 -i -i -i -i 2 -i -i -i -i 2 -i -i -i -i 2 -i -i -i 2 -i 
: p qPq P qP "p qp q'P "q p q P "q "p q P q "p "qp qP "q p q P 

-i -i -i -i -i -i -i 2 -i -i -i -i -i -i -i 
• qp qp "p "q p q p "q "p q p q p qp q p by (iii), (iv), (vii) 

2 2 -i -i 2 -i 2 -i-i 2 -i-i 
: p qpq "p qp q'p q "p q p q p q "p by (iii), (iv) 

= i by (iii), (iv), (vii). 

(27) 

aca - ib - ID- iFbca - iFa- ic- iFac- Ib - iFDba 

-i -i 2 -i -i 2 -i -i 2 2 2 -i -i -i 2 -i -i 2 -i 2 -~ -i 2 -i 2 
: qpq PqPq P qP q P "qP qP "q pq P q "q p q P q P "q p "qP qP "q p q 

-i -i -i -i -i -i -I -i -i -i 2 2 -i -i 2 2 2 2 2 -i 2 
• p q P q "p q'p q P q "q pq Pq "Pq Pq "P'PqP qpq "Pq P q P q 

-i -i 2 -i -i 
"pq Pq "p qpq P 

-i -i 2 -i -i -i -i 2 2 -i 2 -i -i -i -i 2 -i -i -i -i 
= qpq PqPq P q'P q P q "PqPq P q P "qPqP'qP "q pq P'qPq Pq P'q P q P 

-i 2 2 -i -i -i -i -i -i -i 
• q p qp q .q p q p .qpqp.q p by (iii), (iv), (vii) 

-i -i 2 2 2 2 2 -i -i -i -i -i -i 2 -I -i -i 2 -i -i -i -i 
= qpq PqPq P "q pqp qP'q P "q pq P'qP q "q pq P'q P "p qp q'P "q p q P 

2 -i -i -i -i -i 
• q .p q p q .p by (iii), (iv), (vii) 

-i -I -i -i -i -i -i -i -i -i -i -i -i 
: qpq pq.pq pq pq .q p q p .q.p q p q "p q by (iii), (iv), (vii) 

r -i~ 4 -i 
= q(pq ] q = i by (iii), (iv). 
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(28) 

bc 2a- ib - ID- iFbca - iFc- ib - icabc Fac- ib- iFDbac 2b- la- ic- i 

2 -i -i -i 2 -I -i -i -i ~qp-l]4.pqpq2p2q-i -i -i 2 -i -i 2 -i 2 -i -i 
= pqp q P qPq P q'P q P q "~ j "q p q P q P "q p "qP qP 

2 -i 2 -i 2 2 2 -i -i -i -i 2 2 2 2 -i -i 2 2 2 2 2 -i 2 
"q p q P q P qP q PqPq PqP q P q Pq Pq "Pq Pq "P'PqP qpq "pq P q P q 

-i -i 2 -i -i -i -i -i 2 -i -i -i -i 2 
"Pq Pq "p qpq P'qPq P qPq P "qP q P qP q P 

2 -i -i -i 2 -i -i -i -i 2 2 -i 2 -i 2 -i 2 2 2 -i -i -i -i 
: pqp q P qPq P q'P q P q "PqPq P q P "qPqP'qP q P q P qP q PqPq PqP q 

2 2 2 -i -i -i -i -i 2 2 2 -i -i -i -i 2 -i -i -i -i -i -i 2 
P q Pq P'q P q P "q p qP q P q P "qPqp'q P qP q PqPq P qP q P 

by (iv), (vi), (vii) 

2 -i -i -i 2 2 2 2 -i -i 2 2 -i 2 2 2 -i -i -i -i 2 2 2 -i 
= pqp q P qPq P "q pqp qP'q p'pq Pq "p q P q P qP q PqPq PqP q P q Pq P 

-i -i 2 2 -i -i 2 -i -i 2 2 -i -i -i -i -i -i 2 
• p qp q'p "q p q p q p "q p qp q pqpq p qp q p by (iii) 

2 -i =i 2 -i (~q-l]4.q-i 2 -i 2 2 2 -i -i -1 -i 2 2 2 -i 2 [0 ) 
= P'qP q P q P .~ J "Pq P q P qP q PqPq PqP q P q P'q P q .~p-1 

4 

2 -i -i -i -i 2 
• pq pqpq p q'p q p by (iv), (vii) 

2 -i -i -i -i 2 2 2 -1 -i -i -1 2 2 -i 2 2 2 -i -i 2 
: pq Pq'qPqP'Pq Pq "q p q P qP q PqPq PqP q "p q PqPq P qP q P q P 

by (iii), (iv), (vi) 

2 -i -i 2 -i -i -i 2 2 2 -i -i -i -i -i -i -i -i -i 2 
= pq PqP q P qP q P q P qP q "PqPq PqP "q pq P qPqP q P qPq Pq 

by (iii), (iv), (vii) 

-I -i 2 -i 2 2 2 -i -i -i -I -i -i -i -i -i -i -i -i -i 
: q P q'Pq P q Pq P q P q PqPq PqP "q pq P qPqP q P "qPq "q pq 

by (iii), (iv), (vii) 

-i -i -i -i -i -i -i -i -i -i -i -i -i -i 
= q P q'Pq pq'pq Pq "p .q pq P'q P qPqP q P qPqq Pq 

by (iii), (iv), (vii) 

-i -i -i -i -i -i 2 -i -i -i -i -i 
= q p q'pq pq "q p "qpqp qpq'p q p qpq "q pq by (iv) 

-i-i ~vq-l) 4.q-lpq 
: q p q" : i by (iii), (iv), (vii). 

(29) 

Dbc- ibDbac - ib- la- lb- iD- ica - ib- iD- iFbcb- iaF 

2 2 -i 2 -i -i -i -i ~l -i 2 2 2 -i 2 -i -i 2 -i 2 -i 2 
= q Pq "p q "Pq "pq "pqp q P "qPq P q Pq P q °Pq pq °p qpq P qPq P 

-i -i 2 2 -i 2 2 -i 2 -i -i 2 -i -i 2 2 2 2 -i 2 -i -i 2 -i -i 
"qp qP "q pq P q P qPq P qP q P "qP qP "q pq P q P "q p q P q P 

.qp-  l q -  l p - i  . qpqp . q2pq 2pq 2 

2 2 -i 2 2 2 -i -i -i -i 2 -i -i -i -i 2 2 -i 2 
= q Pq "PqPq'qPqP'qPq P q Pq P q P "qPqP'q P qPq P q "PqPq'qP q P qPq P q 

-i -i -i -i 2 2 -i 2 -i -i -i 2 -i -i -i 2 2 2 
• p q p q "pqpq p q p qp'q p q p q p q "q pq pq by (iii), (iv), (vii) 

2 -i -i 2 2 2 2 2 -i -i 2 -i -i 2 2 2 -i -i -i 2 -i -i -i -i 2 2 -i 2 
= q PqP q "p q P q "p'q p q P q P "q p qP "p q P q P q P "qp q P qPq P 

2 2 2 2 -i 2 2 -i 2 2 
• q pqp qp.q p q p .qpqp.qp qp.q pq pq by (iii), (iv), (vii) 
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2 -i 2 -i 2 -i -i 2 -i 2 2 -i -I 2 -i -i -i -i 2 2 
= q PqP qP q P qP qP "qPq "pqpq'p q P q'Pq Pq "p .q pq P'q Pqpq Pq Pq 

by (v), (iii), (vii), (iv) 

2 -i -i -i -i -i -i 2 -i -i 2 2 2 2 -i -i -i 2 2 
: q p'qp qp "p q p q "p qp q "p q p q "p "q pq p'q pq by (iii), (iv) 

2 2 -i 2 -i -i -i -i -i -i -i 2 
= q p q p "qp qp "qp "p q p q "pq = i by (v), (iii), (iv). 

(3o) 

aca- ib- ID- iFbcb - laFa - ib - ID- ib- icac- iDbac - ib- icb - ID- i 

-i -i 2 -i -i 2 -i -i 2 2 2 2 -i 2 -i -i 2 -i -i -i -i -i 
= qpq PqPq P qP q P "qP qP "q pq P q "p q P q P q "p qp q P "qPqP 

2 2 2 -i -i 2 -i -i 2 2 -i 2 2 -i -i -i -i 2 -I -i 2 2 2 -i 2 
"q pq "Pq PqP q P "qP qp "q pq P q P qP q PqPq PqPq P qP q P q Pq P q 

-i -i 2 -i 2 2 -I -i -i -i -i 2 2 -i 2 
"Pq Pq "p qpq P qP q PqPq "p qp q'P q Pq P q 

-i -i 2 -i -i -i -i 2 2 -i 2 -i -I -i 2 -i -i -i 2 2 2 
= qpq PqPq P q'P q P q "PqPq P q P qP'q P q P q P q "q pq Pq Pq 

-i -i -i -i 2 -i 2 2 -i -i -i -i 2 -i -i 2 2 2 -i -i -i 
"p q P q "PqPq P q P qP q PqPq PqPq "p qp q P q Pq P q P 

-i 2 2 -i 2 2 -i 2 
"qPqP'q P qP q "PqPq pqP'q P q 

-i -i 2 2 2 2 2 -i 2 2 -i 2 2 2 2 2 -i 2 2 -i -i 
= qpq PqPq P "q pqp qP'q P q P "qPqP'qP qPq Pq Pq P'q PqP qP'q P q P qP q 

-i -i 2 -i -i 2 2 2 -i -i 2 -i -i 2 2 2 -i -i -i -i 2 -i -i -i -i 
PqPq PqPq P qP q P q P'q P q P q P "q p qP "q p q P "q "p q P q 

-i -i 2 
• q p q by (iii), (vi), (vii) 

-i -i -i 2 -I -i -i -I 2 2 -I 2 2 2 -i -i -i -i 2 -i 
= qpq Pq'Pq Pq "p .q pq P'q PqPq Pq PqP "q p q P q'P q PqPq PqPq P qP 

-i 2 2 2 2 -i -i 2 -i -i 2 
• q p q p q.p "qp qp "qp qpq p q by (iii), (vii) 

-i 2 -i -i -i 2 2 2 -i -i -i -i -i -i -i 2 -i 2 2 2 
= qpq Pq P "q pq P'q Pqp qP'Pq P "p q P q "PqPq PqPq P qP qP q P 

-i -i -i -i -i -i 2 
• q p q p .qpq p q by (v), (iv) 

-i 2 -i -i 2 2 -i -i 2 2 -i -i -i -i 2 -i -i -i 2 -i 2 2 -i 2 
= qpq Pq P q Pq P q P q Pq "p q P q "p q P "qPqPq P qP qP q P qPq 

-i-i 2 
pq p q by (iii), (iv), (vii) 

-i 2 -i -i 2 2 -i -i -i -i -i -i -i 2 -i -i 2 -i -i -i 2 2 -i 2 
: qpq Pq P q Pq P q P q "q pq p'q'p q P q P q "p "p qp qP q P qPq 

-i -i 2 
pq p q by (iv), (vii) 

-i 2 -i -i 2 2 -i -i -i -i 2 -i-i -i -i -i -i 2 -i -i 2 
= qpq pq p q pq p "q p q p "q .p q p q "q p qpq pq p q by (iv), (vii) 

-i 2 -i -i -i -i -i -i -i 2 -i -i 2 
= qpq pq p q pqpq p'q p qpq p qp'q pq p q by (iii) 

-i 2 -i -i 2 2 -i -i -i -i 2 
: qpq pq p q "pqpq pqp'p q "pq pq "p q by (vi) 

-i 2 -i-i -i -i -I 2 2 
: qpq pq "p q p q "p q pq by (vii), (iv) 

= 1 by (iii), (iv). 

(31) 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 
Dbac- b- a- b- D- c- b- Fc- b- cb- Fac- b- a- c- b 

2 2 -i 2 -i -i 2 -i 2 -i 2 -i -i 2 2 -i 2 -i 2 2 2 2 -i 
= q Pq P q "Pq pq "p qpq P qPq P "qP qP "q pq P q P "qP qPq p'q Pq P 
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2 -i -i -i -i 2 2 -i -i 2 -i -i -i -i -i -i 2 
qP q PqPq P qP qPq Pq "Pq Pq "p qpq P qP q P qPq P 

2 2 -i -i -i -i 2 -i -i -i 2 2 -i -i -i -i 2 -i -i 
= q Pq P q P "qPqP'q P qPq P q "PqPq'qPq P q "q pq P'PqPq'qP qP q PqPq 

-I -i 2 -i -i -i -i -I -i -i -i 2 
• p qp q.pq pq p .qpqp.q p qp q p qpq p by (iv), (vii) 

2 2 2 -i -i -i 2 -i -i -i 2 2 -i -i 2 -i -i -i 2 -i 2 -i 2 2 
: q P qP qP q'Pq P q P q P "qPq P q P qP q "p qp q'P q PqPq Pq P q P 

-i 2 -i -i 2 -i -i -i -i -i 2 
• q p q p q p .qp q p qpq p by (iii), (iv), (vii) 

2 2 2 -i -i 2 2 2 -i -i 2 2 -i -i -i -i 2 2 2 2 
: q P qP "qP qP "qPq "pqpq'pq P q P qP q Pq P q "PqPq'qPq "p q P q 

2 2 -i -i -i -i 2 
• pqp q p q p qpq p by (iii), (iv), (vii) 

2 2 -i -i 2 -i -i -i -i -i 2 2 -i -i 2 -i -i -i 
: q P qP q P "qP qP "p q P qP q "pq P q P q P 

2 2 -i 2 2 -i -i -i -i 2 
• qpqp q p qp q p q p qpq p by (v), (iv), (iii), (vii) 

2 2 -i -i -i -i -i -i -i -i 2 2 -i 2 
: q P q'P q P q "p'q p q P "qP q P qPq "PqPq 

2 2 -i 2 2 -i -i -i -i 2 
• pqp q p qp q p q p qpq p by (iv), (vii), (iii) 

2 2 2 -i -i 2 2 2 2 -i 2 -i 2 -i 2 
: q p q p'qp qp "q p q "pqpq'pq p qp q pqpq pq p by (iii) 

2 2 2 2 -i 2 -i -i 2 -i 2 -I 2 
: q p q p q pqp "qp qp .qp q pqpq pq p by (iii), (iv) 

2 2 2 2 -i -i -i -i -i 2 -i 2 
= q p q p q pq'p q p q "pqpq pq p by (iv) 

2 2 2 2 -i 2 2 2 -i 2 
: q p q p .q pq pqp q.pq pq p : i by (vii), (v). 

(32) 

D- laD-lab- iaFac - kab Fac- k 

2 -i 2 2 -i -i -i 2 2 -i -i -i -i -i 2 -i -i( )4 -i -i 
= Pq P q Pq P q PqP q Pq P q Pq PqP "q P "q P Pq "qPq P .{~ ]~q-i) 

4 

-i -i 2 2 -i -i 2 2 2 -i -i 2 -i -i 2 
"qP'qP q P qP q P q Pq Pq "Pq Pq "p qp q P 

2 -i 2 2 -i -i -i 2 2 -i -i 2 2 -i : =i ~4 -i 2 -i -i -i -lq-i 4 
= pq P q Pq P q PqP q Pq P q Pq'q PqP qP'P .~q P) P q P "q pq p'(p ] 

-i -i -lq-i "q pq pq p qpqp q p by (iii), (iv), (vi) "qP'qP qP "qPqP[P )4 -i 2 -i -i -i -i 2 

2 -i 2 2 -i -i -i 2 il -i -i -i -i -i -i -i 2 2 2 2 2 2 
= pq P q Pq P q PqP q Pq'qP q PqP q PqP "Pq Pq P "q p q P "q p q 

-i 2 -i -i 2 -i -i -i 2 -i 2 -i -i -i -i 2 
• q p q p q p "p q p qpq pq pq p qpqp q p by (iii), (iv), (vii) 

2 -i 2 2 -i -i -i 2 2r -i ~4 2 2 -i -i -i -i -i -i -i 2 
= pq P q Pq P q PqP "q p ~P qJ q P "q'pq pq "q pq P qPqP q P 

by (iii), (iv), (vii) 

2 -i 2 2 -i -i -i -i 2 -i -i -lqpqp-lq-12p 
by (iii) (v) ,  (iv) : pq P q Pq "p q P q "qP'PqPq pqp'p'pq Pq "p 

2 -i -i -it -i~4 2 -i -i 2 
: pq p q p [pq ] "qpqp qpq'p q "p by (iv), (vii), (iii) 

= 1 by (iv), (vii), (iii). 
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(33) 

Fac- % - la- lcb -I pq2q2_p 2 -i -1 -i -i 2 -i -i -i -i -i 
= pq "Pq pq "Pq "qpqp'q P qPq P qP q P 

2 2 -i 2 -i -i 2 -i -i -i -i -i -i -i : pq pq p.q p q p q p .p qpq p qp q p by (iii), (iv) 

2 2 2 2 2 -i -i -i -i -1 -i 
: pq .pq p q p.qp qp qpq p .qp q p by (vii) 

2 -i 2 2 -i -i -i -i 2 2 -i 2 -i 
= pq P q P q'qP qP "p qp q'qP qPq P'q Pq P 

by (v), (iv), (vii) 

2 -1 2 2 2 f lp -1)  2 . q 2 p - l q - l p 2 q 2 p q 2 p - 1  by ( i v ) ,  ( v i i ) .  
: pq P q P qPq ",qpq- 

Then Lemma 2 (33) follows by (vi). 

(34) 

2 -i 2 2 2 2 -i 2 -i 2 -i -i 2 -i -i -i -i 
D_iFac_labcb_ 1 = Pq P q Pq P q P q P q P qPq P q'P q P q .qp-lqp-l.q2 

.qp-lqp-lq-~-i 

2 -i 2 2 2 2 -i 2 -1 2 -i -i -i 2 2 -i - -i 2 -i 
= pq P q Pq P q P q P q P q'Pq Pq "q'Pq PqP q°q'P q ~ q Pq~ 

by (iii), (iv) 

2 -i 2 2 2 2 -i 2 -i 2 -i -i -i -i -i -i - -i -i 
= Pq P q Pq P q P q P q "P q P q .qpq .p qpq lp qpq 

.pq2p-lq2pq2p-i by (iv), (vii) 

2 -i 2 2 2 2 -i -i -i -i -i -i -i 
: Pq P q Pq P q P qP "PqP q PqP q (qp )4.pq-lp 

.q2p2q2p-lq2pq2p-1 by (iii), (vi). 

Obviously we have Lemma 2 (34) by (iv), (vi). 

(35) 

2 -i 2 2 -i -i -k -i -i -i -i 
caFab-la = p qPq "PqPq'Pq Pq "Pq Pq "PqP q P "qPq P 

-i -i -i -i -lq(qp)4p-lq.qp-i by (iii) (iv) (vii) 
: p.pqpq.qp qP "qP "p .p , • 

-i -i -i -i -i -i 
: pq p q.qp q p.q pqp by (iii), (iv). 

Then Lemma 2 (35) follows by (vi). 

(36) 

dad- iDbacb - kFac -ib - la- lb - ID- 1 

2 2 -i -i -i -i -i 2 -i -i ( -i ~4 =i 2 2 2 =i -i 
= q Pq P qP'q P q P .(pq-l]4.qpqpq-l.pqpq PqPP q .(p q] q p q pq .pq pq 

-i -i 2 -i -i 2 2 -i 2 
• pq "qpqp'q P "qP qP "q pq P q 

2 2 -i 2 2 -i -i -i -i 2 -i -i 2 2 2 2 -i p2q-lp-lq2p-lq-i 
= q Pq P q'P qPq Pq'P'q P q P "q P q "p q P q "Pq • 

2 -i 2 • pqpq p q by (iv), (vii), (iii) 

2 2 -i r -i ~4 2 -i 2 
= q Pq P "tip q) pq p q = i by (iv), (iii), (vii). 
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(37) 

eae-la - ib - ID- icb - iFac- ib- la- ib - i 

2 2 2 -i -i -i -i -i -i -i 2 -i -i 2 2 -i 2 2 -1 -i -i 2 2 
= pq qP P q'Pq Pq "q "p q P q "p "qp qP "q pq P q P "qPq "p qp q'Pq Pq 

-1 -i 2 -i 2 -1 -i -i 
"Pq Pq "p qpq P qP q P 

2 2 2 2 -i 2 -i 2 2 -i 2 2 -1 -1 -i 2 -i -i -i 
: pq "Pq P q P "qPqP'q P q'qP qPq P'q p q Pq P "qPqP'q P qP q P 

by (iv), (iii) 

2 -i 2 2 -i -i -i 2 -i -i 2 2 2 2 -i 2 -i -i 2 -i -i -i -i -i 
= pq P q P "qP qP "qp q P q "p q P q "p'q p q P q P "p qp q P 

by (iv), (iii), (vii), (v) 

2 -i 2 -i -i -i 2 -i -i -i -i 
= pq p q .p qp q'p qp .qp qp .q p = 1 by (v), (iv), (vii). 

(38) 

de.a.e-ld-iDbab = q2p2q2p2,q.pq-lpq-l.p.p-lq-lp-lq2p-lq-lp-lpq-lpq-lpq-l.p2qp2q-lp2 

2 2 2 2 -i 2 
= p q "pqpq'pq "pqpq'pqp q p = i by (iii), (iv), (vii), (v). 

(39) 

dbd-iDbabaa-iFbc -1 2 -i -i 2 2 -i -i 2 -i -i -i -i r -i~4 -i 2 2 
: q "Pq Pq "p q "Pq pq "p q'p q P q "[qp ! "PqP q P 

-i~4 -i -i -i 2 -i -i 2 
" [Pq ) q "q p q P q P 

-i -i -i -i 2 2 -i 2 2 2 2 2 
: q P qPq P "qPq Pqp "qP "q p q P "qPq Pq 

: q-lp-lq.(pq-1)4.q-lpq = i by (iii), (iv), (v), (vii). 

(4o) 

2 2 -i 2 f -i -I~4 2 2 r -i ~4 2 2 -i 2 -i 
ebe-la-lba-iF : pq Pq P "qPq pq'[q P ) P qPq P~P q) "qP "pq P q P 

: i by (iii), (iv), (vii). 

(41) 

i i i i 
de.b.e- d- Dbabca- Fbc- bcFbc 

2 2 2 -i -i 2 -i 2 -i -i -i -i -i -i -i r -i~4 -i 2 2 2 
: q P q P qPqP q P q "pq Pq "Pq "qpq'p q P q "[qp ) "PqP q P q P 

,p-lq-lrq-lp,4.p-lq2p-lq-lp-l.qpkq-l[] 2 -i 2 -1 2 -i -i 2 -1 
Pq P q "p q P q P q "p 

2 2 2 -i -i 2 -i -i -i -i 2 2 2 2 2 2 2 2 -i 2 -i -i 2 2 2 
: q P q P qPqP q P q Pq P "q p q P "q p qPq "PqPq'P q Pq P q P qPq P 

by (iii)~ (iv), (vii) 

2 2 2 -i -i 2 -i -i -i -i -i -i -i 2 -i -i 2 2 2 
: q p q p qpqp q p "q pq p'q pqp "q pq p'q p q "p qpq p by (v), (iii) 

2 2 2 -i -i 2 2 2 2 -i -i -1 -i 2 2 2 
= q P q P qPqP "q p q P "q'p q P q "p qpq P 

2 2 2 -i 2 -i -1 2 2 
: q p q p "qpqp'q p qp q'pq p = 1 by (iii), (iv), (v). 
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(42) 

2 2 -i -i -i -i -i 2 -lq-lp-lq-i qp-i "Pq 
dcd-iDbabca-iFD-i = q Pq Pq Pq Pq "q "Pq Pq "P q'P ( ]4 

-i 2 2 2 2 -i 2 
• p q P q P'q P q 

2 2 2-i 2qpq2pq .q pq p q p q = i = q Pq Pq P q'(P )2 -i 2 -i 2 -i 2 

by (iii), (iv), (vi). 

(43) 

ece- lbabca- iFbc- iDbc- i 

2 -i -i -i 2 -i -i -i -i -i -i -it -i~4 -i 2 2 r -i ~4 
= qP "Pq Pq "P q P "q Pq P'Pq'P q P q ~qP ) "PqP q P q lq P) 

-i 2 -i -i 2 -i -i -i -i -i -i -i (pq-l]4.q2p-lq-lp2 
• p q P q P q "q pq "q p q P "~ j 

-i -i -i 2 2 2 -i -i 2 2 -i 2 2 2 2 2 -i -i -I -i -i 2 
= pq P q P q P q P "qPq PqP "qp "q p q P "qPq "pq Pq "PqPq P q P 

by (v), (iii), (iv), (vii) 

i -i -i 2 2 r -i~4 -i 2 -i -i -i 2 
= pq p q p q p'(pq ) "p q pq p q p : i by (vii), (iii), (iv). 

(44) 

2 -i -i -i 2 2 2 2 -i -i -i -i -i -i 2 2 -i 2 
dece-la-l.D-icD-iD-l~ = q P'qP qP "p .q p q P "qP q PqPq P "qP qP "q pq P q 

2 -i -i 2 -i -i -i 2 2 -i 2 
= q PqP q P q P q "PqPq Pqp'q P q 

2 -i -i 2 -i -i -i -i -i -i -i -i -i -i -i 2 -i 2 
= q pqp q p .q p q p .q p q .q p q p .q p q = 1 

by (iii), (iv), (vii). 

(47) 

e 2c Fbabca- i Fbc- iDbc - I 

2 2 -i -i -i r -i~4 -i -i 2 -i 2 -i -i -i 2 -i -i -i -i r -i~4 -i 2 -i 
: pq Pq P q P "(pq ] "q p q P q P q Pq P q'P q P q "~pq ) PqP q P 

r -i ~4 -i -i 2 -i -i 2 2 2 -i -i q-lp 4p-i 2 -i -i 2 
"[q P)"P qP q P q P q Pq P "q "I ] "q P q P 

2 -i -i -i 2 -i -i -i 2 2 -i 2 2 2 2 2 -i -i -i -i 
: pq "Pq Pq "P q P "q pq P'Pq PqP q'P "q P q P "qPq Pq PqP q P qPq 

by (iii), (iv), (vii) 

-i -i -i 2 2 2 -i -i -i 2 -i -i -i -i 
= pq P q P q P "q pq P'q Pq Pq PqP q P qPq 

-i -i -i 2 2 -i -I -i -i -i 
: pq P q P q "Pq Pq "PqP q P qPq 

-i -i -i 2 -i -i 2 -i -i -i 
= pq .p q p q p q .p q p .qpq = i by (iii), (iv), (vii). 

(46) 

dede -I = (de)2.e 2 . 

But by (v) we have dede : (q2p2]4 : i . Hence Lemma 2 (46) follows by Lemma 2 (47). 
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(48) 

de-2d-l.debe-ld-l.dece-ld-l.dbd-l.dcd -I = de-lbce-lbcd -I 

2 2 r 2 -i -I 2 -i -I~2 -i 2 -i 2 
= q Pq PLq P q P q P J "P q P q 

Hence Lemma 2 (48) follows by Lemma 2 (41), (44), (39), (42). 

(45) 

d2.ede-ld-l.de2d -I = d'(de)2"d -I = 1 . 

Lemma 2 (48) yields Lemma 2 (45). 

(49) 

(dbc-l] 2 (q2.pq-lpq-l.pq.p-lq-lp2) 2 r -i -i 2 -i -i 2~ 2 
= = Lq P q P q P ) = i by (iv), (vii), 

q2 -i 2~4 q-lp-lqp = i by (iv), (vi), (db)4 ( .pq-lpq "P ) : ( )4 

(dba)2 -_ [q2.pq-lpq-lpq-l.qpqp.q-lp-l] 2 

r -i 2 -i -i 2 -i~2 
= [q p q p q p ) : i by (iii), (iv), (vii). 

LEMMA 3. m operates on the generators of H as follows: 
g 

(i) D-Ia2D = bab2a-lc-lbca-lb2a-lc-lb-lcb -I • 

(2) D-Ib2D = ba-lbcab2ac2b2c2a-lb2a-lc-lb-lcb -I i 

(3) D-Ic2D = bc-lbcab2ac2a-lb2a-lc-lb-lcb-i ; 

(4) D-labD = bac2a-lb2a-lc-lb-lcb -I 

i 2 2 i i 1 2 i i i i 
(5) D-ibaD : be- beab ac a- c- boa- b a- c- b- oh- ; 

(6) D-lacD = 

(7) D-leaD = 

(8) D-ibcD = 

(9) D-icbD = 

(i0) D 2 = 

Proof. (8) 

2 i i i 2 2 2 1 2 i i i i 
bab a- c- be- cab cab ac a- b a- c- b- cb- ; 

bc-lb-la-lc2a-lb2a-lc-lb-lcb -1 . 

bc- ib-la - lb - la- ic -ib- lcb-i . 
J 

b -i~ ~2 2 -i~-i~2 .2 2.2 2 -i~2 -i -i.-i .-i 
a Dead aa a D aD CaD aa o c a D a c D d~ ~ ; 

b c - l b c a b 2 a c 2 a - l c - l b c - l b - l a  - 1  . 

follows by Lemma 2 (3) ,  (4).  

(4) By Lemma 2 (6) we have D-labc-lb-lbc-lb-la-lD = bac2a-lb -I . 

(5) and Lemma 3 (8) yield Lemma 3 (4). 

(3) follows by Lemma 2 (6) and Lemma 3 (4). 

= 1 

So Lemma 2 
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(7) By Lemma 2 

yields Lemma 3 (7). 

(2) By Lemma 2 

3 (2).  

(i0) 

Lemma 3 (i0). 

(5) By Lemma 2 

yield Lemma 3 (5). 

(i) By Lemma 2 

yield Lemma 3 (i). 

(9) By Lemma 2 

yield Lemma 3 (9). 

5), (7), (8) we have D-icab-la-iD = bc-lb-la2b -I . Lemma 3 (4) 

8) we have D-lab2a-iD : bab2a-lb -I . Lemma 3 (4) yields Lemma 

By Lemma 2 (i), (7) we have D-labDD2ab : bc-lbc -I . Lemma 3 (4) yields 

8) we have D2D-ibaDD-ib-la-iD : o]oa-lb -I . Lemma 3 (4), (I0) 

8), (9) we have D-lab2a-iD = bab2a-lb -I . Lemma 3 (4), (5) 

5) we have D-IabDD-IcbDD-Ib2D : abcb -I . Lemma S (4), (2) 

(6) We have the identity D-lacD = D-Ia2DD-Ia-lc-IDD-Ic2D . 

(7) yield Lemma 3 (6). 

L£MMA 4. In H = (a, b, c) we have 

(i) b2cab -2 = a2ca -I ; 

(2) blc-lal2b -I = a-iIc-lal2a ; 

(3) b(ao -1) 2~ ~: (c~ )2 ; 

(4) b(ac)2b -I : (ca) 2 ; 

(5) b(ca)2b -1 = a-l(ca)2a ; 

(6) [bca2c-la2b-la 2] 2 = i ; 

(7) b-la(ac)2a-l{ac-l]2b : (a-lc]2(ac)2 ; 

(8) ba(ac)2a-l(ac -l]2b-I : (c-la]2(ac)2 ; 

(9) (oa)2~ { io)2 (oa)2+ {~oJ]2 (ao)2:{-io]2 

(lo) b-i[~o-l]2b : ~(~-i]2 -i ; 

(ii) e-ia ~- [ae-l) 4 ; 

Lemma 3 (i), (3), 

(~o)2 I~ {ao-1) 2 ÷ 
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-i -i 2 -i 2 (12) b [,~ o) a ( ~ )  ob : c ( o ~ ) 2 o - l [ c ~ - l ]  2 , 

(13) b-ic[ac-l)2c-ib (ac-l]2c-ia -i 
: ac 

(14) laca-lcaa-ll4 = 1 ; 

-i -i + 2 
(15) aca c ac + (ca) ; 

(16) (ac) 2 ÷ (ca) 2 • 

(17) bc-l(ac)2c[c-la]2b -I a-ic-i(ac)2c[c-la]2a 
: i 

(18) bc-l(ac)2cb -I : a-lc-l(ac)2ca ; 

(19) ba-l[a-lc)2ab -I : a(ca-l)2a -I ; 

(20) ba-lc-l(ac)2cab -I = c-la-l(ca)2ac ; 

(21) b-la(ca)2c-lb : c-la-l(ca)2ac . 

Proof. (i) By Lemma 2 (i0) we have 

p2Dbacb-iD-laba-lc-lb-la-lp-2 : i . 

Lemma 1 (1)-(5) and Lemma 2 (5) yield D-leaD : bc-lb-la-l'ca'abcb -I . 

with Lemma 3 (7) yields Lemma 4 (1). 

(2) and (3). By Lemma 4 (i) we have 

p2b2cab2p-2 2 2 -i -2 ~ b-la-lc-lb2a-lc-lb-i -i -i = p a ca p = c ac a 

by Lemma (1)-(5). Use Lemma 4 (1) in both possible ways obtaining Lemma 4 (2) and 

Lemma 4 (3). 

(4) By Lemma 3 (i) we have 

#2 3 ] = D -z bah 2 d I a -1 bca -l boa -lb 2 a -1 o-lb-i cb-lD 

By Lemma 3 (5), (2), (7), (8), (4), (9) follows 

~-la-lba-l~2 oa# a3 a-lb-la# cab 2 a2 : 1 

Lemma 4 (i) and Lemma 2 (2) yield Lemma 4 (4). 

(5) By Lemma 4 (4) we have 

p 2 b ( a c ) 2 b - l p - 2  

Lemma 1 ( 1 ) - ( 5 )  y i e l d  Lemma 4 (5 ) .  

(6) 

(7) 

= p 2 ( c a ) 2 p - 2  . 

follows by Lemma 3 (i), Lemma 4 (2) and a 4 = i . 

By Lemma 4 (2), (4) we have 

A comparison 
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b" "[a-lc] 2b-lb(ac) 2b-i = a-l.a-lca-lc'acac'a . 

Lemma 2 (2) yields Lemma 4 (7). 

(8) By Lemma 4 (i) we have 

D-ib2cab2ac-la2D = i . 

Using Lemma 3 (2), (7), (6), (3), (i) we have 

-1,2 2 -i~2 -i -1,2 -1,2 2 -iv2 -i -i,-i ~2 -i -14 -I ~ ~2 -i -14 
C D 0 a o a c o a o c a o a o D aaD a c pc aDoaO a 0 D -- l . 

By Lemma 4 (i), (7) follows 

-i 24 2 -i 2~-i -i -i 
ca ca oca c a D a caca = i . 

Lemma 4 (6) and Lemma 2 (2) yield Lemma 4 (8). 

(9) By Lemma 4 (8), (3), (4), (i) we have 

2 2 - 1  - l ( c - l a )  2 2 b 2b-1 (ac-1]  2a2 -1 a ca c = b bb ( a c )  b 2 = . caca 

Hence we have 

(ac) 2 ++ (c-la) 2 ~ p2(ac)2p-2 : p2(c-la) 2p-2 ~ (ca) 2 ~ (a-lc) 2 

by Lemma i (i)-(5). 

Lemma 4 (7) and Lemma 2 (2) yield 

b-la2ca2c-lbb-la2ca2c-lb : (a-lc) 4 

(o~)2 ÷ (~o-112 

2 App l y i ng  p , we o b t a i n  t he  m iss i ng  r e l a t i o n .  

(10)  By Lemma 4 (2 )  we have 

b 2 c - l a a - l a b  2 = b a - l o - l a - l o - l b - l b o a 2 o - l a 2 b  -1  . 

Lemma 4 ( 5 ) ,  ( 8 ) ,  (9)  and Lemma 2 (2 )  y i e l d  

b2c-lac-lab 2 -i -i = a cacaca cacac . 

Applying Lemma 2 (2) once again, we obtain 

b 2 Cc-la) 2b = a (ac -I) a -I 

By Lemma 4 (3) we obtain Lemma 4 (i0). 

(ii) By a 4 = I we have 

(a-la-lc-la-la-lca-la-l) 2 = i . 

By Lemma 4 (2) follows 
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Lemma 4 (i0), Lemma 2 (2) yield 

(ca-lca-lca-lca] 2 = 1 . 

2 
Applying p we obtain Lemma 4 (ii). 

(12) By Lemma 4 (8) we have 

p2ba2ca2c-lb-lp-2 = p2 (c-la]. 2(ac) 2p-2 

Lemma i (1)-(5), Lemma 4 (9) yield Lemma 4 (12). 

(13) By Lemma 4 (4) and Lemma 4 (12) follows 

2 2 -i b-lcacaa-lc2ac2b = acacc ac a 

(14) By Lemma 2 (2), Lemma 3 (6), Lemma 4 (i) we have 

(a2o-la2b-lo-la-lo2a2bc] 4 = i . 

Lemma 4 (8) yields Lemma 4 (14). 

(15) By Lemma 4 (4) and Lemma 2 (2) we have 

D-lacacb-lcacabD = 

Use Lemma 3 (6), (2), (8), (4) and Lemma 4 (i) to conclude 

b 2 -i 2~-i -i -i 2 2~-i 2 2 -14 -i -i ~2 
da d a D c a o a D a ca c Da a CD ca 

,-i -i -in2 ~-i 2 2 -L -i -i 2 2~ 2 
"D a c D "D a ca ~ o~ a c a Doaca = 

By Lemma 4 (8), (7), (i) we have 

b-l(~o-1]2o[o-1]2o-i 2-12. -1 -1 22 -i 22 -1 
ca c a Dcaca caca "ca c aca cad a ca = i . 

By Lemma 4 (i0), (7), (13) follows 

2 -i -i -i 2 -i -i -i -i 2 -i 2 2 -i 
a c aca cac acada acaca ca cc a c ac'a cac a ca = i . 

By Lemma 2 (2) and Lemma 4 (9) we have 

2 -I -i 2 2 -i -i 2 2 -i 
a c aoa cac a cac aca cac a ca 

Apply the automorphism induced by p2 obtaining 

( c- laca- lcac- laca- lcaa- lc- la- lc- l ) 2 

By Lemma 4 (14) and Lemma 2 (2) we have 

[c-laca-lca] 2 : (ca)2 . 

Then Lemma 4 (9) implies Lemma 4 (15). 

(16) By Lemma 4 (15) and Lemma 2 (2) we have 

= i . 

= i . 
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D-laca-lc-laccacac-la-lcac-la-lcacaD : i . 

By Lemma 3 (6), (7) and Lemma 4 (i) we have 

2 -i~ -i -i 2 -i a2b-la2ca2c-lbc-la-lcab-la2ca c oa a cacac ac 

b 2 2 -i~-i -i -i ~ 2 2 -i~-i -i 
a ca c D a c aooa ca c o a cac = 1 . 

Lemma 4 (7), (8) imply 

-i -i -i -i -i 2 -i 2 -ic-lac(c-la) 2(ac)2a-i cacaoa cad a cac acac a c a caca = 1 . 

Lemma 4 (9) and Lemma 2 (2) yield 

-i -i -i -i )2(ac)2a-lc2a-lc-lac-lo(ca)2 a c a cac aaac-lac(c-la (ca-l)2a -1 1 o 

Lemma 4 (9) and Lemma 2 (2) imply 

(cal2c-la -1 {ac -1) 2 ( a c )  2 (ca -1) 2at(ca)2(ac)2 = 1 . 

Hence Lemma 4 (9) and Lemma 2 (2) imply Lemma 4 (16). 

(17) By Lemma 4 (4), (i0) we have 

p2b-lac-lac-lacacbp-2 = P 2a 20 -la 2 cp -2 

By Lemma 1 (1)-(5) follows Lemma 4 (17). 

(18) By Lemma 4 (17) we have 

bc2a-lc-la -I co -lac -lab-i = a -ic 2 a -i c 2a 2 

Lermma 4 (2) and Lemma 2 (2) yield Lemma 4 (18). 

(19) By Lemma 4 (8), (6) we have 

-i ba2ca2c-loacab -I = c ac-laacaoa-l(oa)2a • 

Lemma 4 (9) implies Lemma 4 (19). 

(20) By Lemma 2 (2) we have 

bcabcabcabca : i . 

Lemma 4 i) yields 

Lemma 4 (19) implies 

b-la2ca-lba -I (a-lcl 2aa-lc-lb-lcabca = 1 . 

0 0 aO-a-lc-l~-lc~cab -l = a c2 -lac a2 2 

Raise this relation to the second power obtaining 

ba-lc-lb-i(ca)2bcab -1 = a2c-k'acac'ca2 
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Use Lemma q (4), (9), (16) and Lemma 2 (2) to conclude Len~na 4 (20). 

(21) By Lemma 4 (20) we have 

b-lb2a-lc-l(ac)2cab2b = c-la-l(ca)2ac . 

Lemma 4 (i), (5), (4), (9) yield Lemma 4 (21). 

LEMMA 5. The following rules of conjugation apply: 

(i) a(ac)2a -I = a(ac)2a -I ; 

(2) b(ac)2b -I = (ca) 2 by Lena 4 (4); 

(3) c(ac)2c -I = (ca) 2 ; 

(4) a2(ac)2a 2 = c - l ( ca )2a  ; 

(5) b2(ac)2b 2 = a - l ( c a ) 2 a  by L e n a  4 (4),  (5) ;  

(6) o2(ao)2c 2 = c (ca)2o  -1 

(7) a - l ( a c ) 2 a  = (ca)  2 ; 

(8) b-l(ac)2b = a(ac)2a ~l by Len~na 4 (4), (i) ; 

(9) c - l ( a c ) 2 c  = c - l ( a c ) 2 c  ; 

(i0) a(ca)2a -I = (ac) 2 ; 

(ii) b(ca)2b -I = a-l(ca)2a by Lemma 4 (5); 

(12) c (ca)2c  -1 = c (ca )2c  -1 " 

(13) a2(oa)2a 2 = a(ao)2a -1  ; 

(14) b2(ca)2b 2 = a(ac)2a -I by Lemma 4 (i); 

(15) c2(ca)2c 2 = c-l(ac)2c ; 

(16) a-l(ca)2a = a-l(ca)2a ; 

(17) b-l(ca)2b = (ac) 2 by Lemma 4 (4); 

(18) c-l(ca)2c = (ac) 2 • 

(19) aa(ac)2a-la -I = a-l(ca)2a ; 

(20) ba(ac)2a-lb -I = (ac) 2 by Lemma 4 (4), (i)1 

(21) ca(ao)2a-lc -I = a-lc-l(ac)2ca by Len~na 4 (16)i 
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(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

33) 

34) 

35) 

(36) 

(37) 

(38) 

(39) 

(4o) 

(4z) 

(42) 

(43) 

(44) 

(45) 

(46) 

a2a(ac)2a-la 2 = (ca) 2 • 
J 

b2a(aa)2a-kb2 : (ca) 2 by Lenin& 4 (i); 

c2a(ac)2a-lc 2 : c-la-l(ca)2ac by Lemma 4 (9). Lemma 2 (2); 

a-la(ac)2a-i a : (ac) k • 

b-la(ac)2a-lb : a-l(ca)2a by Le,ma 4 (7). (i0). Len~n~ 2 (2); 

c-la(ac)2a-lc : a-l(ca)2a by Len~na 4 (9); 

aa-l(ca)2aa -I = (ca) 2 ; 

ba-l(aa)2ab -I : a(ac)2a -1 by Lena 4 (7). (i0). Lemma 2 (2); 

ca-l(ca)2ac -I : a(ac)2a -I by Lemma 4 (9); 

a2a-l(ca)2aa 2 : (aa) 2 • 
J 

b2a-l(ca)2ab 2 : (ac) 2 by Lewna 4 (4). (5). (7). (9); 

c2a-l(ca)2ac 2 : a-lc-l(ac)2ca by Len~na 4 (9). (16); 

a-la-l(ca)2aa : a(ac)2a -I • 

b-la-l(ca)2ab : (ca) 2 by Lemma 4 (5); 

c-la-l(ca)2ac : c-la-l(ca)2ac ; 

ac(ca)2c-la -I = c-la-l(ca)2ac by Lemma 4 (16); 

bc(ca)2c-lb -I : c-l(ac)2c by Len~na 4 (3). (9). (12); 

cc(ca)2c-lc -I : c-l(ac)2c ; 

a2c(ca)2e-la 2 : a-lc-l(ac)2ca by Lemma 4 (9); 

b2c(ca)2c-lb 2 : a-lc-l(ac)2ca by Len~na 4 (1). (4). (5). (9); 

c2c(ca)2c-lc 2 = (ac) 2 ; 

a-lc(ca)2c-la : c-l(ac)2c by Lemma 4 (9); 

b-lc(ca)2c-lb : c-la-l(ca)2ac by Lenma 4 (21); 

c-lc(ca)2c-lc : (ca) 2 ; 

ac-l(ac)2ca -I : c(ca)2c -1 by Lemma 4 (9); 
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(47) 

(48) 

(49) 

(5o) 

(sz) 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(6o) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

(67) 

(68) 

(69) 

(7o) 

(71) 

bc-l(ac)2cb -I = a-lc-l(ac)2ca 

cc-l(ac)2cc -1 = (ac) 2 ; 

a2c-l(ac)2ca 2 : c-la-l(ca)2ac 

b2c-l(ac)2cb 2 = c-la-l(ca)2ac 

c2c-l(ac)2cc 2 = (ca) 2 ; 

a-lc-l(ac)2ca : a-lc-l(ac)2ca ; 

by Lemma 4 (18); 

by Ler~na 4 (9), (16); 

by Lemma 4 (18), (90); 

by Lemma 4 (21); 

by Lemma 4 (16), (9); 

by Lemma 4 (18), (20); 

by Len~na 4 (9); 

by Lemma 4 (16); 

by Len~na 4 (20); 

bc-la-l(ca)2acb-i = c(ca)2c -I 

cc-la-l(ca)2acc-1 = a-l(ca)2a 

a2c-la-l(ca)2aca 2 = c-l(ac)2c 

b2c-la-l(ca)2acb 2 : c-l(ac)2c 

c2c-la-l(ca)2acc 2 : a(ac)2a -1 

a-lc-la-l(ca)2aa a : c(ca)2c -I 

b-lc-la-l(ca)2acb : a-lc-l(ac)2ca 

b-lc-l(ac)2cb = c(ca)2c -I by Lemma 4 (12), (3), (9); 

c-lc-l(ac)2cc = c(ca)2c -I . 
J 

aa-lc-l(ac)2 -i caa = c-l(ac)2c ; 

ba-lc-l(ac)2cab-i = c-la-l(ca)2ac by Len~na 4 (20); 

ca-lc-l(ac)2cac -I = c-la-l(ca)2ac by Le~na 4 (16), (9); 

a2a-lc-l(ac)2caa 2 = c(ca)2c -I by Len~na 4 (9); 

b2a-lc-l(ac)2cab 2 = c(ca)2c -I by Lemma 4 (i), (4), (5), (9); 

c2a-lc-l(ac)2cac 2 : a-l(ca)2a by Lenma 4 (16), (9); 

a-la-lc-l(ac)2caa = c-la-l(ca)2ac ; 

b-la-lc-l(ac)2cab : c-l(ac)2c by Lemma 4 (18); 

c-la-lc-l(ac)2cac : a(ac)2a -I by Lemma 4 (16); 

ac-la-l(ca)2aca -I = a-lc-l(ac)2ca by Lemma 4 (16), (9); 
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(72) c-lc-la-l(ca)2acc = a-lc-l(ac)2ca by Lemma 4 (9), (16). 

The formulae in Lemma 5 show that the elements (ac) 2, (ca) 2, a(ac)2a -I, 

a-l(ca)2a, c(ca)2c -I, c-l(ac)2c, a-lc-l(ac)2ca, c-la-l(ca)2a° form a full class of 

conjugates in H = <a, b, c) . Moreover, the formulae show that they commute pair- 

wise. Hence it is shown that N 1 = << (ac)2)}H is an elementary abelian normal sub- 

group of exponent 2 and of order 2 8 in H = (a, b, c) . It is also shown that the 

elements (ac-1] 2 and (o-l°] 2 commute elementwise with N . 

LEMMA 6. We have the following rules of conjugation: 

(i) aIac-ll2a -I = (a-lcl2"a-l(ca)2a'(ac) 2 by Lemma 5; 

(2) 

(3)  

(4) 

(s) 

(6) 

(7) 

(8) 

(9) 

(lO) 

(11) 

(12) 

(13) 

(14) 

(is) 

(16) 

(17) 

(18) 

b(a -1)%-i : (°-%)2 by L~=a ~ (3); 

o(ao-1)2o -1 : @-lo)2(oa)%-l(aa)% by L~,~a 5; 

a 2 @o-I) 2a2 = (oa-i) 2(oa)2(=e)2a-i by S~a 5; 

b2[ac-l)2b 2 = (ca-i)2(ca)2a(ac)2a -i by Lermna 4 (3), (7), Lenma 5; 

c2(ac-i]2e 2 = (ea-i)2(ac)2c(ea)2° -I by Lena 5; 

a-i @o-i) % = (o-la] 2 ; 

b-l[ac-l]2b : (a-lc)2.a-l(oa)2a.(ac) 2 by Lemma 4 (7), Lena 5; 

o-i @c-l) % = (c-14 2 ; 

(o-%)2a-i :@o)-i 2 ; 

b(c-ia)2b -i : (ca-i]2.(ca)2.a(ac)2a-i by Lemma 4 (i7); 

c (o-i 4 %-i _- (~c-i) 2 ; 

a2(c-ia)2a 2 = (a-ic)2a-l(ca)2a(ae) 2 by Lemma 5; 

b2(c-la)2b 2 = (a-lc)2a-l(ca)2a(ac) 2 by Lenna 4 (3). (7), Len~na 5; 

c 2 (c-la) 2c2 : (a-lc) 2(ca)2c- i (ac)2e by Lena  51 

a - l ( e - l a )  2a = (ca -1 )2(ca)2a(ac)2a -1 by Lena  5;  

b-1(o-1@% : @o-1)2 by Le,,~a 4 (3);  

o - l (c - la )2c  = [ca-1]2o(ca)%-l (a° )  2 by ~ , , ~  S. 
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LEMMA 7. The following elements form a conjugacy class of involutions in 
< a, b, c> : 

(abcb-1) 2, (b-labc) 2, a-i (cb-lab) 2a, (cb-lab) 2, a-i [b-labc) 2a, a(abcb-1) 2a-i ' 

a 2 (oh-lab)2a2, a [cb-lab)2a-i • 

Rules of conjugation: (see Proof for comments) 

(i) a(abcb -l]2a-I : a(abcb -I]2a-1 ; 

(2) b(abab-1]gb -1 = a - l ( a b - l a b ] L  by 

(3) c(abcb-1) 2c -1 : (b-labc] 2 by p Lemma 5 (2) p-i 

(4) a 2 (abcb -I) 2a2 : a -I (b-labo) 2a ; 

(5) b2(abcb-1) 2b 2 : (cb-lab) 2 ; 

(6) c2{~ob-1)2o 2 : (ob-~) 2 by (3)~ 

(7) a-l(abcb-1)2a (b- lc~c] 2 = 

(8) b-l(abcb-1]gb (b-labc) 2 : 

(9) c-l(abcb-~)ga = a-l(ob-lm)ga by 

(lO) ~(b-laba) 2~ -1 = (abcb-1} 2 by (~'~)~ 

(11) b[b-labo]gb-~ : (abob -I) 2 ; 

(12) c(b-i bc) gc-1 = (cb-i @2 

(13) a 2(b-l~c) 2a2 = a(abcb -1] 2a-1 

(14) b 2 [b-labc] 2b2 : a-l(cb-lab] 2a 

(15) c2[b-labc]2c 2 : a-l(cb-lab]2a by 

(17) b - l { b - ~ , o ) g b  = (oF~-ab] 2 b~ (~'~); 

( is )  c-~{b-lo;bo)2o = ( ~ o F 1 )  2 Z,~ (3) ;  

(19) aa-l(cb-lab) 2aa-i : (oh-lab) 2 

(20) b~ -I (ab-~ab) 2~b-1 = (oh-lab) 2 

(21) oa-J-(ob-lab) 2 o - 1  : (~ob-1)  2 

-i p Lemma 5 (8), (9) p ; 

-i p Lemma 5 (i), (8) p ; 

by (i0); 

by (2); 

-1 p Lesma 5 (13), (14) p 

J 

by (2) ,  (5'); 

-1 by p Lerrma 5 ( i 7 ) ,  (53) ,  (43) p 
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(22) ~2a-i[~Ei~b)2~ 2 = ~(ob-lab)2a -i ; 

(23) b2a-l(cb-iab)2ab 2 = (b-labc) 2 by (*); 

(24) o2a- i (cb- iab)2ac 2 = (b-iabc) 2 by (3), (9); 

(28) a- ia- i (ob- l ,~b)  2 = a 2 (°b-lab} 2a2 ,' 

(26) b - i a - l [ cb - l ab )  2c~ = (abcb-i} 2 by (2); 

(27) c - ia - i ( cb - lab }2ac  = (cb-lab) 2 by (24), (12); 

(28) ~(cb-Z~b]2~ -~ = ~(cb-~a62~ -z ; 

(29) b(cb- lab) 2b - i  = (b-labc) 2 by (17); 

(30) c(cb- lab) 2c -1 : a - l ( cb - lab ]2a  by (27); 

(31) a2(cb-lab)2a 2 = a2(cb-lab]2a 2 ; 

(32) b2(cb-iab)2b2 = (abab-il 2 by (5); 

(33) c2(cb-kabl2c 2 = (abcb-i) 2 by (3); 

(34) a- l (cb- lab)2a  : a- l (cb - lab)2a  ; 

(35) b- l (cb - iab ]2b  : a - l ( cb - iab ]2a  by (20); 

(36) c - l ( cb - lab )  2c = (b-labc) 2 by (12); 

(37) aa-l[b-labe] 2aa-i : (b-iabc) 2 ; 

(38) ba -1 (b-~-#c) 2,~-:~ : ,~ (o#-%~#] 2a-z 

(39) ca -1 (b-labc] 2ac- i = a (abcb -I] 2a-i 

(40) ~2~-z(b-~bo]2aa2 = (abab-~] 2 by 

(41) b2a -i(b-labo] 2ab 2 : a 2(ab-~ab) 22 

(42) o2a-Z(b-labc] 2ao2 = a 2(ob-~ab) 2 2 by 

(43) a- la- l ( b- labc] 2aa = a ( abcb - i ) 2a-i 

(44) F~-a -:z (b-labo] 2ab = ,~ [o~bob -:~] 2a-J 

(45) o-la-i[b-zabo) 2o : ~[°b-z b) 2-z 

-i by p Lemma 5 ( iT ) ,  (4'7), (63), (20) p 

-i 
by p Lerr~na 5 (8), (27), (35) p ; 

( io ) ;  

by p Len~na 5 (8), (24), (68), (2) p-k 

p Lermna 5 (8), (27), (34), (26), 

-1 (68), (2) p ; 

by (13); 

-1 by p Lerr~a 5 (8), (27}.~ (35) p 

by p Lemma 5 (8), (21), (56), (64), 

-1 
(62), (2) p 7 
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(46) aa{abcb-i)2a-la - i  = a-i(b-iabc)2a by (4);  

(47) ba(abcb-i) 2a-ib - i  = a-i(b-labc)2a by (44); 

(48) ca(c~cb-l)2a-l° -I = a2(cb-lab)2a 2 by p Lem~a 5 (ii), (34), (26), (68), 

-2 (2) p ; 

(48) a2a(abcb -1) 2a-la2 = [b-labc) 2 by (7); 

so) b2~(~b~b -~) ~a-~b ~ -- a(ob-~b) 2-~  by 

5i) c2a[cdoeb -I) 2a-ic2 = a[cb-iab) 2a-i by 

52) ~ -~gbob  -~) 2~-h, = (abob -~) 2 ," 

53) b-ia(abcb - i)  2a-lb = a2[cb-iab) 2a2 

54) o-~(~bob -~) 2a-J-° -- ~-~(b-Z~bc) 2a 

55) ~a2(ob-J-~) 2~2a-1 -- ~-l(ob-lab) 2 ; 

56) ba2(cb-lab) 2a2b-i = a(c~cb -i) 2a-i 

(57) o2 (ob-l~) 22o-1 = a[ab-'~b) 2-~  

(58) ~2a2[cb-~b) 2 2 2  : [~b-~_~)2 ; 

(59) b2a 2 (eb-iab) 2a2b2 = a - l (b- labc)  2a 

(60) c2a 2 (°b-lab) 2a2c2 = a - i (b- labc)  2a 

(6i) a-i°2 (oh-lab) 2 2  = a(ob-ia@ 2a-i 

(62) b-la 2 (cb-iab) 2a2b : a (cb-lab) 2a-i  

(63) c-z° 2(oFza@ 22o _- ~(~bob-i) -z 

(64) aa (°b-lab) 2a-la-i = a 2 (cb-lab) 2a2 

(6~) ba(ob-~b) 2~-ib-~ = 2(ob-~ @22 

(66) ca(cb-lab)2a-ic-i = a-i(b-labc)2a 

(67) a2a (cb-iab) 2a-ia2 = a -i(cb-ido) 2a ; 

- i  p Lerf~a 5 ( i l ) ,  (33), (62), (2) p ; 

-1 by p Lemona 5 (11), (68), (2) p ; 

by (34)1 

by (53); 

by p Lemma 5 (17), (50), (70), (44), 

-1 (72), (62), (2),  p ; 

by (41); 

by (42); 

by p Lemma 5 (17), (50), (72), (62), 

-1 (2),  p ; 

by (48); 

by (62) I 

by (45); 

p Lemma 5 (ii), (30), (i9), (29), 

-i (2i), (62), (2)p ; 
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(68) b2a(cb-iab)2a-lb 2 = a(abcb-l)2a -i by (50); 

(69) c2a(cb-lab) 2a-ic 2 = a(abcb-i) 2a -i by (51); 

(70) a-la(cb-lab)2a-ka = [cb-kab) 2 ; 

(71) b-la[cb-lab)2a-lb = a-l[b-labc)2a by (38); 

(72) c-la[cb-lab) 2a-la = a2(ab-lab]2a 2 by (57), 

Proof. The term p Lemma x(y)p -I on the right-hand side means that the 

appropriate formula stated on the left-hand side is implied by applying the 

automorphism induced by p on < a, b, o) on the formula Lemma x(y). 

By Lemma 5 we have 

Applying p , we obtain 

(*) 

which yields (4), (5), (7). 

ab(ca)2b-la -I = (ca) 2 . 

(bcb-la) 2 = (b-labc) 2 

LEMMA 8. The following rules of transformation apply: 

(1) a(abcb)2a -k = (c-ib-ia-lb -i] 2a-i!b-iaba) 2a (abab-il 2 ; 

(2) b (abcb)2b -i = (babc) 2 ; 

(3) c(abab)2c -I = (a-ib-la-lb-l) 2 (b-label 2 a-i(cb-lab]2a ; 

(4) a2(abcb)2a -2 = [b-ia-ib-la-l] 2 (b-iabc) 2 a(abcb-1] 2a-i ; 

(5) b2(abab)2b -2 = [b-ic-lb-la-i I 2 (abcb-i] 2 (cb-lab) 2 ; 

(6) c2(abcb)2c -2 = (b-lc-ib-ia-l) 2 (abcb-l] 2 (ab-iab]2 ; 

(7) a-l(abcb)2a = (babc) 2 • 

(8) b-i(abcb)2b = ic-ib-la-lb-i 12 [b-labc]. 2a-i (cb-iabl 2 a ; 

(9) c-i(abcb)2c = (babe) 2 • 
J 

(i0) a (babc)2a -i = (abcb) 2 • 
J 

(ll) b(baba)2b-i = (b-ia-ib-ia -i) 2 (cb-labl 2 (abcb-i] 2 7 

(12) c(babc)2c -i = (abcb) 2 " 
J 

(i3) a2(babc)2a-2 = (c-lb-la-ib-i) 2a-i[b-labc) 2 a (abab-il 2 ; 
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(14) b2(babc) 2 b -2 = (c-lb-la-lb -I] 2 (b-labc] 2 a-l(cb-lab] 2 a ; 

(15) c2(babc)2a-2 : (a-lb-la-lb-1] 2 (b-labc] 2a-l(cb-lab ] 2 a ; 

(16) a-l(babc)2a : (b-la-lb-la -1] 2 [b-labc] 2 a [abcb -1] 2a-i , 

(17) b-l(babc)2b = (abcb) 2 • 
J 

(18) c-l(babc)2c : (b-lc-lb-la -I) 2 (cb-lab] 2 (abcb-l) 2 . 

Proof. Transform the formulae of Lemma 6 by p and use Lemma 7 and Lemma i to 

conclude Lemma 8. Transform the normal subgroup generated by (ao) 2 in H by p to 

obtain the normal subgroup generated by !abcb-l] 2 Hence this subgroup is also 

elementary abelian. The formulae of Lemma 5 imply that (abcb-l) 2 commutes with 

all eight conjugates of (ao) 2 . Hence 

N := < (ac) 2 (ca)2, a(ac)2a-i a-l(ca)2a, c(ca)2 -i , , c , c-l(ac)2c, a-lc-l(ac)2ca, 

c-la-l(ca)2ac, (abcb- l] 2, (b-labc] 2, a -I [cb-lab ] 2a, (cb-lab ) 2, a-l (b-labc) 2a, 

a [abab -1] 2a-l, a 2 (ab-lab] 2a2, a (cb-lab] 2a-l) 

is an elementary abelian normal subgroup in H . The formulae of Lemma 5, Lemma 7 

show that (c-la) 2 and (at-l) 2 centralize the group N . Transforming this 

statement by p implies that (abcb) 2 and (babc) 2 centralize N . 

Moreover Lemma 6 yields the commutator relation 

(a-lc] 2.(ac-l) 2.(c-la] -2 [ca-1 2] : (ac)2.(ca)2.a(ac)2a-l.a-l(ac)2a.c-l(ac) 20 

• c(ca)2c-l.a-lc-l(ac)2ca.c-la-l(ca)2ac . 

Transform by p obtaining 

( abcb ) - 2 ( b~oc ) 2 ( abcb ) 2 (babe) -2 

= (abcb-l) 2. (b-labc) 2 .a-i [cb-lab) 2a. (cb-lab) 2.a-i (b-labc) 2 a'a (abcb -I) 2a-i 

.a 2 (cb-lab) 2 a- 2 a (cb-lab) 2a-i . 

LEMMA 9. In (a, b, c, F) we have the following relations: 

(i) ac2b-la-lb-lca2bc-lb : c-la-l(ca)2ac'(ac)2"c(ca)2c -1 

• a-lc-l(ac)2ca(ca)2a-l(ca)2a ; 

(2) b-la-lb-lcba2cba : (ac)2c-la-l(ca)2ac ; 

(3) (c-lb-l]2a-lc-l(bc)2ca : (ca)2c-l(ac)2c ; 
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(4) (bc2a) 2 = [a-kc-ibc) 2 ; 

(B) [ab2a-lb 2]2 = [bc2b-lc 2]2 = 1 ; 

(6) [abc-lb] 4 : 1 ; 

(7) [bab2abc-la] 2 : (ac)2a-l(ca)2aa-ic-l(ac)2ca ] 

(8) [bcabc-lb2a-l] 2 : I ; 

-i -i 2 2 -i (9) b'a2b2a2"b-l'a2b2a2 : a c (ac) ca'c(ca) c .a(ac)2a-l.(ca) 

(i0) [babcbaba-l] 2 . ,2 -1, .2 -i -i. ,2 : [ac) a [ca) aa c kac) ca ; 

(ii) (abca-lb-lc-i ] 2 • = l ; 

(12) [abcb-i)2a-l[b-iabc)2a -i, ,2 -i-i, ,2 : a [ca) aa c kac) ca ; 

(13) [bcbc-k) 2 : [b-label 2.a-i icb-lab] 2 a [c-lb-la-lb-1] 2. ic-la) 2 ; 

(14) labab-1] 2 : (ca)2a(aa)2a-i (ca-i] 2 ib-lc-lb-la-l] 2 . 

-i, ,2 , ,2 -i ~-i 2, -i (15) Fbcb-laF : a tca) a'c<ca) c "D ca Da ; 

(16) Fab-lcb-iF : a-lc-labca2bca -I • 

, .2 -i , ,2 -i -i -i. .2 -i -l~ ,2 (17) Fbc-lbcF : a~ac) a ckca) c c a <ca) aca c <ac) ca 

2 
J 

a (cb lab) 2ala [~bcb -I) L -1 (a-lc) 4 (c lb-L lb 1 ) 2.ac-lb-la lb i c 

(18) FacF : (ca)2(ac) 2a-lc-l(ac) 2cac-l(ac) 2c [a-lc] 4 (c-lb-la-lb-l) 2 

a-lc-labcab-lc ; 

(19) Fabcb-iF : (ac)2a-lc-l(ac)2aa.a-lb-ka2c-ib2c2b-1 ; 

(20) Fab2cF : a(ac)2a-kc-la-l(ca)2ac[b-labc] 2a-l[cb-kab ] 2a(a-lc]4(babc)2 

.a- lb-la2c-lb 2c2b-lac-lb-la-lb-lc ; 

(21) c-la2ba-lcb-la2c-lb2c2b-lac-lb-i : a(ac)2a-lc-l(aa)2c ; 

2 -i -i 2 2 -i -I -1 2 2 -i 2 -i -i 2 (22) FcaF : a(ac) a a (ca) ac(ca) c c a (ca) ac(ca) c (ac) ca (cb ab] a 

( cb- lab) 2a2 ( cb - lab) 2a2 a ( cb - lab] 2a-i ( c- la ) 4 ( c- l b- ia- i b - l ) 2abcab - ia- i 

Proof. (i) By Lemma 2 (12) we have 

abc-lb-la-iD2D-ibc-lbca-lb-iDD2b-lca : i . 

Lemma 2 (5), Lemma 3 (2), (8), (i) and Lemma 4 (i) imply 
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Hence 

-i~-i 2 -i 2 -i~-i 2 -i 2 -i~ -i~ -i 
c o a d a ca o ac ac a caca oc oca = i . 

bc-lbac2.c [ca-i)2c-i.b-ia-i" (a-ic-i)2 [ca-i] 2.b-l.ac2ac-la2caca-i : i . 

Lemmas 5 and 6 yield (i). 

(2) By Lemma 2 (ii) we have 

b-iD-ib-lcb-iD-labca-iDbc-lbDbac-lb-la -I = i . 

Lemma 3 (4), (7), (i), Lemma 4 (i) and Lemma 5 imply 

b-iD-ib-lac-lab2Dbac-lb-la -I = i . 

Lemma 3 (4), (i), (3), (7), (2) and Lemma 4 (i) imply 

b-la-lc-lb-la2c-lac-la2b-lc2a-lca-lb'bab'cac -I = i . 

Use Lemma 9 (i) to replace b~ and apply Lemmas 5 and 6 obtaining Lemma 9 (2). 

(3) By Lemma 2 (25), (26) we have 

c-lbcbca-lc2b-la2"b-iD-iFbca-iFa-lc-iFac-l'b-iFDba'c2b-la-i = i . 

By Lemma 2 (27), 

-i~ ~ -i 2~-i -i -i -i -i -i~-i -i 
oco~a c o a c a c c o a = i . 

Hence Lemma 5 yields (3). 

(4) By Lemma 2 (25), (28) we have 

bc2a- lb- iD- l~bca- if . bc 2a- lb- iD- iFbca- if = a- lc- lbca- lc- lbc . 

Hence Lemma 2 (26) implies (4). 

(5) By Lemma 2 (13) we have 

[D-iaboa-iDb-ie-l] 2 = i . 

By Lemma 2 (5), Lemma 3 (2), (4) we have 

[ab2cab2ac2b2a-lb2c-l] 2 = i . 

Using Lemma 4 (i) we have 

(a-lc-ib2a-lb2o-l] 2 : i . 

Then Lemma 5 implies the first part of (5). When we apply to [ab2a-ib 2] 2 : i the 

automorphism induced by p on (a, b, c) , we obtain the second part of (5). 

(6) Lemma 2 (i4) yields 
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(D2D lb 2bDb 2b) 2 
a = 1 . 

Lemma 3 (i0), (5), (4), Lemma 4 (i) imply 

(aboa2b'caca'aboa2b] 2 = 1 . 

Use Lemma 5 to conclude 

(abca2b) 4 : i • 

Apply to this equation the automorphism induced by p on <a, b, c) obtaining (6). 

(7) By Lemma 2 (i5) we have 

(Dba2bc-lbc-lb) 2 = i . 

Lemma 3 (i0), (5), (4), (8), (2), Lemma 4 (1) imply 

b ~ 2~ 2 -i~ -i 2 2 -i~ -i 2 2~ 24 -L -i 
aoca Dcac a Dac a c a Dac a aa Dca DC DC = i . 

From Lemma 5 follows 

(bab • ca 2bc- ibc- i) 2 = (ac ) 2 ( ca ) 2a- i ( ca ) 2aa - ic- i ( ac ) 2cac- la - i ( ca ) 2ac . 

Replacing ca2bc-lb by Lemma 9 (i) and using Lemma 5 yields (7). 

(8) and (ii) By the definition of a, b, c we have 

bcabc- lb 2a -I = (pqp2q-i 14 , 

r -i -i 2~ 4 abca-ib-ic -i = ~qp q P ) • 

Then (xvi) and (xvii), respectlveiy, imply (8) and (ii), respectively. 

(9) By Lemma 2 (17) we have 

I i i i i 2 i i i i i i i 1 2 
ac- D- abcac- D- abcb- "b .be- b- a- Dca- c- b- a- Dca- b = i . 

Lemma 2 (5), Lemma 3 (2) imply 

-i_-i ~ ~-i~ -i -i -IT2 ac ~ aoco oac a c o caca-lc-lb-la-iDca-lb 2 = i . 

By Lemma 2 (5), Lemma 3 (5), (6), (2), (8), Lemma 4 (i), Lemma 5 follows 

(ca)2.a(ac)2a-lb.(ca)2a2(ac)2a(ac)2a-lc(ca)2c -I 

c-la-l(ca) 2aca-lc-l(ac) 2cab 2ac-la2 !a-lcl 2ac-lb-lca-lb 2ac-i = i . 

Applying again Lemmas 5 and 6, implies Lemma 9 (9). 

(i0) By Lemma 2 (18) we have 

~D2D-ibaDbc-lbDbac-i ] 2 = 1 . 

By Lemma 3 (i0), (5), Lemma 4 (i), Lemma 5 we have 
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r ~[bac-labca2b2D) 2 = i . 

By Lemma 3 (i0), (5), (3), (7), (8), (i), Lemma 4 (i) we have 

-i ~ 242 ~ -i ~-i -i -i~-i 2 -i 24-1 -i 2 -i~2 
ac aDca m arc acaD a c ~) ca c a r c a ca D amc = I . 

Hence 

~a-l~. [a-l) 2 • a (ac) 2a- 1.a2cb2abc 2. (ca) 2 .ba2c. (ac) 2a- lb [ca-l] 2 a(ac) 2a- 1 

.b-i (c-la) 2.a-k(ca) 2a.ab2ab c = i 

By Lemmas 5 and 6 follows 

2 - i  - 1 ,  , 2  - 1 ,  , 2  . , 2  - 1  r ~tc2.ba2cb2abl2 = " "~ca)2a~ac) a a ~ca) ac ~ac) c'ctca) c . 

Replace cba2cb by Lemma 9 (2) and use Lemma 5 to obtain (i0). 

(12) By Lemma 9 (i0) we have 

(babc)2c-la-l(babc)2c-la -1 = (ac)2.a-l(ca)2aa-lc-l(ac)2ca . 

Applying Lemma 8 we obtain Lemma 9 (12). 

(13) By Lemma 9 (3) follows 

bcbc -l.[c-la]2.bcb.(abcb)-2.a-I = (aa)2.c-l(ac)2c . 

Use Lemma 5, Lemma 6, Lemma 7, Lemma 8 to conclude Lemma 9 (13). 

-i 
(14) Apply to Lemma 9 (13) the automorphism induced by p on (a, b, c} 

obtaining Lemma 9 (14). 

(15) By Lemma 9 (29) we have 

i 2 i i i i i 2 i i i i 
Dbc- bD "D- bac- b- a- b- D.D ca- b- D- Fbcb- aF = i . 

Using Lemma 3 (i0), (5), (8), Lemma 4 (i) we obtain 

2 i i 9 i i i i i i i i 2 i 
D D- bc- babc a- b- a- c- b- a- ca- b- DD Fbcb- aF : i . 

By Lemma 3 (i0), (8), (3), (9), (4), (5), (7), (i), Lemma 4 (i) follows 

abcb-i (ca)2bc-lbabac-lacb.a(ac) 2a-i (ac-l) 2 

1 2 i i i i i i i i i 
• b- a c- a- c- bcaba- c- a- cb- a- Fbcb- aF = i 

By Lemmas 6 and 7 follows 

2 1 2 i 2 i 2 i i i i i I 
ab'(ca) "bab'ac- a c- a(ac) a- (ca) bcaba- c- a- cb- a- Fbcb- aF = i . 

Replace bab using Lemma 9 (i) and apply Lemma 4 (i), Lemmas 6 and 7 to obtain 
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a.ba2cb.c(ca)2c-•.(ac)2c-•(ac)2cc-•a-•(ca)2aca-•(ca)2a(ca)2.ab-•c2b-1a-•Fbcb-•aF = i . 

Replace ba2cb using Lemma 9 (2), and apply Lemmas 6 and 7 and replace again using 

Lemma 9 (i) to obtain (15). 

(16) follows immediately by Lemma 2 (23), (33). 

(17) By Lemma 2 (31) we have 

Fc-lb-lcb-iFac-lb-la-lc-lbD2"D-ibac-lb-la-lb-iDD2c-lb -I = i . 

By Lemma 3 (i0), (5), (8), Lemma 4 (i) we have 

Fbc- lbcF = ac-lb-la-lc-lba.ba2a-lb-l.a-lc-lb- la- lc-lb -I 

Replace bc2a-lb -I using Lemma 9 (i) and apply Lemma 6 to obtain 

Fbc-lbaF = a(ac)2a-la-l(ca)2ac(ca)2c-lc-l(ac)2cc-la-l(ca)2ac.ac-la-lb-la -I 

• (abab -I) 2.a-lc-lb -I . 

Replace (abab-l) 2 using Lemma 9 (14) and apply Lemmas 6, 7, 8, 5 to obtain 

Fbc-lbcF = c-l(ac) 2ca-lc-l(ac) 2ca(ac)2 (a-ic) 2a-l(b-labc) 2 a (abcb -i) 2.a(cb-lab) 2a-i 

"a (abcb -I) 2a-i (c-lb-la-lb -I) 2ac-la-lb-lc-la2 "a(ac) 2a-i (ac -I) 2 b-i . 

Apply Lemmas 5 and 6, replace b-lc-la2b -I using Lemma 9 (2), and apply Lemmas 5 and 

6 and Lemma 9 (12) to obtain (17). 

(18) follows by Lemma 9 (16), (17) using Lemmas 5 to 8. 

(19) follows by Lemma 2 (20), Lemma 9 (15) using Lemma 5. 

(20) follows by Lemma 9 (17), (19) using Lemmas 5, 7, 8. 

(21) Lemma 2 (24) implies 

abca-l'Fbc-lbc'c-la-l'abcb-iF.ac-lb-la-lb 2 = i . 

By Lemma 9 (17), (18), (19), Lemma 4 (i) we have 

i i i i 1 2 1 2 2 i i i 1 2 a- c- b- a- cb- a c- b c b- ac- b- a- b = (ac)2"a-lc-l(ac)2ca . 

Lemma 5, Lemma 4 (i) imply (21). 

(22) By Lemma 9 (20), Lemma 2 (21) and Lemmas 5 to 8 we have 

FcaF = (c-la) 4. (c-ib-ia-lb-l) 2a-i (cb-lab ) 2a. (b-labc) 2 (cb-lab ) 2.a2 (cb-iab ) 2a2 

• a (cb - lab ) 2a- la (abcb- i) 2 a- i c - i a- i ( ca ) 2aca ( ac ) 2a- i. c- iba" bca- ibc 2b 2ca 2be- i. c- ib 2a- i . 

Applying Lemma 9 (21), Lemma 5, Lemma 9 (i2) we obtain 
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,2 -i -i -i~ ,2 I ,2 -i• ,2 -it ~-i ~2 2 FcaF = a(ac)2a-la-l(ca)2ac(ca) c c a ~ca) aspca) c ~ac) ca ~co so) a(cb-lab) 

a 2 lab-lab) 2a2 a Icb-lab) 2a-i .c-i .bac-la2b .a-lc-lb2a -I 

Then follows (22) by Lemma 4 (I), Lemma 2 (2). 

[EMMA ]0. We have 

(1) 

(2) 

(3) 

(4) 

(5) 

q(ac)2q -I = (ca) 2 ; 

q(ca)2q -I = (ac) 2 ," 

(c-la) 4 = (ca)2a(ac)2a -I , (as-l) 4 = (ac)2a-l(ca)2a ; 

absb ) 4 = (b-labs]• 2.a-l (sb-lab ) 2 a , (babe)4 = (abcb-l) 2. (sb-labl 2 ," 

(as) 2, (ca)2) , < (abcb-l! 2, (b-labcl 2) , < (abcb) 2, (babc) 2) , 

ic-la) 2, lac-l) 2> are four elementary abelian normal subgroups of 

exponent 2 in < a, b, c> . They centralize each other elementwise. 

Each of them is centralized by H Any element of H~ permutes, 
g g 

in each case, the two generators. 

Proof. (i) By Lemma i we have 

-i qacacq = Doc-b-la-l~oc-lo-la-i . 

Lemma 2 (5) and Lemma 3 (10) imply (i). 

(2) By Lemma i we have 

-i = adbc-lb-la-lDbc-lb-la-lda-1 qcacaq 

By Lemma 2 (5) we have 

-i qcacaq : a (abcb -I) 2a-laD2a-k 

Lemma 5, Lemma 3 (lO) imply (2). 

(3) By Lemma 2 (30), Lemma 3 (2), (8), (6), (3), (5), (i0) and Lemma 4 (i) we 

have 

Fb ~-i _ -i -iv-i 2 -i 2 -i~-i -i ~ -i so a~a c o a s a ca o ac acoa cac-la2cacb2c-la-lcb-la -I : i . 

By Lemma 9 (15) we have 

2 -i ~-i 2~ 2 -L-I 2 -i 2 -h-i -i ~ -i -12cacb2 a-l(ca 2a.c,ca, ~ r ~ c "o ca o's c o a c a ca o as acoa sac 

• c-la-lcb-la -I = 1 

Use Lemma 9 (2) to replace b-lca2b obtaining 
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ba2.b-la-lb-l.ac-lacba-lcac-la.(ac)2.(ca) 2 a(ac)2a-ka-l(ca)2a 

• c(ca)2c-lc-l(ac)2ca-lc-k(ac)2cac-la-l(ca)2ac = i . 

Replace b-la-lb -I using Lemma 9 (2) to obtain 

ba b-kc-la2b-l'c-lac-lacba-lcac-la 

2 2 -1 2 -1 2 2 -i -i -i 2 
• (ac) (ca) a (ca) ac (ac) ca(ca) c a a (ca) ac = l . 

By Lemma 9 (2), Lemma 5 we have 

-i c-la2b-lc-lb-la-lc-lbc-lac-lacba-lcac a.(ca)2a-l(ca)2ac-l(ac)2cc(ca)2c -I = l . 

By Lemma 9 (3) and Lemma 5 we have 

c -la 2 ca -ic2b-lc-l.{c-la) 2.cba-lcac-i a..ca. 2(~ 

2-i-i 2-i 2 • a(ac) a a (ca) ac (ac) cc(ca)2c-lc-la-l(ca)2ac'--- . 

By Lemmas 5 and 6 we have 

(c-la) 4 2 2 2 -i -i 2 2 -i -i -i 2 
= (ac) (ca) a(ac) a a (ca) ac(ca) c a c (ac) ca . 

2 
Conjugate the relation Lemma 9 (12) with a and compare the result with Lemma 9 

(12), then we obtain 

,2,,2-1-1.,2-1-1..2 
ac) c~ca) c a tca) aa c ~ac) ca = i . 

Using this relation in the above yields the first part of (3). Applying Lemma 5 

yields the second part. 

(4) Apply the automorphism induced by p on (a, b, c) to the formulae of (3) 

to obtain (4). 

2 
(5) Apply to (3) the automorphism induced by p on (a, b, c) and compare the 

result with the original formula 

c(ca)2c -I = (ac)2(ca)2a(ac)2a -I , 

c-l(ac)2c = (ac)2(ca)2a-l(ca)2a , 

(1) 
a - l c - l ( a a ) 2 c a  = ( c a ) 2 a ( a c ) 2 a - l a - l ( c a ) 2 a  , 

c-la-l(ca)2ac = (ac)2a(ac)2a-la-l(ca)2a . 

Conjugate with b, a 2, b -I and use Lemma 5 to obtain the second, third and fourth 

formula by the first formula. 

Apply to (I) the automorphism induced by p to obtain 
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(II) l 
a - i  (b - labc)  2 a = (abcb- i )  2. (b - iabc)  2 . a - i ( c b - l a b )  2 a , 

a(abab -1) 2 i (ab~b l) 2. (b i b~) 2. (~b labl 2 , 

a 2 (cb-iab) 2a2 [b-iabc) 2 (cb-lab) 2a-i (cb-iab) 2 a , 

(ab lab) 2al (ab~b i~ 2(~b lab) L l(oblab) 2 a 

Using Lemma i0 (2) and Lemma i we have 

qa-l(ca)2aq -I 

By Lemma 2 (36), (42) follows 

= aD-id(ac)2d-iDa-i . 

qa-i(ca) 2aq-i = aD -I (Dbabca-iFbc-ia-lb-iFac-ib-ia-ib-iD-i) 2Da-i 

= ababca-iF( ca ) 2Fac-lb-la-lb-la-i 

Use Lemma i0 (3), (4) and (I) and (II) in Lemma 9 (22), then follows 

FcaF = (ac) 2(ca) 2a(ac) 2a-la-l(ca) 2a(babc) 2abcab-la -I 

Insert this in the above formula to obtain, using Lemma 5, 

qa-i(ca) 2aq-i = ababca -i. ((babe) 2abcab-la -I) 2.ac-ib-la-ib-ia-I 

Appiy Lemma 8, then follows 

qa-l(ca) 2aq-i = ababca-i.a-i (b-labc) 2a. (abcb-i) 2.a (cb-lab) 2a-i a (abcb-l) 2a-i (cb-lab) 2 

• a 2 (cb-iab) 2a2ab(ca) 2b-ia-i.ac-ib-la-lb-ia-i 

Lemma 5 and (II) imply 

qa- l ( ca ) 2aq- i -- ababca- la- i ( b- labc ) 2 a ( abcb- l ) 2( ca ) 2ac- i b- la- l b- la- i 

Lemma 9 (12), Lemma 5 and (I) imply 

qa-l(ca)2aq -I = (ca) 

A comparison with Lemma i0 (i) shows 

a-l(ca)2a = (ca) 2 

2 
Applying the automorphism induced by p yields 

c-l(ac)2c = (ac) 2 

Then the statement on ((ac)2(ca) 2) follows by Lemma 5. To obtain the statement on 

((abcb-l) 2 (b-labc) 2) conjugate with p . One obtains the relations 

a-l (cb-lab ) 2 a = (b-labc) 2 , 

( ob- lab ) 2 = ( abcb- l ) 2 . 
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Use Lemmas 6 and 8 and Lemma i0 (3), (4) to conclude the remaining statements. 

LEMMA II. In (a, b, c) we have the following relations 

(l) Ib-labcl 2 = Ic-lal2.(baba) 2 ", 

(2) [a-ibab) 2 = (ac-l) 2.(abcb) 2 ; 

(3) (bcab-lca) 2 = [ac-l]2.(c-la) 2 ; 

-i -i -i 
(4) cabacm a c = bacb-i 

(5) [b- la2ba2) 2 = 1 ; 

(6) [b2cal 2 = (ac-l) 2 ; 

(7) [ c b - l a - l b )  2 = (babc) 2 ; 

(8) bcbc-la-lb-lc-lb-la-lc-i = ic-la) 2 ," 

(9) (bab-lc-l) 2 = [ac-l!2.(c-lal2(babc) 2 ; 

(io) b-la-lb-l.ac.bab.a-lc -I = (ca)2Ic-lal2(abcb)2.(babc) 2 ,. 

(ii) b-la-lb-l°ca.bab.c-la -I = la-la!21ac-ll2(abcb)2.(babc)2 ; 

(12) b2acb2c-la -I = (ac)2Iac-l!2(abcb)2.(babc) 2 ; 

(13) (abcb) 2 = (babc) 2 , Ic-lal 2 = (ac-l) 2 ," 

(14) (abcab) 4 = i ; 

(15) b-lcabca-lb-lcabca -I = i ; 

(16) b-lcaba2b-lcaba 2 = (a-la] 2 ," 

(17) [a-lb-lab) 2 = (oa)2.(abcb-l] 2 , [b-lo-lbc) 2 = (b-labc) 2"(oa) 2 ; 

(18) (ab) 4 : (ba) 4 • 

(19) (ab) 4 ( Z((a, b, c)) ; 

(20) ba2c2b- lc2a 2 = (ac )2 (babc)2 . (ab)  4 ; 

(21) ba2b-lacba2b-lac : [c-la] 2 ," 

(22) (ba) 4 : (cb) 4 (ab) 4 : (bc) 4 • 
J J 

(23) b 2 c b - l a c - l b - l a  -1 = (ac -1 ]2 (ac )2 (ca )2 . (ab )4  ; 
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24) 

25) 

26) 

27) 

2 
(28) (ac) 

Proof .  ( i )  

ba-lc-lb-lc-la-i = (c-la) 2(babc)2" (abcb-i) 2. [b-iabc) 2.(ab ) 4 ; 

(ab)2 = (ca)2.(abcb-l)2.(b-iabc)2.(abcb)2.(ab)4.(ba)2 , 

(be) 2 : (ac)2(aa)2{b-labc)2(ac-i)2.(ab)4.(cb)2 ; 

(ab)4 : {~cb-1) 2. (b i bo) 2.(babo)2" (°la) 2 ; 

(~o)2(o~)2 : (~ob-1) 2 @ - l ~ ° ]  2 ; 

: (o~)2 ,  [~b~b-i)2 : (b - l~@2 

By Lemma 9 (2), Lemma i0 (5) we have 

b- lcbc = (ca) 2 ( a- ic ) 2aba- i b- ia2 . 

Then (i) follows by Lemma 9 (14). 

We use the automorphism induced by (2) 

follows. 

(3) By Lemma 2 (2) and Lemma 4 (i), 

bcab- ica . ( ca ) 2 [ca-i] 2 .boa. ( aa ) 

Hence Lemma i0 (5) implies Lemma ii (3). 

(4) By Lemma 2 (25) we have 

bcFae-lb-iFDbac2b-la-lc-i 

Insert this in Lemma 2 (28); then 

-i 
p in Lemma ii (i). Then Lemma Ii (2) 

2{oai)%loa : i . 

= c-lb-lcabc2a-lb-iD-iFbca-i F . 

Fac-lb-iFDbac2b-iFac-ib-iFDba = c-lb-icac-ib-icabc 2 . 

A comparison with Lemma 2 (26) yields 

c2a-lb-lcabc2a = bach -I 

Then Lemma ii (4) follows by Len~na 9 (3). 

(5) By Lemma 9 (i), (2), Lemma i0 (5) 

bah = ca2bc-lbac 2 = cba2cba.(ac)2(ca) 2 . 

Using Lemma i0 (5) we obtain 

b- la2 ba 2 = (ca)2(ca-l]2cll.bc2b-lc2.c . 

Then Lemma 9 (5) implies Lemma li (5). 

(6) follows immediately by Lemma 4 (i) and Lemma i0 (5). 

(7) Applying the automorphism induced by p yields Lemma ii (7). 
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(8) follows immediately by Lemma 9 (3) and Lemma i0 (5). 

(9) By Lemma i0 (5), 

bab-lc -I "a -I "ba-lb-la -I "aca : (ca) 2bab-i "ac'ba-lb-lca . 

Replace ba-lb-la -I using Lemma 9 (14) and bah -I on the right-hand side using Lemma 

9 (2), then 

-122 [a-lc)2(babo)2(b~b-lo-1]2 : c-12o.[o-lb-1]2.~.(bo)2.~ ~ o ~ . 

Then Lemma 9 (3) and Lemma i0 (5) imply Lemma li (9). 

(i0) By Lemma 4 (i) we have 

-ic-i.ba-ib-ia-i -i -i ababac-la2b-la-lb-la2c-i = abab-l.a "a c 

Replacing abab -1 using Lemma 9 (14) yields, by Lemma l0 (5), 

= 2ba-lb-l.ac'bab -I -i -i ababac-la2b-la-lb-la2c -1 (ac -1) .a c 

Replacing bab -I using Lemma 9 (2) yields, by Lemma i0 (5), 

ababac-la2b-la-lb-la2c -I = a-lb-lcba-l.c-lb-lc-lb.c -I . 

Replacing c-lb-lc-lb using Lemma ii (i) yields, by Lemma i0 (5), 

ababac-la2b-la-ib-la2c-i = [a t - l )  2(abcb)2(a- lb- icb)  2 

Then Lemma ii (9) and Lemma i0 (5) imply Lemma ii (i0). 

2 
(ii) Applying to Lemma ii (i0) the automorphism induced by p yields Lemma ii 

(ii) by Lemma i0 (5). 

(12) By Lemma Ii (8) and Lemma 4 (i) 

b 2cb2c-l-1 = [ca -l) 2. [c-la) 2.bc-~.cab-lcb-l-la-i . 

Replacing bc-lb using Lemma 9 (i) yields, by Lemma i0 (5), 

2 -i -i b %cb 2-1-1 = a%-l'babacb-la-~-l'ca c a 

use Lemma ll (ii) to conclude Lemma ii (12). 

(13) We have 

~bob -%.abe -% -<a % -1 = ~b 2.b -%b -<oa-bo -%b % % -1 

Replacing abc-~ -I using Lemma ii (7) and bc-~ using Lemma 9 (i) yields, by 

Lemma i0 (5), 

(b~o) 2~c.b -~bo.b -~o-1 : [o-~] 2[~ c-% 2~ 2.~o 2.b -~a-% -1.~-b~-~ %-%~ % -1 
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Replacing 

side yields 

(e- la) 2 (ac- l ) 2 : ab 2acb 2a2c -I . 

A comparison with Lemma ii (12) furnishes the first part of Lemma Ii (13). 

part is obtained by applying the automorphism induced by p . 

(14) By Lemma 9 (i), (13) 

ababc = (ac)2[c-la]2(babc)2a-lb-lcb-la -I 

Use Lemma i0 (5) to conclude 

cab" (a-lb-la-lb-la -I] 4b-la-lc-i = 

b-lcbc using Lemma ii (i) and applying Lemma ii (i0) to the right hand 

The second 

[ac -1] 2cabc-lb-la-lc-lbc2.c-la-lb-la-lc-lbab-la-lc -I 

-i-2 -i -i -i -i 2 -i -i -i~ -i~-i -i -i 
ac ] aabc b a c bc b a .c ~c D "a c 

by Lemma ii (4) 

: (babc) 2c.abc-lb-i "a-lc-lbc 2 "b-la-lbc "b-lca-lc -I 

by Lemma ii (i) 

= [a-lc) 2(babe) 2cbcb-la2c -l.beb-la-l.a-lc 2 

by Lemma ii (7) 

= cbcb'b2aob2b-lo-lb-la-lo 2 by Lemma ii (7). 

Then Lemma ii (12), Lemma 9 (3), Lemma i0 (5) imply Lemma ii (14). 

(15) As in the proof of Lemma ii (14) 

(c-lb-la-lb-la-l]4 : (ac-l) 2c-lb-la-lc-lbca-lb-la-lc-lba . 

A comparison with Lemma ii (14) yields Lemma ii (15). 

(16) By (abe) 4 : i and Lemma 4 (i) 

b-lcabcab-la-lc-lba-lc -I : i . 

A comparison with Lemma ll (15) yields Lemma ii (16). 

(17) Use Lemma ii (i0) to conclude 

b 2 • baboa.a-lb-labc : [b-labc] 2 , 

b 2c-la-lb 2.b-laba-lb-laba = (c-la) 2 (b-labc) 2 

Then we obtain (17) by Lemma ii (12) and Lemma i0 (5). Transforming by 

second part. 

(18) 

p yields the 

From (viii) follows (ha) 8 : i . Then use Lemma 9 (14) to conclude 
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(ab)4(ba) 4 = abab.abab-l.b-laba.baba 

= abab.ba-lb-la.ab-la-lb2aba 

= (ac)2[b-labc)2a'baba-l'bab-lab-la-lb2aba by Lemma ii (17) 

= (ac)21b-labc] 2(ac-l) 2(abcb)2a2b-l'b-lab-la-l'b2aba by Lemma ii (2) 

: (ac)2[b-labc)2a-l(a-lb-lab]2a by Lemma ii (2); 

hence Lemma ii (18) by Lemma ii (17). 

(19) The relations a(ab)4a -I = (ab) 4 and b(ab)4b -I = (ab) 4 follow by Lemma 

ii (18), c(ab)4c -I = (ab) 4 follows by Lemma ii (i0). 

(20) By Lemma 9 (i), (2) 

(ab) 2 : aca2bc-lbac 2 , 

(ab) 2 = (ac)2(ca)2acba2cba . 

Hence 

(ab) 4 = (ca)2(c-la]2acba2c.bcbc-l.bac 2 

Then Lemma ii (20) follows by Lemma 9 (13) and Lemma i0 (5). 

(21) By Lemma ii (ii), (12) 

b- lcab = ab- lacba -I" ( ac ) 2 [ac-l] 2 

By Lemma ii (i0) and Lemma 4 (i) 

b-lcab = a-lb-lacba . 

A comparison yields Lemma ii (21). 

(22) Use Lemma 9 (2), Lemma i0 (5) to conclude 

(ha) 4 = bab.a.bab.a , 

(ba) 4 = cbcb.b-la2bca.aba2cba 2 . 

By Lemma ii (16) and Lemma 4 (i) 

(ba) 4 = (ea-l]2(ca)2.(eb)2.eab-la-l.a-lbab.a2eba 2 

- (ca)2(abcb)2(cb)2.c.ab-la-lb-l.a-lb-la-lcba 2 

= (ca)2(cb)3aba2b-lc-la-l'a2ba 2 by Lemma ii (2). 

Then the first part of Lemma ii (22) follows by Lemma ii (21), (5). 

follows by Lemma ii (18), (19). 

(23) Use Lemma ii (i) to conclude 

by Lemma ii (2) 

The second part 
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b2cb-lac-lb-la -I = [ac-l]2b.bcb-lc.a-lb-la-i 

= (ac)2(abcb)2ba.a-lc-lbacb-l'c-la2b-lc-la -I by Lemma 9 (2) 

: (ac)2(ca)2(abcb)2babc-la-lb-la-lb-l.bc2a2b-lc-la -I 

by Lemma ii (4). 

By Lemma ii (13), (ii) 

b 2 c b - l a c - l b - l a  - I  : (ac) 2(ca) 2(abcb) 2 a - l c - l b c 2 a 2 b - l c - l a - i  , 

hence 

b2cb-lac-lb-la -1 = (abcb)2a-lc-lba2c2b-lc-la -I 

Then Lemma ii (23) follows by Lemma ii (20). 

(24) Apply the automorphism induced by p-i 

(5), Lemma ii (22) to conclude Lemma ii (24). 

(25) By Lemma 9 (2) 

(ab) 2 = (ac)2.c-la-lba-lc-lb-l.(ba)2.1ca-ll2(ac)2(ca)2 . 

Then Lemma ii (25) follows by Lemma ii (24). The second part is obtained by 

transformation with p . 

(26) By Lemma 3 (4), Lemma 4 (i) and Lemma i0 (5) 

D-labD = (ca)2.bc-l.abc.b -I 

Replacing abc using Lemma ii (23) yields 

D- lab D = Iac -I) 2(ac)2(ab)4.bc-lb2ca.a-lb-lab-i . 

Use Lemma 4 (I), Lemma ii (2), Lemma i0 (5) to conclude 

D- lab D : [ac -I) 2(abcb)2(ac)2(ca)2(ab)4.ba.b-la-lba . 

By Lemma ii (17) 

D-labD : (ac -1) 2(abcb ) 2 [abcb - l )  2(acl 2(ab ) 4.ab . 

This computation can also be carried through in the following way: 

D-labD : (ca)2bc-la.bcbc.c-lba-l.ab . 

By Lemma ii (25) 

D- Io6o D : (ab) 4. ( ac ) 2 [abcb- l )  2 (ac-l ]  2bc- lac . b c b c - l . b a - i  "ab . 

By Lemma 9 (13) 

D-labD : (ab)4" (ac) 2. (babc) 2 [abcb-l] 2. [c- la]  2 .ba - l c - l b - l c - l a - l . ab  . 

to Lemma ll (23) and use Lemma i0 
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By Lemma ii (24) 

D- lab D : (ac)2[b-labc] 2.ab . 

Then Lemma ii (96) follows by comparing the formulae for D-labD . 

(27) Apply to Lemma ii (28) the automorphism induced by p and use 

Lemma ii (92) to deduce Lemma II (27). 

(28) By (abe) 4 : i , Lemma 4 (i), Lemma ii (24), (26), (27) we have 

abcab-!'b2cabcabc = I , 

(c-la] 2(ac) 2.ac-laca-l.bcab-lc = 1 . 

Use Lemma ii (24), (27), (26) to conclude the first part of Lemma ii (28). 

part is obtained by transformation with p . 

The s e c o n d  

In the following we 

without any special 

LEMMA 12. We have the transformation formulae: 

(i) D-Ia2D = (ca) 2-Iac-ll 2.Iabcb-l!2.(abcb)2.a 2 ; 

(2) D-Ib2D = (ca) 2.Iac-l]2!abcb-l]2-(abeb)2.b 2 ; 

(3) D-Ic2D = (ca)21ac-ll2Iabcb-ll2.(abcb)2.c 2 ; 

(4) D-labD = (aa)2.Ib-labc!2.ab ; 

(5) D-lacD = ac ; 

(6) D-ibcD = Ic-lal2(abcb)2.bc ; 

(7) D 2 = (ca)2.[abcb-ll 2 ; 

(8) Fa2F = a 2 ; 

(9) Fca-iF = (babc)2.1c-lal2.ca -I ; 

(io) FacF = (abcb)2"Ia-lal2"ac ; 

(ii) Fbcb-la-iF = (abcb)2.Ic-lal2.bcb-la -I ; 

Using Lemma i0 (5), the relations Lemma ii (13), (25), (28) show that 

((ac) 2, labcb-l) 2, (at-l) 2, (abcb) 2, (ab)4} 

is an elementary abelian normal subgroup of exponent 2 in the centre of < a, b, c> . 

It is of order 24 at most, and is generated by (ae) 2, labcb-l! 2, (ac-ll 2, ( abcb ) 2 

shall use the simplified relations obtained by Lemma ii (26), (28) 

indication. 
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(i2) Fabcb-iF = (abcb)2(c-ia)2abcb -i ; 

(i3) Fb2F b 2 = 

(14) Fab2a-iF = ab2a -I • 

(15) Fabab-iF : abab -I • 
J 

(16) Fbab-la-lF : bab-la -I 

(17) D-laD : ab-la-iFabF ; 

(18) D-lbD : (abcb) 2. Ic-la]2.a-iFabF ; 

(19) D-lcD : (abcb) 2. [c-la) 2.(ac)2 (abab -1] 2.cb-la-lFabF ; 

(20) D-1FD : F . 

Proof. (1) By Lemma 3 (i), Lemma 4 (i), Lemma i0 (5) follows immediately 

D-Ia2D : (ca) 2 (ac-l] 2bc-ib-la-l.a-ibcb-i . 

Use Lemma li (7) to conclude Lemma i2 (i). 

(2) By Lemma 3 (2), Lemma 4 (i), Lemma iO (5) 

D-Ib2D : (ca) 2 (ac-l) 2.bc-lb-la-lb2.bc-lb-la-l. (ab~b-l] 2 

Hence Lemma 12 (2). 

(3) By Lemma 3 (3), Lemma 4 (1), Lemma i0 (5) 

D-Io2D : (ca) 2 (c-la] 2.bc-lb-la-lc2ac-l.cbcb -I . 

Lemma ii (i), Lemma i0 (5) imply 

D-lc2 D : ( c - l a ]  2(babc)2(ca)2. (ac )  2. (bc-lb-lc) 2.c2 

Use Lemma l l  (17)  t o  conc lude Lemma 12 ( 3 ) .  

(4)  See the  p r o o f  o f  Lemma 11 (26 ) .  

(5) By Lemma 3 (6), Lemma 4 (i), Lemma i0 (5) 

D lacD = bc-lb-lccd)ob -I . 

Use Lemma q (i) and Lemma ii (24) to conclude Lemma 12 (5). 

(6) By Lemma 3 (8), Lemma 4 (i) 

i i i i 2 i i i i D-IbcD : bc- b- a- bcab- "b .cb- c- b- "bc.(ac- ]2 

By Lemma 9 (13), Lemma ii (24) 
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D- Ibc D = b . c- lb- icb . b 2cbc - l. bc • ( abcb ) 2. (ac)2 

By Lemma ii (17) follows 

D- ibcD = (abcb) 2. labcb-ll 2.c-l.bcba.c-l.babc-l.b c . 

Use Lemma ii (25), Lemma 9 (13) to conclude Lemma 12 (6). 

(7) follows by Lemma 3 (i0) and Lemma 4 (I). 

(8) is Lemma 2 (19). 

(9) follows by Lemma 9 (22), Lemma ii (24), Lemma 12 (8). 

(i0) follows by Lemma 9 (18), Lemma ii (28), (24). 

(ii) By Lemma 9 (15), Lemma 12 (8) follows 

Fbcb-la-iF = b.b2cab2.b.baba . 

By Lemma 4 (i), Lemma ii (25), (27), (2B) follows 

Fbcb-la-lF = (ab)4bcb-la -I . 

Hence Lemma 12 (ii) follows by Lemma ii (28). 

(12) By Lemma 9 (19), Lemma i0 (5) follows 

Fabcb-iF : (ac)2a-lb-la-l.cab2.c2b -I 

implying 

by Lemma 4 (i). 

(13) 

implying 

Fa~cb-iF = lac-l! 2(ac)2a-lb-la-lb-l-b-la-lcb-i 

Then Lemma 12 (12) follows by Lemma ii (25), (28). 

By Lemma 2 (22), (23) and (abe) 4 = i follows 

Fb2ca-iF = (ac)2.bcb-lcabb2cb -I 

/~b2oa-iF : [ac-l]2b2.b-la-lb-la-l.ab-lcb -I by Lemma ii (24) 

= (ca)2.b2a-lb-la-lb-lab-l.ob -I by Lemma ii (25). 

Then Lemma 12 (13) follows by Lemma ii (2), (24) and Lemma 12 (9). 

(14) By Lemma 9 (20) and Lemma 12 (i0) follows 

Fab2a-iF = [c-la] 2.a-lb-la-l.a-lc-lb2o2b-lac-lb-la-lb-la-i 

= (ca)2a-lb-la-lb-l.b-la-lcb-lac-lb-la-lb-la -I by Lemma 4 (i) 

= (abcb)2(abcb-l)2.b.c-lb-lc-lb-l.a-lb-la -I by Lemma ii (25), (26). 

Hence Lemma 12 (14) follows by Lemma ii (25), (24). 
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(15) By Lemma 12 (14) and Lemma 2 (22) 

Faba]i)-iF : a]~.ba2c2b-la-lc2b-i 

Then Lemma 12 (15) follows by Lemma ii (20) and Lemma i0 (5). 

(16) By Lemma 2 (22), (20) 

FbabccaF : bc2a-lba -I . 

By Lemma 12 (8), (9), (14) 

Fbab-la-iF : bc2a-lba2c2b-lb-la -I . 

Lemma ii (20) and Lemma i0 (5) imply Lemma 12 (16). 

(17) By Lemma 2 (32), Lemma 12 (8), (7), (9) 

D-laD : a-lb-laFac-labacc2F 

: a-lb-laFc2"abcb-l'baF by Lemma ii (24), Lemma 12 

: (a]oob-l]2"a-lb-laEc2bo-l'b-la-lbc'F by Lemma 12 

: (abob-l]2(c~ob)2a-lb-lao2bo2b-l'EabF by Lemma 2 (20), Lemma 12. 

Then Lemma 12 (17) follows by Lemma ii (24), (i), (17). 

(18) follows by Lemma 12 (18), (2), (4). 

(19) follows by Lemma 12 (18), (6), (3). 

(20) By Lemma 2 (34), Lemma 12 

D iFD : (at-l] 2. (abcb) 2. [cbcb-i] 2 E . 

Then Lemma 12 (20) follows by Lemma ii (i). 

in 

We shall now describe the normal subgroup which is generated by the fourth powers 

G . 

DEFINITION. 

Vl : b-ia-iDba : [p2q) 4 , 

v 2 = ab-la-iDb , 

v 3 = o-lb-lob-iD-lcb-iFac-lb-la-lb-iFb , 

v4 : (ao)2 : [qpq-lp]4 , 

v 5 : (~bob-l] 2 ' 
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V6 = (a-lc) 2 , 

V 7 = (abcb) 2 , 

v 8 = bc-lb-lcb-iD-icb-iFac-lb-la-lb-i F ; 

If one computes 

Proof. (i) follows immediately by Lemma i and Lemma 2 (47). 

(2) follows immediately by Lemma 1 and Lemma 2 (47). 

(3) By Lemmas 12, i, and the definition of v i 

p-lv4"v2P = P-I" (abcb-l) 2aDb-la-i b.p 

= (ca)2c-lb-la-lc-le2cbca 

4 -4 
pep using Lemma i, then 

oaf e . 

Y :: (Vl, ..., V 8) . 

We shall show that V is a nomal subgroup in G generated by fourth powers. 

LEMMA 13. We have the transformation formulae 

-i -i 
(i) PVlP = v s ; (9) qvlq = v4v 2 ; 

-i -i 
(2) Pv2P = v 8 ; (10) qv2q = v6v I ; 

-i -i 
(3) Pv3P = v4v 2 ; (ll) qV3q = v7v 3 ; 

-i -i 
(4) Pv4P = v 5 ; (12) qv4q = v 4 ; 

-i -i 
(5) PVsP = v 4 ; (13) qv5q = v 5 ; 

-i -i 
(6) Pv6P = v 7 ; (14) qV6q = v 7 ; 

-i -i 
(7) Pv7P = v 6 ; (15) qV7q = v 6 ; 

-i -i 
(8) Pv8P = v4v I ; (16) qv8q = vSv 8 ; 

(17) V is an elementary abelian normal subgroup of exponent 2 in G ; 

(18) v 8 = VlV2V 3 ; 

(19) v 7 = V4VsV 6 . 
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Hence Lemma 13 (3) follows by Lemma ii (24), Lemma 2 (47), Lemma 12. 

(4) to (7) follow by Lemma i, Lemma Ii (28), Lemma 9 (13). 

(8) Use the definition of v. to conclude % 

-I -i 
PV8P = pb.v3b-l.p 

Then Lemma 13 (8) follows by Lemma i, Lemma 13 (3), Lemma ii (24), Lemma 12. 

(12) follows by Lemma i0 (i) and Lemma ii (28). 

(13) By Lemma i 

q(~ab l) 2q-1 = (deb l~o i la l) 2 

But 

implying 

2 2 -i -i -i -i 2 -i -i 
~ ~aeD-laoc-lec : q P "q p q P "q "pq Pq "pq 

-i-i -i 2 -i -i 
= p q P q "Pq Pq "p 

-i r -i -i~ 4 
= q [q p ] q = 1 by (iv), (iii) 

[~rabcb-l~2q-i -i -2 -i -i -2 -i 
q . : O e a c e a 

Using ca ~ e as in the proof of Lemma 13 (3) yields 

q (abcb-l) 2q-i : (ac) 2ae4a-1 

We apply the automorphism induced by p on Lemma 12 (7) obtaining 

e 4 = ( c a )  2.  ( b - l a b c )  2 . 

Hence the proof of Lemma 13 (13) is complete using Lemma i0 (5). 

(14) By Lemma i 

r -i~ 2 -i 
q ~ac ) q : dbcb-ld-la-lc~.cb-ld-l.a -I 

: dbcb-ld-la-l'dbdb'c-la -I by Lemma 2 (49) 

= dbcb-l'd-la-lb-ld-l'b-ld-lc-la -I by Lemma 2 (49) 

= dbcab-l'd-lc-la -I by Lemma 2 (49). 

Then by Lemma 2 (39), (42), (36), 

q [ac-l] 2q-i = cb-iFac-lb-la-lc-lboa-iFbc2a-i 

Hence Lemma 13 (14) follows by Lemma ii (24), Lemma 12, Lemma ii (28). 

(15) By Lemma 13 (6) 
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q(abab)2q -i 

= ap(abcb)2p-l.a -1 

Hence Lemma 13 (15) follows by Lemma 13 (7) and Lemma i0 (5). 

~2q) 2 2 - 2  - I  
: ; hence p vlP = qvlq (9) We have v I 

by Lemma 13 (3). 

(i0) By Lemma i 

The definition of d, e 

This implies 

By Lemma 2 (39), (43), 

Hence 

implying 

-ip-l.pq qPq (ac-l] 2 -i -i -i -i 
: q P .~qp q 

-i : dbe-ld-lc-le-la-lc-lb-la-i 
qv 2q 

and (v) implies immediately 

(de) 2 : i . 

-1 : dbd-l.B.ec-le-l.a-lc-~-la-i . 
qv 2q 

-i : Dbc-la-lc-lb-la-i . 
qv 2q 

qv2 q-I : Dbc-la-lc-l.b-la-lb-la-l.Dba.Vl I 

Then Lemma 13 (9) follows 

-i : D2D-i (c-ia]2.a-lb-iDba.v-i i 
qv 2q 

Then Lemma 13 (i0) follows by Lemma 12, Lemma i0 (5). by Lemma ii (25). 

(ii) By Lemma 13 (i), (9), (8) 

-i -i -i 
qv3q = v~'~Pv2P a 

c-i 2a-i -i 
= v5" p b Dbabcp 

= v5P (c-la) 2. (abcb) 2(aa) 2 ib-labc] 2. c-lb 2.a-lbab cb-la-lbap-l. 31 

by Lemma 12, Lemma 13 (I) 

, -i~2 . .2 -i~ -i.-i -h-i -h -i V-i 
= VS.P~ac J .~ca) c O.a D a 0 "c bp " 3 

by Lemma ll (2), Lemma ll (24), Lemma 4 (i). 

Hence Lemma 13 (ii) follows by Lemma ii (25), Lemma ii (24) and Lemma 13 (5), (6). 

(16) By Lemma 13 (2), (i0), Lemma i and V 2 = i 
± 
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-i = qv8q v7.Pc-lb-la-la-lb-iD-lababcp-i 

: r-l~2-1~-l-l~-l~-l-l_~-l-lba~ 
v7"P(ac)2"Ic a] .c ~ a cam a DDp v 8 

by Lemma 12 (4), Lemma ii (25). 

Then Lemma 13 (12) follows by Lemma 12 (i), (3), (5), (4) and Lemma 13 (4), (6). 

(17) Use the definition of v. and the transformation formulae to conclude 

2 2 2 
v I = v 2 = ... = v 8 = 1 . 

Lemma l0 (5), Lemma ii (28), Lemma 12 show 

<v4, Vs~ v6, v 7 ) ~ Z(V) . 

(VlV2 ]2 : [VlV3 ]2 : (VlV8)2 : 1 follows by V 1 : ~2q]4 and Lemma 13 (1)-(16). 

The other commutator formulae are obtained by transformin Z the above formulae 

by p and q . 

(18) By the definition of Vl, v 3 and Lemma 12 

Vl'V 3 = (abcb)2.b-la-lbac-lb-lcb-lcb-l.abab.caFa-IFb 

.... 2, ,2 ~-l-l~ -i--i -i -i~ -i - 
VlV 3 : taoco) <ac) "o a ma'c o a c ra FO by Lemma ii (25), (24) 

" VlV 3 : [abcb-l) 2"(c-la]2"(oa)2"a-lcb-lc-la-l'a-IFa-lFb by Lemma ii (17), (7) 

VlV 3 : (ac-l)2.[abob-1]2.(abcb)2.c2ababFa.(a-iFabF]2.Fb-la-lb 

by Lemma ii (24), (28). 

Raise the formula Lemma 12 (18) to the second power and compare with Lemma 12 (2) to 

obtain 

(a-lmbF) 2 = (ac)2(a -1) 2.(abab-1]2.(abcb)2.b2 

We insert this in the above formulae obtaining, by Lemma 12, 

Vl'V 3 : (ac)2.c2abababa-lbFa-iFa 

VlV 3 : (ea)2"(abcb)2"(e-la)2"c2b-la2b'Fa-iFa by Lemma Ii (28). 

By the definition of v2, V 8 and Lemma 12 
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V2V8VI'V 3 : (ca)2.ab-la-lb2c-lb-lcb-lcb-la.c-lb-la-lb-l.c2b-la2b 

= (abcb)2.Ic-la!2.ab-la-lb2c-lb-lc'b-lcaD'ad-lb-la2b by Lemma ii (25) 

= (abcb)2.(ca)2.ab-la-lb-l.b-lc-lb-lc-lb-la2b 

by Lemma ll (24), Lemma 4 (i) 

: (abcb)2"(ca)2ab-la-lc-lb-lc-lba2b by Lemma ii (22), (26), (2) 

= (babc)2.(ca)2"ab.babaab by Lemma ii (24). 

Then Lemma 13 (18) follows by Len~na ii (25), (28). 

(19) Lemma 13 (19) is obtained by applying to Lemma 13 (18) the automorphism 

induced by q . 

V is also an elementary abelian normal subgroup of G . It is generated by 

u I, v2, ..., v 6 . By definition the elements Vl, ..., v 5 are contained in G 4 . 

By Lemma 13 (i0), 

V ~ G 4 . 

V is the normal subgroup in The definition of v I shows that 

Ip2ql 4 

We shall now describe the normal subgroup generated by 

: G÷G 

G generated by 

(pq2] 4 Let 

be the involutory automorphism of G which just interchanges p and q . Obviously, 

(V) is then the normal subgroup in G generated by (pq2]4 Here are the formulae 

for the operation of G on V : 

-i -i 
PVlP : V 3 qvlq = V4V 2 

-i -i 
PV2P : VlV2V 3 qV2q : V6V I 

-i -i 
PV3P : V4V 2 qv3q : V4V5V 6 V 3 

-i -i 
pv~p = v 5 qv4q = v4 

-1 -I 
PVsP = v 4 qVsq = v 5 

-i -I 
pV~ : V4V5V 6 qV6q : V4V5V6 

-i bVlb-i avla = V 2 : v2v4v 6 

-i 
av2a = v I bv2b-i = VlV4V 6 

-i 
OVlO : V 2 

-i 
cv2c = V I 
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av 3a -I : VlV2V3V4V 6 bv3 b-I : VlV2V3 cv3 c-I : VlV2V3V4V6 

-i bv4b-i av4a : v 4 = v 4 cv4 c-I : v 4 

-i bV sb- i : aVsa : v 5 = V 5 OrS c-I v 5 

-i bv6b-i av6a : v 6 ~ v 6 cv6 c-I : v 6 

dVld-i : VlV4V 6 evle-i = VlV5V 6 

dv2d-i = v2v4v 6 ev2 e-1 = v2v5v 6 

dv3d-i : v3v5v 6 ev3e-i : v3v4v 6 

dv4d-i : v 4 ev4 e-I : v 4 

dv5 d-1 : v 5 ev5 e-1 : v 5 

dv6 d-1 = v 6 ev6e-i : v 6 • 

To enable a more detailed study of the normal subgroup generated in G by the 

fourth powers, it will be convenient to somewhat refine some of the formulae, Lemma 

2 ( 3 6 ) - ( 4 8 ) .  

L E~IA 14. 

eoe -1 : v3v4v6.bcb-iF ; (1) 

(2) de b e-ld -I = v4(cb)2.bD-i ; 

(3) ede-ld -I = v3v5v6.bcb-lc-iD-i ," 

(4) e 2 v3v4v6bcb-lc-i 
Proof .  (i) By Lemma 2 (43) and the definition of v 3 follows 

-i 
ece : bo.v3"b-iF . 

Then Lemma 14 (i) follows by Lemma 13. 

(2) By Lemma 2 (41) and Lemma 12, 

de.b.e-ld -I = c-lb-l.o-lb-lcb-l.ac-lb-la-lb-l.D -I 

: v6"c2bc'abab'cD -I by Lemma 9 (13) 

= v6"ccbcb'c-lb'D -I by Lemma ii (25), (24). 

Then Lemma 14 (2) follows by Lemma ii (25) and Lemma 13 (19). 
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(3) By Lemma 2 (45), Lemma 12, Lemma 13, 

ede-ld -I : V3VsV6babca-lbc-lb-lc.b2ca.bca-l.bc-lbc.bc.D -I 

= v3v6.babca-lb.c-lb-lcb-l.cb-ic2D-i 

by Lemma 4 (i), Lemma ii (24), Lemma 9 (13) 

-I -i~-I -i -I~-i ,-i 4-1 2 ~-i 
: v3v5v6"c a o a c o co co c "~ by Lemma 9 (13), Lemma ii (25) 

: v3V4Vs"c-lcb'bcb-lc-l'c2b-lc2D -I by Lemma ii (24) 

= v3v4v6"c-l'bc-lb-lc-l'c-iD -I by Lemma ii (17), (25). 

Then Lemma 14 (3) follows by Lemma ii (i). 

(4) By Lemma 2 (47) and the definition of v 3 

2 e = bcv3b-lc-i 

Hence Lemma 14 (4) follows by Lemma 13. 

DEFINITION. 

follows 

u i =  = [ v i )  , i =  1 ,  2 . . . . .  6 , 

U :: <u I, ..., u 6> . 

From Lemma 13 it follows that U is an elementary abelian normal subgroup in G 

which is generated by fourth powers. U is the normal subgroup generated by (q2p) 4 , 

obviously it centralizes V . 

LEMMA 15. The elements 

(i) u I = v6.bFb -I ; 

(2) u 2 = v6.a-lb-iFba ; 

(3) u 3 = v2.~b2cF ; 

(4) u 4 = v6.b-la-iFabF ; 

(5) u 5 = v4v5v6.b-la-iFabF ; 

(6) u 6 = v 6 ; 

(7) u4u 5 = v4v 5 . 

The following transformation formulae apply: 

u i can be computed in terms of the v i : 
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(8) 

IPUl p-I : u4u 2 

-i 
Pu2P = u6u 1 

-k 
Pu3P = u4u5u6u 3 

-i 
Pu4P = u 4 

-i pu~_ = u 5 

{Pu6P = u4u5u 6 

(9) 

qulq i = u3 

-i 
qu2q = UlU2U 3 

-i 
qu3q = u4u 2 

-1  
qu4q = u 5 

-1  
qu5q : u 4 

-i 
qu6q = u4u5u 6 • 

Proof. The following formulae follow immediately by the definition of 

a, b, ..., e and Lemma l: 

a(a) = pqp-lq-i = a-i ; 

a(b) qa-i -i = q = ad -I ; 

2 -i -2 
a(c) = q a q = dec ; 

-i -i -i b-la-i ~(d) = pq p .a = 

a(e) : qb-la-lq -I : c~be-ld -I ; 

(i) u I = [q2p) 4 = p-iFp = p-l.ebe-la-lba-i p 

= dad-labca2bc 

which follows by the definition of F and Lemma i. Moreover Lemma 2 (36) and Lemma 

12 imply 

u I = v4v5v6.D-ibabca2c2D.D-icD.Fabca2bc 

2 -I 2 2 -I -i 2 
u I = v4v5u6:bab.ca c a .a b a Fababca bc 

u I = v5"baba-lbca'abcb'Fb -I by Lemma 12. 

by Lemma 12, Lemma 13 (19) 

Then Lemma 15 (i) follows by Lemma ii (24) and Lemma 4 (i). 

(2) e(v2)= e~Iavla-l] = a-lv6b~-~o-la . Lemma 15 (2)then follows by Lemma and 

Lemma 12. 

(4), (5), (6). Obviously, 

~ ( ( a b )  4) = D 2 = V4V 5 

and 

a((ac) 2) : a-l&.ca-l.e-ld-lc . 
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By Lemma 2 (44), (38), 

( (ac ) 2] : a lDbc-lbDbabo 

~((~c) 2] 

" ~((ac) 2) 

= v4v5.a-l.bc-lb-lc.c-lb-labcb-la-iFabF by Lemma 12 

-i 2 ~-i = v4v6.a o .D oaD.ab-la-iFabF by Lemma ii (17), (25). 

Then Lemma 15 (4) follows by Lemma ii (24), Lemma 4 (i) and Lemma 15 (5) follows by 

Lemma ii (26), Lemma 13 (19) and the formula for a((ab) 4] . 

a[[ac-l] 2]'" " " = a-lc-lda-lc-ld -1 follows by the definition and (ed) 2 : 1 and 

ca ~ e . By Lemma 2 (36), (42) 

a[ (ac -I) 2) = a-lc-iDbacb-iD-i . 

Then Lemma 18 (6) follows by Lemma ii (24), Lemma 12 and Lemma 13 (19). 

(8), (9). These formulae follow by Lemma 13 applying ~ . 

(3) Use Lemma 14 (4) to conclude 

V 3 : e2cbc-lb-lv4v6 

Apply ~ , then we have by the statements already proven 

u 3 = ab.de.abca.e-ld-l.ded-le-l.ec-le-l.a-l.u4.u6 . 

By Lemma 14 (i)-(3), Lemma 2 (38), (41), Lemma 13, Lemma 12 follows 

u 3 : VlV2V6.b-l.D-icbcb-lc-la-l.b-lcbc2b-la-lFb-la-iFab F 

u 3 : VlV2.b-iD-icbcb-la.b-lc-lbc.b-la-iFb-la-iFabFv5v6 by Lemma ii (i), (24) 

u 3 : VlV2V4v5.b-lcbcb-la2b-lc-iD-ic-iD.D-i.Fb-la-IFabF 

by Lemma ii (17), (24), Lemma 12 

u 3 = VlV2.b-lcbcb-la2b-lc2ab.vl.a-lb-l.F 

by Lemma 12 and the definition of v 1 

u 3 = v2"b-lcbcb-lac-lb-lcba-lb-iF by Lemma ii (24) 

u 3 = v2v4v6b-lcbcb-lcb-lc-]F by Lemma ii (9) 

U 3 = v2c-lb2a-iF by Lemma ii (i). 

Conjugating this relation with 

15 (3). 

2 
c and using Lemma 13, Lemma 15 (7), (8) yields Lemma 

By Lemma 15 follows immediately the collection of formulae given hereafter. 
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The formulae for the operation of G on U 

-i bUlb-I 
aula = u 2 = u2u4u 6 

-i bu2b-i au2a = u I = UlU4U 6 

-i 
au3a = UlU2U3U4u 6 bu3b-i = UlU2U3U4U 5 

-i bu4b-i 
au4a = u 4 = u 4 

-i bu5b-i 
au5a = u 5 = u 5 

-i bu6b-i 
au6a = u 6 = u 6 

-i dUld-i CUlC = u2u4u 5 = UlU4U 6 

-i du2d-i CU2C = UlU4U 5 = U2U4U 6 

-i du3d-i cu3c = UlU2U3UsU 6 = u3u4u 6 

-i du4d-i cu4c = u 4 = u 4 

-i 
cu5c = u 5 du5 d-I = u 5 

-i 
cu6c = u 6 du6d-i = u 6 

-i 
eule = UlU5U 6 

-i 
eu2e : u2u5u 6 

-i 
e u 3 e  = U3U5U 6 

- 1  
eU4~ = U 4 

eu5e-i : u 5 

-i 
eu6e = u 6 • 

The join of V and U is again an elementary abelian normal subgroup in G , because 

U and V centralize each other. Obviously V n U is just the group fixed by a . 

Hence we have 

(v6, v4.v 5) ~ V n U . 

It is easy to check that the representation of G on the IF 2 vector space VoU is 

compatible with the relations (i)-(xvi). The factor group G/V.U is of exponent 4 

as mentioned in part A. We shall now collect some relations in G/G 4 . 
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LEMMA 16. 

(]_) E = u2u 4; 

(2)  b2o 2 = U2U3VlV6 ; 

(3 )  a2b 2 : UlU3UsvlV2V3V5 ; 

2 2 
(4 )  a o = UlU2UsUeV2V3V5 

- i  -Z  
(5) aca c : UlU2U4V2V3V4 ; 

(6 )  (ab)  2 d -2  = UlU3VlV3V4V5 ; 

(7 )  (ab)  2 (be )  -2 = U5VlV2V4 ; 

(S) d 2 e -2 = UlU2U 6 ; 

(9 )  a2ba2b - I  = UsU6VkV2 ; 

(10)  b2ab2a -1 = U5VlV2V5 ; 

(11)  b2cb2o -1 = u4u6VlV2 ; 

(12)  e2be2b -1 = U4VlV2V5 ; 

(13)  d-2ad2a -1 = u4u 6 ; 

(14)  d-2bd2b -1  = u5u 6 ; 

(15)  d-2od2a -1 = u4u 6 ; 

(16)  d a d - l a  - l d - 2  = U3VlV 3 ; 

(17) dbd-lb -Id-2 = u2u4u 6 ; 

(18) dcd-lc -kd-2 = UlU2U3 viv3 ; 

(19) eae -la-ld-2 = UlV4V5 ; 

420) ebe -Ib-ld-2 = UlU2U3V2V3V5 ; 



122 Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman 

(21) ece-lc-ldz 2 = u2u5u6 ; 

(22) da2d-la 2 = UlU2V5V6 ; 

(23) db2d-lb 2 = UlU2 ; 

(24) dc2~:zlc 2 = UlU2U6V4 ; 

2 -1  2 
(25) ea e a = UlU2U5U 6 ; 

(26) eb2e-lb 2 = UlU2U4V5 ; 

2 -i 2 
(27) ec e c = UlU2U4U 6 ; 

2 
(28) D = v4v 5 • 

PFoof- (i) follows by Lemma 15 (i). 

2) follows by Lemma 15 (3), if one replaces F using Lemma 16 (i). 

-i 
3) is Lemma 16 (2) transformed by p 

4), (5) follow by Lemma 16 (2), (3). 

(6) Use the definition of Vl to conclude 

VlV4V 6 : aba-lb2a-lb-la-l.(ab)2.D-i 

Lemma 16 (6) follows by Lemma 16 (3). 

(7) By Lemma ii (25), (18), (26) 

(ab)2.(bc) -2 = babacbcb.v4v 5 • 

Lemma 16 (7) follows by Lemma ii (24) and Lemma 16 (2). 

(8) Transform Lemma 16 (6) by p and use Lemma 16 (7) to obtain Lemma 16 (8). 

(9)-(12) follow by Lemma 16 (2)-(4) under consideration of Lemmas 13 and 15. 

(13)-(15) follow by Lemma 16 (6), (7) under consideration of Lemma ii (25), 

(26) ,  (22)° 

(16) By Lem~a 2 (36) 

dad-la-iD -I = ab.b-la-iDba.baa-l.F.bc-la-lb-l.D-la-iD.D -2 

Lemma 16 (16) follows by Lemma ii (24), Lemma 16 (i), (13), (3), (4). 

(17) By Lemma 2 (39) follows 
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dbd-lb-ID -I = cb.b2.F.a2.a-lc-lb-l.a.a2bk.b.D-Ib-lD.D -2 . 

Lemma 16 (17) follows by Lemma ii (24), Lemma 16 (3), (14). 

(18) By Lemma 2 (42) 

dcd-lc-iD -I : ab.b-la-lDba.a-lb-l.F.abab.(b-la-lb-lc-l]2.cD-ic-iD.D -2 

Lemma 16 (18) follows by Lemma ii (25), Lemma 16 (3), (15). 

(19)-(21) follow by Lemma 16 (16)-(18) on transformation by p under 

consideration of Lemma 16 (18). 

(22)-(24) follow by raising Lemma 16 (19)-(21) to the second power under 

consideration of Lemma 12 (i0). 

REMARK. The formulae in Lemma 16 imply that a 2, b 2 and c 2 commute pairwise. 
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CHAPTER 2 

A FINITENESS PROOF FOR F 

We shall now study the following group and we show that it is of finite order: 

(i) Yq : Z 8 : i ; 

(ii) (zz-1] 2 : 1 

(iii) (YZ) 4 = 1 ; 

(iv) (z2z2) 8 : 1 

(v) (zs2) 8 : l 

(vi) (Z4y2) 8 : 1 ; 

(vii) [z4zz2z]s : l 

(viii) [z2zzz-3 ]8 : 1 

( i x )  (Z4y2Z2y2Z4y2%-2Z2] 8 = 1 ; 

(x) (z4z2z2z218 : z ; 

( x i )  ( yZ2yz3 t ,2Z3 ]  8 : 1 ; 

(xii) (z3z) 8 : l 

(xiii) (z3z2) s : 1 

(xiv) (z4z2z2z2zz]8 : 1 

(xv) [z4z2zz]. 8 : l 

(xvi) [Z4yZy2) 8 : 1 ; 

(x~ii) (z3z2z2z2) 8 : 1 

(xviii) (Z3Z2Z-2y2]  8 : 1 ; 

( x i x )  (Z2Z2Zy] 8 : i ; 

(x~) [z4zz2z2z~] 8 = l 

4 2 2 2 2 2  2 2 4 2 2 2  2 2  2 2 8  
(xxi) (zzzzzzz-zzzzzz-zz-z] :z 

F=(Y,Z I 
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(xxii) (Z4y2z2y2z2y2z-2y2) 8 = i ; 

(xxiii) IZ4y2z4y2z4y2z-2y2) 8 = i ; 

(xxiv) IZ4y2Z4y2z2y2z2y2) 8 = i ; 

( x x v )  [Z4y2Z-2y2Z2y2Z2y2) 8 = i )  . 

A. Yhe main theorems 

the 

and 

We shall carry through our computations in a subgroup of F . For this we need 

DEFINITION. 

THEOREM I .  F 1 

p := (zy)2z -2 , 

q := (yz)2z -2 , 

2 
x := ( Z Y )  , 

F I := <p, q, x) ~ F . 

is a normal subgroup of F , and we have 

IF : FII = 23 

F 4 = F 2 
i " 

Proof. The formulae in Lemma i (Part B) show that F I is normal in F . The 

quotient F/F I is obviously isomorphic to the dihedral group of order 8 . The 

presentation of B(2, 4) in Coxeter and Moser (1957, p. 81), proves that F 4 is the 

normal subgroup of F , which is generated by Z 4 and 

prove F 4 = F 2 
i 

For our further computations, an automorphism of F I 

automorphism of F will be of importance. 

DEFINITION. Let ~ be the automorphism induced by 

F I - 

(y2Z2)4 Then Lemmas i, 3-8 

induced by an inner 

Zy2z -I = ZyZy -I = xy 2 

THEOREM 2. a operates on the generators of Pl in the following way: 

on 
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a : p+q 

q+p 

X -~ M . 

Proof. See the transformation formulae in Lemma i, Part B. 

Next we shall show some relations in F 1 between p, q and x . Then we shall 

find (see Theorem 3 (1)-(15)) that the subgroup of r generated by p and q is a 

factor group of the group studied in Chapter i. Hence we have in particular the 

relations shown in Chapter i, Lemma 16, between p and q . When we obviously use 

these relations, we shall not indicate it separately. 

THEOREM 3. In r I we have the following relations: 

4 q 
(i) p = q : i ; 

(2) (qp)4 = 1 ; 

-1 4 (3) (pq) 

( 4 )  (p2q2]4 = 1 ; 

(5) (pqp-lq-l]4 : 1 ; 

-i -i 4 
(6) (qp qpq p) = 1 ; 

(7) (p2qpq2pq) 2 : 1 ; 

t 2 2 -i~8 r 2 2 -i~8 
(8) l.q Pq P ] : 1 , [p qp q ) : 1 ; 

(9) (p2q]8 = (q2p]8 = 1 ; 

-i 8 qpqp-i 8 
(i0) (pqpq) : ( ) : 1 ; 

(ii) (p2qpq-lp2qp-lq-l]8 r 2 -i 2 -1 -1~8 : [q pqp q pq p ) = 1 ; 

(12) (qpq-lp2] 8 (pqp-lq2] 8 
: =i; 

r 2 2 2 -i~8 q2p2q2p-l) 8 
(13) [p q p q ] : ( : 1 ; 

( 1 4 )  (pqp2q2) 8 2 2 8 
= (qpq p ) : 1 ; 

(15) (pqp2q-1 )  8 , 2 - 1 ,  8 
= LqPq P ] = 1 ; 

( 1 6 )  x 2 = 1 ; 

(17) (px) 4 = (qx) 4 = 1 ; 

r -lx] 2 (18) [pq , : 1 ; 
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(i9) (xpmpq2) 4 = (xqxqp2) 4 = i ; 

(20) (pxqx) 4 = i ; 

qx =11 

(22) (qxqxp) 4 = (pxpxq) 4 = i ; 

(23) [p2qx)4 = (q2px)4 = 1 ; 

(24) (xpxp-l) 4 -i 4 = (xqxq ) = i ; 

_ 1 2  4 4 
(25) (q p qpxpx] = (p- • qxqx) = i • 

( 26 ) (p 2qxqx ) 4 2 4 : (q pxpx] : i ; 

2 -i 4 (27) (qp q ~mp) = (pq2p-lzqxq) 4 1 ; 

(28) [qpq-lxpxp) 4 = (pqp-lxqxq) 4 = i ; 

(29) (qp2q-lp2xp-lx) 4 = ~pq2p-lq2xq-lx) 4 

( 30 ) (qpq-i 4 4 p ) = )qp-lq:q- ) 

-i 4 
(31) (q px) = 1 ; 

r x 2 2 4 q2p2 x (32) [ p q ) = 1 , ( )4 : 1 ; 

(33) ( p q p q x q p q p x )  2 = i ; 

=i; 

: 11 

(34) ipqp- i  - i  - i x ] 4  : i . q xpxqxp = (qpq-lp-lxqxpxq-lx) 4 

Proof. See Part B. 

The list in Theorem 3 is not a complete presentation of F 1 , because in our 

computations we use also the conjugates of relations (1)-(34) under Y or Z . 

It is now necessary to pass to a subgroup of F 1 . 

Let F 2 be the normal subgroup of F 1 which is generated by the 

-i -i 
pqp q , xpx'p, xqxq . 

DEFINITION. 

elements 

We want to state a system of generators of the group F 2 . So assume that 
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-i -i 
a := qpq p , s := pxpx , 

-i-i-i -i 
b :: pqpq p p , t :: ppxpxp , 

2 -i -i -2 -i -i 
c := p qpq p p , u := p qpxpxq p , 

2 - 2  -i -i 
d := q pq p , v := qpxpxq , 

2 -2 -i -i -i -i 
e := pq pq p p , w := pqp~xq p , 

-i 2 -2  
r := xpxp , z := p q pxpxq p . 

Obviously we have <a, b, c, d, e, r, ..., 

THEOREM 4. 

P r o o f .  

z> <F 2 . 

F 2 = (a, b, c, d, e, r, s, t, u, v, w, z) ; 

IF z : r21 _< 2 5 

Lemma 3 shows 

<a, b, c, d, e, r, s, t, u, v, w, z> 2 FI~ F2_< <a , b ,  c, d, e, r, s, t, u, v, w, z> . 

The other inclusion is obvious. FI/F 2 is isomorphic to the semidirect product of an 

abelian group of order 16 with a group of order 2 . 

DEFINITION. 

F 3 := (a, b, c, d, e, r, s, t, u, v, w> , 

F 4 := (a, b, c, d, e, r, t, u, v, w> , 

F 5 := <a, b, c, d, e, r, t, v, w) , 

F-4 := (a, b, c, d, e, s, t, u, v, w) , 

~5 := <a, b, c, d, e, s, t, u, v> . 

Now we deduce sufficient relations between a, b, c, d, e, r, s, t, u, v, w, z to 

prove the following theorem. 

THEOREM 5. For the above-defined groups F .  we have: 
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( l )  I r  2 : r s l  ~ 2 ; 

(2) I r  3 : F41 ~ 2 ; 

(3)  I r  4 : rsI  ~ 2 ;  

(4) I r  3 : ~4I 2 2 ; 

( 5 )  I~  4 : % 1  2 2 . 

In particular 

F 5 : <a, b, c, d, e, r, t, v, w> 

and 

-F5 : <a, b, c, d, e, s, t, u, v> 

have finite indices in F . 

F 5 and ~5 are subnormal 

subgroups of F . 

Proof. Theorem 5 is proved by Lemmas 8, 9, i0, 9' 

i0'. 

F 
8 

25 FI 

F 2 

F 3 

r 4 r 4 

g 5 r 5 

<la,b ,c ,d, e> 

DEFINITION. If G is a group and S c G is a subset, then we write ((S)) G 

for the normal subgroup generated by S in G and CG(S) for the centralizer of 

in G . 

For our following argumentation the simple theorem stated hereafter is of 

importance. 

THEOREM 6. Let G be a group and H 1 ~ H ~ G where 

(i) H 1 is finite, 

(2) G/H is finite; 

then <(HI)>G is finite. 

Proof. If gl' "''" gn is a system of aoset representatives of G/H , then 

Since we have 

giHlgi I ~ H for all i : i, ..., n ; 

hence (< HI))G is generated by finitely many normal finite subgroups of H . 
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COROLLARY. 

Moreover, let H I be a finite normal subgroup of H . Then <(H I 

Proof. Using Theorem 6 several times yields the corollary. 

We repeat again a definition of Chapter i. 

DEFINITION. m :: d 2 (q2pq-2p-l] 2 = 

Ul := [q2p] 4 ; 

Let G be a group with a subnormal subgroup H of finite index. 

>>G is also finite. 

U2 := pqp-lq-l[q2p)4q.pq-lp-i ; 

u 3 := qlq2pl4q - I  ; 

Vl := [p2q) 4 ; 

V2 := qpq-lp-l[p2q] 4pqp-lq-i ; 

v3 : :  p[p2q) 4 -1 
P ; 

- i  4 
V 4 := [qpq P] ; 

U 4 := ~qp-lql4 ; 

r -i -i 2 -ip] 2 
v 6 := IPqP q P qPq 

<< >> N := Ul, , de, D F 

Next we shall show that N is a finite group. In order to prove it, we take 

elements 8 E (a, b, c, d, e> and show that @ generates a finite normal subgroup 

either in F 5 or in ~5 " In both cases Theorem 5 and the corollary yield that 8 

generates also in F a finite normal subgroup << 8>) F . But in the factor group 

F/((8)) F the Theorems 1-5 and the Lemmas 1-12 hold. Then, in the factor group, one 

finds new elements in (a, b, c, d, e> , whose normal closure in F 5 or T 5 can be 

computed. After some steps one exhausts N bK this method. 

THEOREM 7. N is a finite group. 

Proof. See Lemmas 13-17. 

If we use the same symbols for the images of the elements a, b, o, d, e, r, 8, 

t, u, u, w in F/N , then Chapter i, Lemma 16 yields that (a, b, o, d, e> in F/N 

is an elementary abelian group of exponent 2 . Moreover, we show in F/N that 
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<a, b, c, d, e, r, s, t > ~  (a, b, c, d, e, r, s, t, u, v, w> 

and that the index is 8 at most. 

We use this in Lemma 19. Then Lemma 20 shows that 

( i )  l(a, b, c, d, e, r ,  8, t }  : (a, b, c, d, e, s, t )  I ! 2 , 

(2) l<a, b, e, d, e, s, t )  : (a ,  b, c,  d, e, s)[ ~ 2 , 

in F/N . Hence it suffices to show the finiteness of (a, b, c, d, e, s> 

We have now deduced so many relations in £/N that it is easy to show that 

(3) 

is metabelian at most, 

(4) 

(a, b, c, d, e, 8) <- F/N 

<a, b, c, d, e, 8) <- F/N 

is finite. Thus we have proved 

THEOREM 8. F i8 finite. 

Hence, if we use the shortened form 

U :: YZ -I 

we see that the group 

r, ::<u, z l  u 2 : z  4 : (z2% 

i s  a f a c t o r  g r o u p  o f  F . H e n c e  we  g e t  

THEOREM 9. F* is finite. 

: i, W 8 : i) 

in FIN . 

B. The proofs 

LEMMA ]. We have the rules of oonjugation 

(i) ypy-1 qp-lxq-i ( 2 ) ZpZ -I p-lxqx -I 
---- j = p J 

yqy-i = xq-i , ZqZ-i = p • 

yxy -I = qp-i x , ZxZ -I = p-lxq ; 

and the formulae 

(3) Z 4 (xp) 2 ; (4) (y2Z2)4 xra -I -i]2x-i 
: : k ,  P . ; 

(5) p2 = ZYZ4y-Iz -I ,. (6) q2 : yg4y-i ; 

(7) (pq)2 = Zy(Z2y2)4y-iz-i ; (8) (qx) 2 = y2Z4y-2 . 

Proof. All these formulae are obvious consequences of the relations (i)-(iii). 

Proof of Theorem 3. By Lemma 1 we have 
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xy 2 : p-~q 

q-~p 

Hence, if we have proved one formula of Theorem 3, we have also shown the formula 

which is implied by the first one when putting q for p and p for q . 

In our computations we shall not indicate separately obvious consequences of the 

relations ( i)- ( iii). 

(1) 

by (ii), (i). 

(2) 

by (iv). 

(S) 

by (v). 

(4) 

by (vi). 

(S) 

by (vi). 

q~ : Czs1] 4 : zzSz -I :i 

(pq)4 = (ZyZyz-2yzyz-1]4 

: s~ -1 (~2s2] ~z -1 

= 1 

(pq- i) 4 : ( z z z w l r l z - l r l )  ~ 

: ( z - l z - l r l z - l z z y Z 2 Z Z z z - l r l z - l r ~ ]  2 

: (y~ZO, Z~]%-h,% ~ 

: 1 

22 2]4 q. : (ZyZyz-iyzyz-2yzyz-1yzyz-1] 4 

: z .  [ ~ P ~ z - 2 ~ P ~ ] %  -1 

: zz -1 (z2p) ~z -1 

= 1 

: (z~z~z-2~z~z2~z~zrlz-l~-l) 4 

: (ZyZyZ-3y-Iz-I~z-I~z-1y-1) 4 

= (ZyZyz-3y2py2) ~ : y-1z-iy-l(z4y2) 8yz ~ = i 
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(6) 

by (vii). 

(7) 

Hence 

Moreover, we have 

[qp-lqpq-lp] 4 = (yzyz2yzy2zy~lz-iyzyz2yzy2zy-iz-l] 4 

: Czrz2~zz2z~ is l] 8 

: (~zzz~zz-lz -~) 
: ( z % - l z - 2 ~ - l z - 3 )  8 

: z - l ( z - l z -~f l z  4] h : 1 

y-ipy = qp2 x . 

By Lemma i we have 

p.y-ipy = pqp2 x . 

: 2 y2py-ipyy-2 xqpq 

We multiply these formulae obtaining 

~gy-l) 8 = (pqp2qpq2] 2 , 

- 1  8 (PY) = IZyZyz-2y-l] 8 

: zz-l¢2zzz -3] S~z-l 

by (viii). 

(S) 

2 2 -1 
qPqP 

Hence we have " ~[q2pq2p-l] 8 

(9) 

= 1 

= 1 

= yZyZ-1yzy2zyz-2yZyZ-Iyzyz2yZy 

= yZ3y2zyz-2yZ3yZ2yZy 

= yz3y2Z2y2z4yzy-iz-1y-iz -I 

= yZ-Iz4y2z2y2z4y2z-2y2Zy -I . 

by (ix). 

2 q P = yzyz-1yzy2zyz -2 

= yz3y2zyz -2 

= Zy-Iz4y2z2~yz -I 

28 
Hence we have (q p] : i by (×). 
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(io) 

Hence we have 

(il) 

by (xxi). 

(i2) 

by (xxii). 

(13) 

by (xxiii). 

(14) 

by (xxiv). 

(15) 

by (xxv). 

(16) 

(i7) 

-i 
PqPq 

(pqpq-1) 8 : i 

= Zyzyz-2yzy2zyz-Iy-Iz-Iy -I 

= y-Iz-Iy-Iz-3y2Z-2y2z-Iy2z2y2yZ Y 

= y-Iz-Iy-Iz-3y2Z-2y-Iz-2y-Iyz Y . 

by (xi). 

( q 2pqp - lq 2pq - ip - i) = (yZ3y2zyz-2yzyz2yzy2z3y2zyz-1y-1z-1y-1Z3yZy) 8 

= (yZ3y2z2y2Z2y2z-2y2Z4y2z2y2z-Iy-Iz3yz~ 8 

= yZ-I(z4y2Z2y2z2y2z-2y2Z4y2Z2y2z-2y2Z-2y2) 8Zy -I = 

-1 2~ 8 Z (YZYZ-2YZyZ2yZy2Z3y) 8Z-1 PqP q ]  = 

= ZY(Z2y2z2y2z-2y2Z4y 2) 8Y-Zz-1 = 1 

[p2q2p2q-Z) 8 = (ZyZ3yZ-2yz3y2z3yz-1y-1Z-1y-1) 8 

4 2 4 2 4y2z-2 2) 8.y-1 -1 = ZY(Z Y Z Y Z Y Z = 1 

[pqp2q2) 8 = [ZyZyZ-2yzy2Z3yZ-2yz3yz-1) 8 

= ZY(Z2y2z2y2Z4y2Z4y2 ) 8y-1Z-1 = 1 

2 -i~8 
qPq P ) : (yzy2zyz-2yZ3yZ2yZy] 8 

: ( z z z 2 z 2 z 2 z 4 z z 2 z z z )  8 

= yZ[y2Z2y2Z4y2Z-2y2Z2)8Z-Iy -I 
= 1 

x 2 = (ZYZY) 2 = (ZY) 4 = 1 by (iii). 

Y (i) y-i ~ (17) . 
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(18) 

(19) 

by (xii). 

(20) 

(21) 

(22) 

by (xiii). 

(23) 

by (xiii). 

(24) 

by (xii). 

(25) We have 

by (17) and because 

Z (16) y-l~ (18). 

( xpxpq ~ 4 : ( z z z z z z z z z - 2 z z z z z z z z z - 2 z z z z - l z z z z - 1 )  4 

= (Z4yZ3yZ-I) 4 

y (2) y-1 ~ (20). 

Z (3) Z - l *  (21).  

( ~ x q p ) 4  = (z-lzzz2zz2zzz-2] 4 
: (z-lz2z-3z2z-2)4 

= z - l (~2z -3 )  8 z 

= 1 

(q2px) 4 ° (zz3z2zzz- lzzz)  ~ 

: d z 3 z  2) sz - t  
= 1 

(zpzp- 1) 4 : ( z - l z z z z 3 z z z ) ~  

= z - l z - 1  (z3z) % :  

= 1 

Zyp2qy-iz-i -1 -1 -l = mp mp q x . Hence 

(p2qzz]8 = (fqzzp2qz lz 1 )4 

= ~2qpzpxq- i) 4 

= i 
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by (xiv). 

(26) 

because 

by (xv). 

(27) 

because 

by (xvi). 

(28) 

(29) 

because 

(p2qZy) 8 : [ Z y Z y z - l y z y z -  2ySy2] 8 

: (z~s4pz2~2] 8 

- 1 

We have Zy-ip2yZ-i -i -i : xq xq Hence 

2 -i 8 [p ZY ] : [p2Zy-Ip2yZ-I]4 

: <p2qxqx] 4 

: 1 

(p2z~- ~_ ] 8 : IZyZyz-kyzyz-iy-l] 8 

: [s~s3ys-lrl] 8 

: [ZyZ4y2) 8 

: i 

We have by Lemma I, 

gyqp2y-iz-i -i -i -i :q p [qp2zr]8 : ( qp2SZqp2y -1z - l x ]  4 

f 2 -1  -1  - t  ~ 4 
: LqP q P xp x) 

: i 

[qp2Zy ] 8 : [.rs:,2 szz- l:,s:,z-l~,] 8 

: (yzy2Z 4) 8 

: 1 

Essentially is (22). 

We have Zy2p2xy2Z -I : q-lxp-i Hence 

~ 2xZy2 ) 8 : [p2xZy2p2xy2Z-1Zy2Zy2 ) 4 

r 2 -i -i -1 -1 -1,4 
: lP xq xp ZY " Z Y J 

= [p2xq-lxp-lq-i ] 4 

= i 
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by (xvii). 

(30) 

because 

by (xviii). 

(31) 

because 

by (xix). 

(32) 

because 

We have 

We have 

We have 

: (zyzzz-izzzz  zzzz 2) 

= 1 

Zy2pxy2Z -1 : p 

(pxZy2) 8 

-i 
xqp • Hence 

• 2 2 -izy2zy2. 4 
: [pxZy pxZ z ] 

: (pxp-lqpzy-.].z-ly-1] 4 

: (pxp-lxqpq-1] 4 

: 1 

[pxZy2) 8 : (ZyZyZ-1yzyzy2) 8 

= (ZZZ3ZZy5 
= z~(z3z~z-D 2] 8z -h -~  

: 1 

Zy-Ipyz -I : xq -I Hence 

(pZZ -~) 8 : (pzy-lpyz -~] 
-1 4 

: [pxq ) 

= 1 

(pz -l] : (ZyZyz-ly-1) 8 

: Zy(Z2y2zz)8y-1g-1 

: 1 

Zypq-iy-iz -i -i 
= ~ xq . Hence 

: (pq-lZZpq-i~-iZ-lx]4 
: (pq-lxp-lxqx) 4 

: x (qp2xq] 4 

= i 
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by (xix). 

(33) 

because 

by (viii). 

(34) 

because 

We have 

We have 

[pq-iZy ] 8 = (z~s~z-~-lz-l~-~sg 8 

= Zy2(Z-2y2z2yzy~ 8y2Z-1 

: z~¢-~M~z2~/~ -~ 

= Zy2(Z-iy2z-iy-iz-iy-izyzy~ 8y2z-i 

~pIz-~pM~s~M~5~ -~ 

= Zy2(Z-iy2z-iy2zy-iz-iy-1z-iy-l) Sy2z -I 

= Zy2(Z-Iy2z-Iy2z2yz)8y2Z-1 

= Zy2Z-Iy-Iz-2(yz-Iy2z-2y2) SZ2yZy2Z -I 

= Zy2z-Iy-Iz-2(y-Iz-Iy2z-2) 8Z2yZy2Z -I 

=l 

y-lq-lpy = xpqp2x . Hence 

-ipy-l) 8 (q-i -i -ipyy2 -ipy-i -ipyy2) 2 
(q = pY q q q 

= (q-lpxpq p 2xy2q-lpxpqp2xy2 ~ 2 

= (q-lpxpqp2xxp-lqxqpq2) 2 

-i , ~2 -i 
= q ptxpqpqxqpqp~ p q 

= i 

-i -i B (q p~ ) : ( z t , - l z - l - ~ z y z ~ z - 2 ~ - l )  8 

- ~z 2 ! z 4 / - z ~ , z y l  8 z - h , - 1  

= yz2(z3y2Zy) 8Z-2y-i 

: ~z2Cz3~-~z-~21 ~z-2~ -I : l 

Zy2pqp-iy2z -1 

-i 2 8 

-i -i : q zpxq~ xq . Hence 

= (pqp-iZy2pqp-iy2z-lzy2zy2 ~ 4 

r -i -i -i -I~ 4 
= IPqP q xpxqxp xqq ] 

= i 
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[pqp-izy2 ] 8 

Next we shall express some elements of 

LEMMA 2. 

- i  
(1 )  p xpxpp = rst ; 

- i  - i  2 uc-~-la-lvawb . (2) p qxpxq p : 

2 2 wbtsuzb-ld-i ; (3) pq xpxq = 

2 2 2 -i -lecvatrva ; (4) p q xpxq p = zc 

-12 22 
(5) p q xpxq p : dbruzswb ; 

-i -i -i 
(6) xqxq : tb wa vabcuzc ec ; 

-i 
( 7 ) pxqxqp = 8abcudbruzswb ; 

2 2 -lecva t (8 )  p xqxqp = zc 

-i 
(9) p xqxqp : dbruz ; 

(i0) qxqx = as ; 

-i 
(ii) qqxqxq = da-lv ; 

-i -i eb-lw (12) pqqxqxq p = 

P r o o f .  (i) follows by using Theorem 3 (17) several times. 

(2) follows by using Theorem 3 (17) several times. 

(3) By Theorem 3 (3), (17) follows 

wbtsuzb-ld -I 2r -i -i ~2r -i~ = pq [q xp x] Imp ]2(qpxpm)2qpq • 

By Theorem 3 (17), (20), (22) follows (3). 

follows obviously by Theorem 3 (20), (21), (17). (4) 

(s) 

: (srz.rz-2~z~,sh,  z:rzr2) 8 

: ~-l(s-~-19~z~S1z-l) 8~ 

= y - I z - 1  [ y - 1 z 4 y - 1 Z - 1 y 2 s - 2  ) 8Zy 

= i by (xx). 

F 2 in terms of a, b, ..., t, z . 

-1 -1 ,  ,3 2 2 -1  2 
dbruzswb = q p t qpxpx ) q p xpxpqpxpxpq p 

-I r -i ~2 2 2 
= q ~oxqp[~ xq) q p by Theorem 3 (17), (22) 

-i. .4 2 2 2 
= p txq3 q xpxq p by Theorem 3 (21), (18). 
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Hence we have shown (5). 

(6) 

2 -i 2 
tD-wa-vaDcuzc-lec : p xpxpqxp xqpxpxpq 

= p(xp-lxq] 3q by Theorem 3 (17) 

-1 
= pq mpxq by Theorem 3 (21) 

= xqxq by Theorem 3 (18). 

(7) Use (5) to conclude 

8abcudbruzswb : p ( xpxq ) 3qp 2 

-i -i -i -i 
: pq xp xqp p by Theorem 3 (20). 

Hence we have proved (7). 

(8) Use (4) to conclude 

2 -it -i ~ 3 
zc-lecvat : P q Lq xpx) p 

2 -i -i -i 2 
: p q xp xqp p by Theorem 3 (21). 

Hence the proof of (8) is complete. 

(9) follows obviously by Theorem 3 (22), (18). 

(i0) 

-i 
as = qpq xpx 

: qxqx by Theorem 3 (18). 

(li) 

2 -i -i 
aa-lv : q pq xpxq 

2 -i 
= q xqxq by Theorem 3 (18). 

(12) 

2 -i -i -i 
eb-lw : pq pq xpxq p 

2 -i -i 
: pq xqxq p by Theorem 3 (18). 

Next we shall sum up the transformation formulae which are necessary to prove 

Theorem 4. 

LEMMA 3. 

-i (i) pap = b ; (4) pdp -I = e ; 

(2) pbp -I : c ; (5) pep -I : b-ldb ; 

-i o-lb-la-i -i (3) pep : ; (6) prp = s ; 
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-i (7) psp : t ; 

(8) ptp -I : rst ; 

-1 
(i0) pvp : w ; 

( 9 )  

(13) 

(14) 

( i5)  

(16) 

(17) 

(18) 

(27) 

(28) 

(29) 

(3o) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(ll) pwp -I = cuc-lb-la-lvawb # 

-1 
pup = V ,] (12) pzp -I = dwbtsuzb-ld -1 ,. 

-1 qaq : da -I , (19) qsq -I : v ; 

qbq -I : aeb-la -1 •. (20) qtq -I : awa -I ," 

-i qcq = adbc-lb-la-1 , (23) quq -I = abczc-lb-la -I ,. 

qdq -I = c-le-la -I ,. (24) qvq -I : dwbtsuzb-ld -1 ,. 

-1 qeq = aa-laoco-la - l ~  ; (25) qWq -1 - i  : aezc ecvatrv ; 

-1 qrq = aocuc-lo-ia-i~ ; (26) qzq -I = abcruzc-lb-la-i ,. 

xax-1 : tb-lwa-lvabcuzc-lecr ; 

xbx -1 : rdbruzts ; 

xox -1 : sa ivc-le-lczs ; 

-1.-1 -i -1 -l~-i -i xax -I~ : ecsvaczuc o a c e o a ; 

xex -I : rdbruc-lecdbdbruzsa-lvabcub-ld-lbcr ; 

xrx -1 : 8 i 

-i 
XSX : r 

xtx -I : str ; 

xux -I : abcudbruzswbtb-lwa-lvabcuzc-lb-lwszurb-ld-luc-lb-la -1 • 

-i -i w -ivsc-le-i xvx = ecsvdwbtsuzrstb d 

-i , -i -i~ 
xwx -1 : ramruc ecvave a aoruzr ; 

-i -i -i -i -i 
xzx : abcudbruzswbd abczc ecvatrvawbtsuzb eb wbts ; 

- 1  ~(a) = a ; 

a(b) = ad -i " 

a(c) = dec ; 

a(d) = b-la -I • 
J 
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(43) ~(e) = abde ; 

(44) C~(r) = tb-l~-luabcuze-lec ; 

(45) ~(s )  = ~ s  ; 

(4s) ~(t) = da-iv ; 

(47) (~(U) = c-le-lsabcudbruzswbec ; 

(48) a(v) = bt ; 

(49) ~(w ) aeb-lwa -I = 

(50) ~(z) = dbaezc-lecvate-la-lb-ld -I 

Proof. (1)-(5) follow by Chapter i, Lemma i. 

(6)-(12) follow by Lemma 2 (i), (2), (3). 

(13)-(17) follow by Chapter i, Lemma 1. 

(18)-(25) follow by Lemma 2 (i), (2), (4). 

( 26 ) Because 

-I -i 2 -i( -i ] 2 -i -i 
qzq : qp q pqp [pq x) xqxq p p qpq 

this formula is implied by Lemma 2 (9) and Theorem 3. 

(27) Theorem 3 (18) yields 

-i -i 
xax : xqxqp xp x 

= xqxq ~:pzp by Theorem 3 ( 17 ) .  

Then Lemma 2 (6) implies (27). 

(28) By Theorem 3 (18) we have 

xbx = (~)2 p-l(xq)2 P p2xp2 x . 

Then Lemma 2 (2), (9) imply (28). 

(29) By Theorem 3 (18) we have 

xcx = (xp) 2 p-l(xp)2p p2(xq)2p-2(px)2 • 

Then (29) follows by using Lemma 2 (i), (8). 

(30) We write out the right-hand side of the formula obtaining 

-i -i -1 -i -1 Pq P (qP~X) 2 qpqp-lq-lmpxq-l(px) 2 pqp q Pq = x~2~ 

using Theorem 3 (17), (18), (22). 

(31) By Len~na 2 (5) we have 



Groups of exponent eight 143 

-i p zp = b-ldbdbruzswb . 

Since we have 

xex = r p-lxd~pr , 

then (31) follows by Lemma 3 (30), (i)-(12) and the formula for p-lzp 

(32)-(34) are obvious. 

(35) follows by Lemma 2 (7), (6) and Theorem 3. 

(36) 

ecsvd wbtsuzb-ld -I db rst b-lwd-lvsc-le -I 

= pq-lp-l(qpxpx)4 xp-lxp2 (qxpx)2 qp-i (q-lpxpx) 2 

by Lemma 2 (3), (I). Use Theorem 3 (17), (18), (20), (22), to conclude (36). 

(37) Use Lemma 2 (9), (8) to obtain (37). 

(38) follows immediately by Lemma 2 (3), (4), (7), (12). 

(39)-(43) are the formulae contained in Chapter i, Lemma 15. 

( 44 ) follows 

(45) follows 

( 46 ) follows 

(47) follows 

( 48 ) follows 

( 49 ) follows 

( 50 ) follows 

LEMMA 4. In 

G=<p,q)<_F 
i" 

by Lemma 2 (6). 

by Le~na 2 (i0). 

by Lemma 2 (ii). 

by Lefmma 2 (7). 

Proof. 

stated above. 

-i -i 
q pqp 

by Theorem 3 (18). 

by Lemma 2 (12). 

by Lemma 2 (8). 

addition to the relations proved in Chapter i, we have in the group 

(i) u 4 = u 5 , (2) V 4 = v 5 , (3) 

Theorem 3 (6) yields 

-i ]4 (qp-lqpq P. = i . 

Hence 

(qpc) 4 = i . 

Now we use the relations of Chapter 1 to obtain (1). 

(2) and (3) follow by (i) using Chapter i, Lemma 16. 

Next we collect some relations between the elements 

D2=l. 

a, b, c, d, e, r, 8, t, u, 
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V, W, z which are immediate consequences of Theorem 3. 

LEMMA 5. 

(i) 2 = v 2 = w 2 = r 2 = s 2 = t 2 = z 2 = l ; 

(2) (uaebc) 2 : i ; 

(3) (vSa-i] 2 : i 

(4) (web-i) 2 : i ; 

( 5 )  (raba) 2 = i ; 

(6)  (sa)  2 = i ; 

(7) (tb) 2 = i ; 

(8) [zc-iecdb) 2 = i ; 

(9) ( r s t )  2 = i ; 

2 
(iO) (rt) = i ; 

(ii) (rsts) 2 = i ; 

2 
(12) (uw) : 1 ; 

( i 3 )  ( c u c - i b - i a - i v a w b )  2 = i ; 

(14) (vcuc-lb-la-lvawbl 2 = i ; 

(15) (wbcua-lb-l) 2 = i ; 

(i6) [~cuc-ib-ia-lvawa-iv) 2 = i ; 

(17) (crsta8) 2 = i ; 

(18) (trabcb) 2 = i ; 

( i 9 )  [ t a - i r a b 2 ]  2 = i ; 

(20) rsa-lbsr = abe 2 • 
J 

(21) stb-lcts = a-lc-lb-la -I " 
J 

(22) absbctb-la-lrstc-lb-lr = i ; 

(23) arstc-lb-la-ltcsbr = i ; 
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(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(4i) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(vabt) 2 = i ; 

(bau8) 2 = i ; 

( tW lw@ 2 = i 

(sbcuc-ib-la-lda-i]. 2 = i ; 

[ tb-la-lvabcu) 2 = i ; 

(crst) 2 = i ; 

(zr) 2 = i ; 

(zum) 2 = i ; 

(dbuc-lb-la-lvabt8]. 2 = i ; 

( ecvawbcrs ) 2 = I ; 

(zc-lectb-lwa-lvabcu) 2 = i ; 

[dwbtsuzb-id-i) 2 = i ; 

(zc-lecvat]. 2 = i ; 

(zc-leavate-la-l) 2 = 1 ; 

(dbruz) 2 : i ; 

(zc-lecvatrvae] 2 = 1 ; 

[zc-lecvatrvaet) 2 = 1 ; 

zswbe- l a- l dbru] 2 =i; 

(zswdbdbru) 2 = i ; 

(zc-lecvatrvad-labc] 2 =i; 

(tb-lwa-lvabcuzc-l] 2. = i ; 

b-ld-lseb-lvd-labcrstaebcr = i ; 

rste-la-lrda-lsc-le-ltd le-i = i , ~o- 

8a-ldstb-lesrc-lb-ldbtsabecr -- i ; 
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(49) 

(SO) 

(51) ( d e b - i w b t 8 )  2 = 1 . 

Proof. (i) Since u .... , z 

dbruc-lecdbc-lecabcurabc : i ; 

a- id-lb cuc -I -la-i a-iv • aeb -I ivabcub- ecab b d : i , 

(i) follows by Theorem 3 (17). 

(6) 

by Theorem 3 (17). 

(7) p (6) p-i ~ (7) 

(5) p2 (7) p-2 ~ (5) 

(3) q (6) q-i ~ (3) 

(2) p-1 (3) p ~ (2) 

(4) p (3) p-i ~ (4) 

(8) q (2) q-i ~ (8) 

(9) 

are conjugates of 

2 
s = (px) , 

(sa)2 : Ipxpxqpq- lp- l) 2 

= pqp-l(xq)4pq-lp-i = i 

(rst) 
2 2 -i 2 

: (xpxp'pxpx'p xpxp ) 

-i(~rp) 4p =p =i 

using Theorem 3 (17) several times. 

(i0) (rt) 2 = [xpxp-l] 4 = i by Theorem 3 (24). 

(li) 

by Theorem 3 (17), (24). 

(12) 

(rst8 ) 2 = (xpxp.pxpx.p2xp2x] 2 

-i 4 
= } ~x) = i 

(~) 2 = __ ~ 2 

r -i 2 ~ 4 -i -i 
= Pqtq p qpxpx) q p = i 
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by Theorem 3 (25). 

(14) p (12) p-i ~ (14). 

(15) q (i0) q-i = (15). 

(13) p (15) p-i ~ (13). 

(16) q (ll) q-l ~ (16). 

(17) 

by Theorem 3 (26). 

(18) 

(19) 

( c r s t a s  ) 2 = ( p 2 q x q ~ p 2 q x q x )  2 

(p2 )4 
= qxqx = i 

p (17) p-l=, (18). 

By Theorem 3 (27) we have 

r 2 - 1  z ]4 
1 = [qp q pxp, 

r 2 - 1  2 2 - 2  2 2 -i ~2 
= [qp q p p xpxpp p qp q xpxpj 

= ~abtb-la-lr~ 2 . 
k J 

Then (19) follows using (7). 

(20) By Theorem 3 (28) we have 

f -i -i ~4 
I = [qpq p pxpxp) 

= (asp) 4 : aspasp -1 

= asbtcrstc-lb-la-lr . 

Then (20) follows using (5), (6), (7). 

(21) 

(22) 

2 -2 p asp p-lasp 

p (2o) p-1 ~ (21).  

By Theorem 3 (29) we have 

f 2 -i -2 ~4 
i = [qp q p pxpxp) 

= (absp) 4 = abs pabsp -1 p2absp-2.p-labsp 

= absbctb-la-lrstc-lb-lr . 

Thus we have proved (22).  

(23) By Theorem 3 (30) we have 
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1 : (qpq-lpxp-lx) 4 : (pqpq-lpVxpxpp-l~j 4 

: (brp-l) 4 : br.p-lbrp.p2brp-2pbrp-i 

: brarstc-lb-la-ltcs . 

Thus we have proved (23). 

(24) 

( v a b t  ) 2 : [q.pxpx.q- lqp2q-lp2p2xpxp- l ) 2 

= (qxp-l.xpq-lx.pxp-k] 2 

: [qxp-l] 4 : i 

by Theorem 3 (17), (18), (31). 

(25) p-1 (24) p ~ (25). 

(26) 

( ta- lvae ] 2 

by Theorem 3 (32). 

(27) p-1 (26) p ~ (27). 

(28) 

by Theorem 3 (23). 

(29) 

(3o) 

(31) 

(32) 

-i -i -i -i ~ 2 -2 : p2. r [xpxqxpx'q p q p "q) "p 

2 p [xp'xqp-lx'p-lxqpq2) 2 -2 : p 

2r 2 -i -i 2~2 -2 
: p I xp q p xqpq J p 

2r 2 2~4 -2 
: p (xp q I p : 1 

[ ) r t b - l a - l v a b c u ~  2 [i °~2 -1 2 -1 ~ 2 = xpxpqp xp xq p) 

: p(xq-lp2) 4p -I : i 

p (24) p-i ~ (29). 

p (7) p-k ~ (30). 

(zr) 2 = p-l(q2pxpx) 4p = 1 , by Theorem 3 (26). 

-i( 2 -i -i x x] 2 (zur)  2 = p [q pxpx.q pxpxq p p . p 

= p-lq-l(px)4qp = 1 

by Theorem 3 (22), (17). 
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(33) 

(dbuc-lb-la-lvabts] 2 r -i -i 2 2 2 -i 2 ~ 2 : [q p q pxpxp xpxp q xp x) 

r -i -i 2 2 -i 2 x : lq P q xp "xpq x'p ]2 

: [q-lp-lq-lp-lq-lxpq-lqpqpx) 2 

: (pqpqxqpqpx)2 = i . 

By Theorem 3 (17), (18), (33) follows. 

p (33) p-1 ~ (34). 

Lemma 2 (6) y ie lds (tb-lwa-lvabcuzc-lec] 2 

By Lemma 2 (3) we have 

: (xq) 4 = i , by Theorem 3 (17). 

(dwbtsuzb-ld-l) 2 : q2(px)4q-2 = i by Theorem 3 

(34) 

(35) 

(36) 

(17). 

(37) 

(38) 

By Lemma 2 (8) we have 

By Lemma 2 (8) we have 

( ze- lecvate- la- l ] 2 

This follows by Theorem 3 (18), (17). 

(zc-lecvat] 2 : p2(xq)4p-2 : i by Theorem 3 (17). 

= (p2xqxpqp] 2 

-lq-l(xp)4qp 
= p = i • 

39) By Lemma 2 (9) we have 

40) By Lemma 2 (4) we have 

41) By Lemma 2 (4) we have 

[zc-lecvatrvaet] 2 : p2 [q2xpxp ]4p-2 

This last equation follows by Theorem 3 (19). 

(42) By Lemma 2 (5) we have 

-i -i -i# -lx x ]2 ( ]tdbruzswbe-la-l) 2 = P q P oPq P q PqP 

: p-lq-lp-l(xq)4pq p 

= 1 . 

(dbruz) 2 : p-l(xq)4p : i . 

-i = p2q2(xp)4q2p2 [zc ecvatrvae] 2 

We use Theorem 3 (18), (17) for this computation. 

(43) By Lemma 2 (5) we have 

(dbruz ~wbb i~ ] 2 

= i . 

: p-lq2(xp)4q-2 p 

=i 

which is implied using Theorem 3 (17). 

= i . 
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(44) By Lemma 2 (4) we have 

( zc- lecvatrvad- labc] 2 = p2q- lp- l (pq- lxpxq ] 2pqp2 

2 -i -i, .4 2 
= p q p ~xq) pqp 

= 1 . 

We have used Theorem 3 (17), (18) for this computation. 

(45) By Len~na 2 (6) we have 

(tb-lwa-lvabcuzc-lecc-le-l) 2 : pq-l [qp-lxqxp ) 2qp-i 

: pq-l(xp)gqp-i 

= 1 

using Theorem 3 (17), (18). 

(46) By Lermna 2 (5) we have 

-i -i 2 2 2 2 
c e cz dbruzswb = q xp xq p 

The 39th formula of this lemma yields 

2 2 2 2 c-le-lcurb-ld-lswb = q xp xq p 

p2 
We apply to this formula obtaining 

2 2 2 2 e-lwtd-lc~crstuc-lb-la -I = p q ocp xq 

Multiplying both formulae yields 

C - i - icurb - i d- 18wb e - lw td- labcr~ tuc - ib - la - i 

-i -i -i 
Use Lemma 5 (4), (2) together with the formula ecae a c 

in Chapter i, Lemma 16, to obtain the formula (46). 

(47) We apply p-i to (46) obtaining 

rste-la-lrda-lsc-le-ltc-lb-la-ldab = i , 

and by Chapter i, Lemma 16, 

c-lb-la-ldabece-ld -I : i . 

(48) By Theorem 3 (34) we have 

[ leqPq-lp-lxqxpxq-lx~ 4 -i r 2 2 -i ~ 4 i = = q [q pq p "pxpx'pqxqx] q 

which yields Isa-ldsp) 4 = i . Hence 

-i. -11 -i 2 -i~ -2 -i -i 
sa aspsa asp p sa asp p 8a asp : i . 

We use the formulae for p to conclude (48). 

=l. 

= 1 which is contained 
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(49) By definition we have 

-i -i -i -i 
dbruc ecdbc ecabcurabc = q p qpxpxqpxpx qpqp q 

-i -i -i -i -i -i 
: q p xp xp q xp 

-i -i -i -i 2 
= q xpxq xq xq xq xp 

(q -~)  2 

In this computation Theorem 3 (17), (18), (22) are used. 

(50) By definition we have 

aeb- la - ivabcub - i d- ibecabcuc - ib - la- ida- iv 

-1 -1 -1 -i -1 -i 
pq x pxq p xpxp qp q p 

-i -i -i -i -i 
xqp q xqxq xq xq p 

-i -i -i 2 -i 2 2 -i -i -i -i 2 -i 
= p q p q p xp xq pqpqpq p q p q xpxpqxqxq 

-i -i 2 -i 2 -i -I -i -i -i -i 
= qpqpq p xp xqp q p q p q p xqxpqxqxq 

-i -i 2 -i -i -i 
= qpqxqp xp xp xqp q pqxqxpqxqxq 

qx) 4q -1 = q(pqx = 1 . 

In this computation Theorem 3 (17), (18), (22) are used. 

(51) 

2 2 -i -i 2 
~ ~ ~aeo-lwot8 = q p q xpxpq xp x 

2 2 -i 
= q p q xpqpx 

2 2 
: (q px] . 

Hence (51) follows by Theorem 3 (23). 

Lemma 6 contains some immediate consequences of Lemma 5. 

LEM~ 6. 

(i) tact = b-ia-ivaeb-kva ; 

(2) 8ecs = a-lvad-lc-ke-ld-lv ; 

(3) rat = b-lsc-ltabct8 

(4) rbr = abcbtc-lb-la-lt ; 

(5) rcr = 8tc-lt8 ; 

(6) td-labct = wa-lb-ld-lc-lb-lwb ; 

(7) zaez = c-lecbe-la-lvaba-lvc-le-lc ; 

(8) sDs = vDv ; 

(9) svawb8 = a-lb-lwa-lva ; 



152 Fritz J. Grunewald, George Havas, J.L. Mennicke, M.F. Newman 

(I0) ra-lvabcur : abcuc-lb-la-lvac-lb-la -1 ," 

(ii) (wbcuc-lb-l) 2 = i ; 

(12) (vawa-l) 4 : i ; 

(i3) [vabcuc-lb-la-i] 4 : i ; 

(14) (st) 4 : i ; 

(15) (r8) 4 : i . 

Proof. ( i )  By Lemma 5 (7), (26) 

tb-la-lvaeta-lvaeb -I : i . 

Lemma 5 (24) yields (i). 

(2) We apply ~ on Lemma 5 (21) obtaining (2). 

(3) is Lemma 5 (23). 

(4) is Lemma 5 (18) together with Lemma 5 (5). 

(5) is Lemma 5 (30). 

(6) We apply p to (2) obtaining 

td-labct = wec-lb-la-ldeb-lwb , 

and by Chapter i we have c-le-ld-labce-la-lb-ld-1 = i . 

(7) By Lemma 5 (37), (38) 

-i -i -i . • -i -i -i 
ze a z = c ecuamaeva vc e c . 

Then (i) implies (7). 

(8) By (2) we have 

sa-iec8 = vad-lc-le-ld-iv ~ s [a-lec) 26 = v [ad-lc-ie-id-i] 2v 

By Chapter i we then have 

(9) We apply 

which proves (9). 

la-lec]. 2 = D 

(ad-ie-ie-id-i) 2 : D . 

p-i to Lemma 5 (28) obtaining 

2 
( asvo~b ) = i 
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p2 
(i0) We apply to Lemma 5 (28) obtaining 

(rabcuc-lb-la-lva) 2 = i . 

(ii) is Lemma 5 (15). 

(14) By Lemma 5 (9), (i0), (ii) 

trst = sr ~ t(rs)2t : ( s r )  2 

On the other hand we have 

tsrst : srs ~ t(rs)2t : (rs) 2 = (rs) 4 : i . 

We apply p . Then (14) follows. 

(15) is also proved by this procedure. 

(12) q (14) q-l~ (12). 

(iS) p (12) p-l~ (lS). 

Next we show the formulae which are necessary to prove Theorems 5 and 6. 

LEMMA 7. 

(i) ran = b-lsc-ltabcts ; 

(2) rbr = abcbtc-lb-la-lt ; 

(3) rcr = abcasbs ; 

(4) rdr = stc-lb-la-ltcsbc-lb-la-lse-lbtsd-lab -I 

-i -i~-i -i , -i~-i. ~-i~-i -i 
~a c D a s~ece a ~ecsaa D sc 

t ...... -i -i~-i -i , -i~-i -i. ~-s- ~c-b-lc-lb-la -I a~cvs~aDcvD c D a svc D a vcsDV va~ ~ 

(5) rer = 8tc-lb-la-ltcsbda-lsc-le-ltdec-le-lt8 ; 

(6) rtr = t ; 

(7) rsr = tst ; 

(8) r normalizes <a, b, c, d, e, s, t> ; 

(9) u normalizes <a, b, c, d, e, v, w> . 

Proof. (i) is Lemma 6 (3). 

(2) is Lemma 6 (4). 

(3) follows by Lemma 5 (20), (5), (6). 

(5) By Lemma 5 (47) 

t8 re-la-lr da-lsc-le-ltdec-le -I = i . 
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Using only the first formula of this lemma we obtain (5). 

(6) is Lemma 5 (i0). 

(7) By Lemma 5 (9) 

i = rstrst = rsrtst 

to show (i): 

<a, b, c, d, e, r, 8) ; 

(a, b, c, d, e, u, v) . 

(i) It is obvious that we must prove 

tat, tbt, tct, tdt, tet, trt, tst E <a, b, c, d, e, r, 8> 

tbt E (a, b, c, d, e, r, s) 

tct E <a, b, c, d, e, r, s) 

tat E (a, b, c, d, e, r, s) 

trt E (a, b, c, d, e, r, s) 

tst E (a, b, c, d, e, r, s) 

By Lemma 5 (46) 

is clear by Lemma 5 (7); 

follows by Lemma 5 (21); 

follows by Lemma 5 (22); 

follows by Lemma 5 (i0); 

is Lemma 7 (7). 

td-labct ~ (a~ b, c, d, e, r, s> ~ tdt E (a, b, c, d, e, r, 8) . 

By Lemma 5 (48) 

tb-lesrc-lb-ldbt E (a, b, c, d, e, r, 8) ~ tet E <a, b, c, d, e, r, 8) 

So we have shown (i). 

(2) By Lemma 3 we have 

because of Lemma 5 (i0). 

(4) By Lemma 5 (48) 

rc-lb-ld]gtsabecr = se-lbtsd-las . 

Using (i), (2), (3), (5), (6), (7) we obtain (4). 

(9) Obviously the transformation formula in Lemma 3 yields 

c-lb-la-lqrq-labe = u , 

c-lb-la-lq(a~ b, c, d, e, s, t>q-labc = ~a, b, c~ d, e, v, w> 

such that by (8) we have also proved (9). 

Lemma 7' follows in the same way as Lemma 7. 

LEMMA 7'. 

(i) t normalize8 

(2) w normalizes 

PrOOf. 
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(**) 

a-lq~q-la-- = w , 

-i 8 )q-ia a q<a, b, c, d, e, r, = <a, b, c, d, e, u, v) . 

We recall the definitions 

F 3 = (a, b, c, d, e, r, 8, t, u, v, w) , 

F 4 = (a, b, c, d, e, r, t, u, V, w) , 

F 5 = (a, b, c, d, e, r, t, v, w> . 

LEMMA 8. 

-i , -i -i ,.-i -i .-I -1 -i 
(i) zaz = re ecvave a vrvo a vaeo c e c 

-i~-i -i ~ , -i -i , -i -i -I 
uro a ruc ecaorvaeve a vr~ vc e c ; 

-l~-l,-l.-I -i -i . -i -i ~ -i -i -i 
(2) zbz = uro a D a 8wdbaeb wsdbruc ecoe a vaDa vc e c ; 

-i -i -i -i -i -i -i -i -i -i 
(3) zcz : urb d ruc ecdbuc b a vawbtc e tb wa vabcu ; 

-i -1 -i ~-i -i ~-i -i -i 
(4) zdz : urb d ruc ecva~ a vaeo c e cur 

b- ld- lswbe- la- lb-ld- lwsdbdbru ; 

-i . , -i -1 ~-i~-i -i -i ~ 
(5) zez = c ecvvrvaeve a vro a e e ouroa 

ruc-lecbe'la-lvabtrvaeta-lvc-le-lcrc-lecbe-la-lvaba-lvc-le-lc ; 

(6) zrz = r ; 

(7) zsz = urb-ld-lb-ld-lwsdbr8tb-lwd-lsdw 

brstb-ld-lwsrstc-lb-lwdbc-lwbtsro~ru ; 

c-i • . -i -I . -I -i -I (s) ztz ecva~rvae~e a vr~a vc e c ; 

(9) zuz = r u r  ; 

-i , -i -i ,-i -i ~-i -i -I 
(i0) zvz : rc ecva~e a vrto a vaeo c e c ; 

(ii) zwz = urb-ld-lrstb-lwd-18dwbrstb-ld-lwsrstc-lb-lwdbc-lwbts rdbru ; 

(12) z normalizes P 3 . 

Proof. The formulae (i)-(ii) are implied by the formulae Lemma 5 (35)-(45). 

The formulae (6) and (9) are implied by Lemma 5 (31), (32). 

Then we have, by Lemma 5 (39), 

zdbz = u r b - i d - l r u  
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and by Lemma 5 (8), 

(***) zc-lecz = b-ld-lc-le-lcurdbru . 

By Lemma 5 (35), (45) 

-i -i -i 
zc c e cz = uc-lb-la-lvawbtectb-lwa-lvabcu . 

The third formula of this lemma is obtained by (***). 

By Lemma 5 (43), using (**) and Lemma 5 (39), 

zswz = urb-ld-lb-ld-lwsdbdbru . ( ~ : ~  ) 

By Lemma 5 (42) 

-i-i 
z~wzzbzze a zzdbruz = urb-ld-laeb-lws . 

Then (****) and Lemma 5 (39), Lemma 6 (7) imply (2). 

We use (2) and (**) obtaining immediately (4). 

Use Lemma 6 (40) to obtain 

-i zc ecvatzzrzzvzzaez = e-la-lvrta-lvc-le-lc . 

Then Lemma 5 (31), (37) and Lemma 6 (7) yield (lO). 

Obviously (8) follows by Lemma 5 (~0), (41). 

By Lemma 5 (37) 

-i ta-i -i -i 
ZC eczzVzzazztz = vc e c . 

Use (***), (i0), (8) to conclude (i). 

We apply p to (i0) obtaining (ii). Then (****) and (ii) yield (7). 

Hence we have shown all formulae (i)-(ii). 

We obtain (12) when we keep in mind that F 3 is generated by the elements 

c, d, ~, r, 8, t, u, v, w . 

(5) follows by Lemma 6 (7) and Lemma 8 (i). 

LEMMA 9. 

(i) sas ~ F 4 ; 

(2) sbs ~ F 4 ; 

(3) scs ~ F 4 ; 

(4) sd8 E F 4 ; 

(5) ses ~ F 4 ; 

a, b, 
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(6) srs ( F 4 ; 

(7) sts E F 4 ; 

(8) sus E F 4 ; 

(9) svs E F 4 ; 

(i0) sws ( F 4 ; 

(ii) s normalizes F 4 . 

Proof. (i) is Lermma 5 (6). 

(2) By Lemma 5 (20), 

(3) By Lemma 5 (21), 

(8) By Lemma 5 (25), 

sbs = a-lrabc2r . 

scs = rc2b-la-lra2tc-ltb-la . 

sbcus ( F 4 = sus ( F 4 

(i0) By Lemma 5 (29), stc-lwbrs E F 4 . (1)-(9) yield sws E F 4 . 

(Ii) F 4 is generated by a, b, c, d, e, r, t, u, v, w . 

using (2), (3). 

(4) By Lemma 5 (27), 

sbcuc-lb-la-lda-ls ( F 4 ~ 8ds ( F 4 

using (i), (2), (3), (8).  

(5) follows by Lemma 6 (2) and (3). 

(6) By Lemma 6 (9), svawbs 6 F 4 ; by Lemma 5 (34) we have 

sscvawbcrs E F 4 ~ (6) 

using (3), (5). 

(7) By Lemma 5 (9) we have srt8 = rt . Then (7) is implied by (6). 

(9) By Lemma 5 (33), sdbuc-lb-la-lvabts ( F 4 . The formulae already proved 

yield svs ( F 4 . 
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LEMMA lO. 

( i )  uau E 

(2) ubu 

(3) uCU E 

(4) udu E 

(5) ueu ( 

(6) u ~  E 

(7) utu E 

(8) uvu 6 

(9) uWu 6 

(zo) u 

Proof. 

7 (9). 

(7) 

(6) 

F 5 ; 

? 
5 

r 
5 

F 5 

r 5 

r 5 

F 5 

F 5 

F 5 

normalizes F 5 . 

(i) to (5) follow by Lemma 7 (9). (8) and (9) are also implied by Lemma 

By Lemma 5 (28), 

utb-h-lvabcu 6 F 5 = utu E F 5 . 

-i~ -i -i -i 
By Lemma 6 (lO), uc o a ra vaocu E F 5 . The formulae already proved 

yield u~u 6 F 5 . 

(i0) By definition F 5 is generated by a, b, c, d, e, r, t, v, w . 

We need another subnormal subgroup of F 3 . 

DEFINITION. 

~4 := (a, b, a, d, e, s, t, u, v, w> , 

~5 := <a, b, c, d, e, 8, t, u, v) • 

Then we obtain 

LEMMA 10' 

(1) r normalizes 

(2) w normalizes 

(3) r 5 

(a, b, c, d, e, 8, t, u, v, w) = ~4 

<a, b, c, d, e, s, t, u, v). = -F5 

i8 8ubno~nal of finite index in F . 
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Proof. ( i )  

By Lemma 5 (29) 

By Lemma 5 (34) 

By Lemma 6 (i0) 

Thus we have shown (i). 

(2) By Lemma 7' we have 

Lemma 7 shows that 

rar, rbr, rcr, rdr, rer, rsr, rtr ( ~4 " 

rstc-lwbr ( ~4 

rsecvawbcr ( ~4 

By Lemma 6 

By Lemma 5 (51) 

ra-lvabcur ( ~4 

~rwr E ~ 4 . 

rvr ( F4 " 

~rur E F 4 . 

waw, wbw, waw, wd~, wew, wuw, wvw E F5 " 

wbsa-lvaw ( ~5 ~ wsw ( ~5 " 

wbtsdeb-lw ( ~5 ~ wtw ( r 5 . 

Thus we have shown (2). 

(3) ~5 has index 4 in ~3 Moreover, ~5 is subnormal in ~3 " Hence 

follows (3) by the theorems of Part A. 

Now we shall construct finite normal subgroups in F . To do this we shall make 

frequent use of the following lemma. 

2 2 
LEM~ II. Let e E <a, b, o, d, e> and p , q , qp, r, a E CF(e). Then 

((@))F is finite. In particular we shall prove step by step: 

(i) a, b, o, d, e (CF(8) ; 

(2) t, v (Or(e) ; 

(3) waw, wbw, wow, wdw, wew E OF(O) ; 

(4) uau, ubu, ucu, udu, ueu (CF(8) ; 

(5) wvu E C£(e) ; 
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(6) 

(7) 

(S) 

(9) 

(iO) 

(ii) 

(12) 

(13) (wt) 4 (OF(@) . 

Proof. (i) By definition we have 

wvavw, wvbvw, wvcvw, wvdvw, wvevw (CF(@) ; 

uvavu, uvbvu, uvcvu, uvdvu, uvevu (CF(@) ; 

urvu, utvu, urtu (cF(e) ; 

wrvw, wtvw, wrtw (CF(@) ; 

wvwawvw, wvwbwvw, wvwawvw, wvwdwvw, wvwewvw (CF(@) ; 

(wv) 4 (at(e) ; 

(wr) 4 (OF(e) ; 

2 2 
<a, b, c, d, e> <_ <p , q , qp> <_ OF(@) . 

(2) Lemma 3 yields 

2 -2 
prp 

-i -i 
qprp q 

(3) By Lemma 5 (6), (20), (21) we have 

Hence we have obviously 

We apply a 

=t, 

= V ° 

-i 
Ba8 = a 

8bs = a-lrabc2r , 

8cs = rc2b-la-lra2tc-ltb-la . 

sas, sbs, scs(CF(e) . 

to these formulae obtaining 

8ds, ses (OF(e) . 

But by assumption we have 

-i 
On the other hand a qp 

-i 
a qp ( CF(@)~ • 

normalizes the group <a, b, c, d, e) 

-i -i -i 
a qpsp q a = w . 

and we have 
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Hence we have shown (3). 

2 
(4) p normalizes the group (a, b, c, d, e) 

2 -2 
pwp :u . 

and we have 

(9) 

(8), 

We apply 

urvu ~ OF(9) = uY.a.wvu E CF(9) =u~a E CF(9) . 

p2 obtaining 

wtu (Cr(@) = uvtu (Cr(@) ~urtu (or(s) . 

Applying p2 to urtu (cr(@) yields wrtw (Or(8) . Moreover we have by 

But by Lemma 5 (15), 

urvu : uuwwuz~mvu (CF(8) ~wurw ~ OF(e) 

which suffices to prove (9). 

(i0) First we show the formulae 

wuauw, wubuw, wucuw, wud~w, wueum ~ OF(e) . 

By Lemma 5 (2), (4), (12) 

Wuaebcum, wueb-luw E C£(0) . 

(wbcuc-lb-l) 2 = i (OF(8) ~ wbaw~uc-lb-lwuubcuc-lb -I ~ OF(O) ~ wubcum ~ OF(B) . 

By Lemma 6 (6) 

wa-lb-ld-lc-lb -I = td-lc$ocbt ~nxa-lb-ld-lc-lb-lm2 = uwa-lb-ld-lo-lb-lwu 

-I : utd-labcbtu : utvuuvd abcbvuuvtu (CF(8) ~ wua-lb-ld-luw £ OF(8) . 

By (1) to (7) 

So we have obviously shown (4). 

(5) We have 

2 -2 p vp : cuc-lb-la-lvawb (or(s) 

Then (5) follows by (3), (4). 

(6), (7) follow obviously by (3), (4) and (5). 

(8) By Lemma 6 (i0) we have 

-i ~ ~ -i ~ -i,-i -i 
ra vaDcuramca vaDcuc ~ a : i (CF(e) . 
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By Lemma 5 (50) we have 

ub-ld-lbecabcu : c-lb-la-lvabe-la-lvad-lab c . 

We use the same method as above obtaining by (1) to (6), 

wub-ld-lbeoabo~ 6 CF(8) ~ wub-ld-luw (OF(8) 

where we use the formula which is implied by Chapter I, Lemma 16, 

-i -i -i 
eo~ a o : 1 . 

But the elements Q79, ~a, bc, aeba, eb -I generate (a, b, c, d, e) . Now use 

to conclude from ~um (OF(8) that WUWm2UW (OF(@) . Then the formulae already 

proved yield that the right hand side is contained in CF(@) . 

(ii) By Lemma 6 (12) we have 

i = [vawa-1] 4 (or(e) -vawa-lvawa-lvawa-lvawa -I (Or(e) . 

Obviously, by using (i) to (i0) follows 

(vw) 4 (CF(8) ~ (wv) 4 (OF(8) 

since V (CF(@) . 

(12) First we shall show the formulae 

uvuauvu, uvubuvu, uvuauvu, uvuduvu, uvueuvu 6 oF(e) . 

For uuuauvu proceed in the following way 

uvuauvu : uvwwuauwwvu ~ C r( e ) . 

Then Lemma 6 (13) yields obviously (vu) 4 (CF(8) . By Lemma 5 (24), (2) we have 

tabcut = b-!a-ivu-luc-ib- ia-ivab ~ (utabcut) 2 = (~-la-lvu-iuc-lb-ia-lvab] 2 

Hence the proofs given hitherto yield that the right hand side of this formula is 

contained in OF(0) . Then 

utabcututabcut (CF(8) =~ uvabcututabcu (OF(e) . 

Then by (7), (ut) 4 (CF(e) . We apply p2 obtaining (12). 

(13) If we apply e to (ii), then we obtain 

[aeb-lwa-lbt) 4 (CF(8) - (wt) 4 (OF(8) • 
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Now we shall prove that << 8)> F is finite. To do this we shall show first that 

<( @))F5 is of finite order. We claim that the elements 8, w89), ~@wv, w~@wvw are 

a ~onjugacy class in F 5 . Obviously, all four elements are centralized by a, b, ~, 

d r e . Moreover, we have by (i) to (13), 

rer : 8 , 

r~O(~r : ~SWv , 

r~(~r : weW , 

~w(~r : W~(~ , 

tot = 8 , 

twOwt : VWSWV , 

tvwSwvt : WSW , 

tWVWOWVWt = WVWSWVW , 

vSv = 8 , 

vwOwv = VW@WV , 

VVW@WVv : WOW , 

VwvwOwvwv = WVWOWVW . 

Obviously W leaves the above four elements invariant so that (( 8)>F5 is 

generated by 8, w@w, uwSwv, wuwSw~no . 

Because of @ ( <a, b, c, d, e) , @ is of finite order and the formulae (3), 

(6), (i0) show that <( 8}}F5 is abelian. Hence (( @))F5 is finite. 

F 5 is a subnormal subgroup of finite index in F . Then Theorem 6 of the 

introduction yields the proof of the lemma. 

Next we study the automorphism of F 1 which is induced by the element q-iy . 

By this automorphism we shall obtain the elements @ for which we can use Lemma ii. 

L£MMA 12. 

q-Iy -i 
(i) (p) : p x ; 

(2) q-iy(q) = q-i x ; 

(3) q-iy(x) = p-lxq ; 

(4) q-iy[pq-l] : p-lq ; 

-i -i -I 
(5) q Y(q p] : pq ; 

(7) q-~((abo) 2] : Woc-lb-la-ldec 

(8) q-l,[ulSe-l] :(abc) 2", 
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q-iyLulVlV6 ) r ~  = UlVlV6 ; (9) 

q-ly(u3v3] = UlU2U3VlV2V 3 ; (io) 

-i 
(ii) q Y[u2v2u4v4v6] : U2V2U4V4V 6 ; 

q-iy[u4v4) : u4v 4 • (12) 

Proof. (i) to (6) follow obviously by the transformation formulae in Lemma 1 and 

by Theorem 3 (18). 

-i -i 2 
(7) By definition we have (abe) 2 = (qp q p] ; hence 

q-iy((abc ) 2) : q-lp2q2p2q-i : abc-lb-la-ldec 

using the definitions in Chapter I. 

(8) 

Hence 

Hence 

By Chapter i, Lemma 16, we have 

Ul~-i = c-lb-la-l.abecd = p-lqpq-l.pq-l.pq-lp-lq.qp-1 

Ulde-l] 2 -i -i 2 -i -i q-ly = qP qP qP q P q P 

= (abc) 2 

(9) By Chapter I, Lemma 16, we have 

-i .c-lb-la-i UlVlV 6 : q pecp-lq'ed-lul 

-1 -1 -i -i -1 -1 -1 -1 
= q PPq P qP qPq q PqP qP 

q-ly -1 -1 2 -i -1 -i -1 -i -i 2 
(UlVlV6) = pq P q P qP qP q PqP q PqP q 

by Chapter I, Lemma 16. 

(i0) By Chapter I 

hence 

= (ec)2c2b-la-ldec-lb-la-lde c 

= UlVlV 6 

-i -i 
U3V 3 : q P'UlVlV6P q ; 
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(ii) 

hence 

( 1 2 )  

By Chapter I 

q - l y ( u s U  3 ] pq-i -1 : U i v i v 6q p 

= UlU2U3VlV2V 3 • 

-i -i 
u2V2U4V4V6 = pq u3v3qP ; 

-i -i -i 
q Y(u2v2u4V4V 6) = p qulu2U3VlV2V3q P 

= u2v2v6u4v 4 . 

By Chapter I 

u4v 4 = UlVlV6.U3V3"u2v2u4v4v6"pq 
-i -i 

"UlVlv6qP 

Hence we have 

-i -i 
q-iy(u4v4) = UlVlV6UlU2U3VlV2V3U2V2U4V4V6" p qUlVlV6q P 

u i , V i • 

= u4V 4 , 

by the transformation formulae for the p, q on the 

The following lemmas will serve to show that 

N = <<u l ,  a 2, D, de>> r 

is a finite group. In our computations we shall be a bit sloppy using the same 

notations for elements contained in F and elements contained in factor groups of 

F , since all the Lemmas 1 to 12 apply for any factor group of F . In the same way, 

all formulae stated in Chapter I apply for any factor group of F . First we define 

DEFINITION. 

NI:= (<ulU2VlV 2, u 4, v 6, UlU3Vl~3)) F • 

Now Lemma 12 and Lemma ii imply 

LEMMA 13. N I is a finite group. 

Proof. Let us start with the normal subgroup MI : <{ u4V4)>F " By Chapter I 

2 2 ( ) 
qp, q , p , a ( C F u4v 4 . 

Then using Lemma 12 (6), (12) we have also 

r ~ C r ( u 4 v 4 )  . 
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Hence Lemma ii implies that M I is finite. For the factor group 

Chapter I, 

2 2 (UlU2VlV2~ q , p , qp, ~ E CF/M1 

Then by Lemma 12 (6), (9), (ii), 

r E CF/MICUlU2VlV2) . 

Then Lemma ii yields that 

is finite. 

M 2 = <<UlU2VlV2, u4v4>)F 

By Chapter I we have 

Hence u4v 6 E M 2 . 

to see that 

F/M I we have by 

pu u v v -lu u v v = u4v 6 
1212 p 1212 

Then, using the transformation formulae of Chapter I, it is easy 

2 2 I ) 
qp, q , p , c~ E CF/M2 UlU3VlV 3 

and 

2 2 ( ] 
qp, q , p , ~ E CF/M2 UlU3VlV3V 6 . 

Using Lemma 12 (6), (9), (i0) the first formulae yield that 

r ~ Cr/M2(ulu3vlv3v6) 

Then Lemma ii shows that 

M 3 = <<u4v4, UlU2VlV 2, UlU3VlV3V6>)F 

is finite. Since we have also, by Chapter I, 

-i 
P IU3VlV3V6 p UlU2VlV2UlU3VlV3V6U4V 4 = V 6 ; 

hence the proof of Lemma 13 is complete. 

Now we use another method to compute the normal subgroup generated by 

DEFINITION. 

N 2 := <<D, UlU2VlV 2, u 4, v 6, UlU3VlV3>> F • 

Then we obtain by Lemma 13 

LEMMA 14. N 2 is a finite group. 

D . 
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Obviously we need only show that (< D)}F/N1 5 F/N 1 is finite. Use 

a, b, c, d, e ~ D . By Lemma 6 (8) we have 

8D8 = VDV . 

e(D) = D in F/N 1 . We apply ~ to the formula (~) 

by the formula contained in Chapter I, Lemma 16: 

-i -i -i 
eoae a o = i eo 2 8118 . 

Apply ~ to this to obtain 

abc ~ sD8 " c ~ 8D8 "e ~ 8D8 . 

Hence we have proved (~***). 

Now (***) reduces to 

(~*~) 8Ds = uDu . 

Of course, these computations apply only in F/N 1 ! 

The formulae (~)-(~***) yield clearly that {D, 8D8} is a conjugacyclass in 

[5 " Since D ( (a, b, c, d) , (***~) yields that the group generated by D and 8D8 

is abelian. Hence the normal subgroup generated by D in ~5 is finite. Then 

Lemmas 9' and i0' (3) and the corollary contained in Part A show the lemma. 

On our way to the normal subgroup N , next we come to study the normal subgroup 

N 3 := ((u3v 3, D, u 4, V 6, UlU 2, UlU3VlV3))F 

Then by Le~na 5 (2), 

Proof. 

Chapter I in F/N I to obtain 

(e) 

By Chapter I, Lemma 16 we have 

obtaining 

(**) sDs = tDt . 

-I 
Applying to this formula p q , we obtain 

(***) uDu : o-lb-la-lvDvabo . 

Now we claim that 

(**~*) 

The formula 

(7). 

Apply ~ to the formula b ÷ 8D8 which yields d ++ sDs Now (***) becomes 

auDua -I = sDs . 

caeb ~ sDs ~ cae ~ sD8 ~ eta 2 sD8 

a, b, a, d, e = sDs . 

a ~ sDs follows by Lemma 5 (6), b ~ 8D8 follows by (*~) and Lemma 5 
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where we can use the same method as in Lemma 13 for N 
i " 

LEMMA 15. N 3 is a finite group. 

Proof. Clearly it suffices to show that <( u3v3>>F/N2 

fact, by Chapter I, we have 

Now we have in F/N 2 , 

UlU2 = DpDp- lv6 ( [J2 " 

2 2 [ ) 
qp, p , q , a 6 OF~N9 u3v 3 

such that Lemma 12 (i0), (6) force 

Using Lemma ii, <<u3v3)>F/N2 

of Lemma 15. 

r O r / N 2 [ % % ]  . 

is then a finite group. 

F/N 2 is finite. In 

This completes the proof 

For our next step the method used in Lemma 14 is again of importance. 

N 4 := <<Ul, N3>> F • 

LEMMA 16. 

(l) (abcsbs) 2 ( N s ; 

(2) (secsd-la) 2 ( N 3 ; 

(3)  (vavdec) 2 N 3 ; 

(4) N 4 i8 a finite group. 

Proof. (i) We consider the automorphism induced by xy2pZ 

which we have, by Lemma i, 

xy2pZ : p ~-+ xpx 

q~-+ q 

-i 
x ~-+ xpq 

abcb-i qp-i -i -i -i -i -i By definition : q p qp q p We apply again the automorphism using 

Theorem 3 to compute 

Let 

on (p, q, x> , for 
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x~2pZ [abaE1) 

Hence we have 

-i -i -i -i -i -i 
: qxp xq xp xqxp xq xp x 

-i -i 2 -i -i -i -i 
= q~ xp xqp xqxp xq xq xpq 

2 -i -i 
= q'pxpqp xqxp qxqpq 

-i -i 2 2 -i -i 
= qp q x'xqp xpqp xqxp q.xqpq 

-i -i -i -i -i -i -i -i 
= qp q xpq "xp xpqp q xpxp qxqpq 

-i -i -i -i -i 2 -i -i -i -i -i -i 
: qp q xpq "xp xp .p qp q p pxpxp qpq "qp 

-i qp xqpq-lxy2pZ(abcb -1] = sb-lsc-lb-la -I 

The proof of (i) is complete. 

(2) Apply ~ to (i) to obtain (2). We must keep in mind that 

an inner automorphism xY 2 . 

(3) Insert in (2) the formula stated in Lemma 6 (2) to obtain (3). 

(4) First take into consideration that 

-i 
PU3V3P = u3v2v4v 6 6 N 3 ~ v2v 3 ( N 3 ! 

F/N 3 by Chapter I, Lemma 16, 

-i -ic-le-i a 
aa eca = u I 

Then we have in 

(*) 

By Lemma 6 (2) 

Now apply 

This holds in 

in F/N 3 . 

-i 8a ecs = vad-lc-le-ld-lv . 

8 to (¢~), then 

-1 -i -1 -i 
8u18 : 8asosa ecssa ssc e as 

= a-lvad-lc-le-ld-lvavdecda-lv 

: a-lvad-lc-le-ld-lc-le-ld-lva-lvda-lv . 

F/N 3 by (3). Moreover, by Lemma 5 (3), 

8u18 = a-lvad-lc-le-ld-lc-le-ld-lvd -I 

Then follows in F/N 3 , 

8u18 = vad-lc-le-ld-lc-le-ld-lvd~z -I 

= vad-lc-le-ld-lc-le-ld-l~-iv . 

-i 
xqpq 

is induced by 
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The formulae contained in Chapter I, Lemma 16, imply 

(i) 8u18 = VUlV in F/N 3 . 

Apply ~ to this formula obtaining 

(2) eUl8 : tult . 

p (2) p-i implies 

(3) 8uz8 = r u l r  . 

Now we claim 

+ 
(4) a, b, c, d, e + 8UlS . 

a ~ SUlS follows immediately by Lemma 5 (6); b + ÷ 8UlS 

(7); c ~ 8u18 follows by (3) and Lemma 5 (5). 

Apply a to the second and third formula, then 

Evidently all these computations apply only in 

We apply q to (2) keeping in mind (i) and (4). 

(s)  sui8 = wuiw . 

p2 (5) p-2 implies 

(6) 8U18 = UUlU . 

Obviously the formulae (I) to (6) imply that 

{U I , SUlS} 

follows by (2) and Lemma 5 

d $ SUlS and e ~ 8u18 . 

F/N 3 ! 

T h e n  we o b t a i n  

is a conjugacy class in F 3 . Since u I ( <a, b, c, d, e> , <(Ul)>F3.N3/N 3 

abelian group of order 4 at most. 

Since F 3 is subnormal of finite index in F , our Lemma 16 follows. 

Now we have gathered enough formulae together to take one of the last steps 

showing that 

is an 

is finite. 

LEMMA 17. N is a finite group. 

Proof. Again it will be sufficient to show that ((a 9, de)>F/N4 is finite. Bu~ 
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now it suffices to show that 

that is de (<<a 2, N4>>F 

<(a2>)F/N4 is finite, since, by Lemma 12 (8), 

Ulde-i : y-lq(abc)2q-i Y ; 

2 2 2 
By Lemma 5 (6) we have, obviously, sa 8 = a But in F/N 4 , a is 

centralized by p and q (by Chapter I, Lemma 16!). Since r, t, u, v, w are all 

conjugates of s under p, q , we have 

a2 ( center,a, b~ c, d, e, r, s, t, u, v, w)'N,~/N.) 

= center [F3.N4/N4) 

Hence (( a2))F3N4/N 4 is finite. Since F 3 is subnormal of finite index in F , our 

lemma follows. 

In order to show the finiteness of F , we must collect some relations in 

where we shall also use the same notations for the elements in F 

F/N . For these computations remember that (a, b, c, d, e) in 

abelian of exponent 2 and that it is generated by a, b, c, d . 

]8. In F/N we have the relations LEMMA 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

( i0) 

( l i )  

( i2) 

(vb) 2 = i ; 

(tad) 2 = i ; 

(asr) 2 = i ; 

(vr) 2 = I ; 

(w8) 2 = i ; 

(aeb- lw~)  2 : 1 

ray = atata ; 

(c-ib-la-lda-ivr) 2 : i ; 

( b t s )  2 : 1 ; 

(Va8) 2 = i ; 

(c-lb-la-ist) 2 = i ; 

(cr8) 2 = I ; 

F/N , 

and their images in 

F/~ is elementary 
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(13) tact = csbsacsbc8 . 

Proo f .  (i) In F/N we have 

2 2  2 2-12 i : -- - - - -da-lb-ld-lc-iD-la-ldec : q p qp qp q p q . 

Moreover note that 

q-iy -i 
: p~+p x 

q ~+ q-1 x 

x ~+ p-lxq . 

Hence 

-i. ~ 2 2  2 2 -i 2 
q z tq P qP qP q P q) 

-1 -1 -1 
: xqx'qxpxpq pxpq pxpxqxpxpx, xq x 

, ,2 -i -i -i , ,2 -i , ,2 -i 
= xqx.qtxp) q pqp q q<xp) q qxqx<px) .xq x 

-i,-i -i -i ~ -i.-i -i -i 
: xqx'mocuc o a a ,aocuc o a "as's'xq x : i 

which then implies uaua : i in F/N . 

We apply p obtainin Z (i). 

(2 )  ~ (1 )  ~ ( 2 ) .  

(3) ZaZ -I : Zqpq-b-iz -I 

-i -i 
= xqxp xq xp 

-i -i -i 
: q .qxqxp xp xq 

-1 
: q asrq . 

2 
Then a = i yields (3) in F/N . 

(4) We have 

2 2 -i o-la-1 = p qP q zyb-la-iy-iz -I : pxpxq-lxpxpq 

-i -i 
: q qpxpxq xpxpq 

-i 
: q vrq . 

In F/N we have (ab) 2 : i ; hence (4). 

(5 )  p (4 )  p - 1  ~ (5 )  . 

(6) By definition 
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Since in 

(7) 

2 -i 2 -le-i c Zyq2p-lq2py-iz-1 qp qp=c 

F/N , (c-le-lc] 2. : i ; we g e t  ( 6 ) .  

In F/N we have 

-i 
: xqxqpqxqxp 

-i -i -i 
= q qxqxqpqxqxp q q 

= q-lasaeb-la-laWa-lq 

: q-lseb-lwa-lq . 

2 2 -1 2 2 2 2 -id-lb-la-lbdea-1 qpq pqpqp :e : i . 

Hence 

-i , 2 2 -i 2 2 2 2~ 
q Y~q P q P q P qP ] 

which implies 

We apply p obtaining 

By Lemma 5 (24) 

Then (i) and a 2 : i 

-i -i -i -i -i -i -i -i -i -i -i 
: q xq xp xp qp xp xq xq xp xp xq xp 

: x(qpq-lp-lq(xp)2q-l(qx)2q(xp)2q-l(px)2)x 

2~ -i~-i ~ -IT -i -i 
: xa DCUO O 8aDC~C D a 8x 

: 1 

2~ -h-i ~ -it-i -i 
a DaUO D 8aDouC D a 8 : 1 . 

b-la-lvab-lta-lvat : i . 

ta-lt : ba-lvavab . 

yield (7). 

(8) p-i (6) p ~ (8). 

(9) p (3) p-i. (e). 

(i0) ~ (9) ~ (lO). 

(li) p2 (9) p-2 ~ (li). 

(12) p (9) p-i ~ (12). 

(i3) By (12) follows 

-i 
rsrrcr = c s . 

We insert rcr using Lemma 7 (3) obtaining 

(*) rsr : c-lsbcsbs • 

-i -i 
xp x 
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Lemma 7 (i) yields 

rasrrsr = b-lsc-ltccoct8 . 

Use (3) and (*) to conclude (13). 

Now we show that it suffices to show the finiteness of the group 

(a, b, c, d, e, r, 8, t) in F/N . 

LEMMA ]9. In F/N we have 

(i) v normalizes <a, b, c, d, e, r, s, t> ; 

(2) u, v, w normalize (a~ b, c~ d, e, r, s~ t> ; 

(3) in (a, b, c, d, e, r, s, t, u~ v~ w) . <a, b, c, d, e~ r~ s, t) 

of index 8 at most. 

PrOOf. (i) By Lemma 18 (7) 

follows by Lemma 18 (1). 

follows by Lemma 5 (3), 

follows by Lemma 18 (4). 

Then by Lemma 18 (8), 

By Lemma 5 (24) we have 

vav E <a, b, c, d, e, r, s, t> 

vbv ~ <a, b, c, d, e, r~ s, t) 

vdv 6 <a, b, c, d, e, r, s, t} 

vrv 6 (a, b, c, d, e, r, s, t> 

vcv 6 (a, b~ c, d, e, r, s, t> . 

vabtv = tb-la -I 

Hence 

vtv ~ <a, b, c, d, e, r, 8, 

Moreover, by Le~na 18 (i0), 

t) . 

Hence we have proved (i) in 

(2) We have: 

vsv £ <a, b, c, d, e, r, s, t) . 

FIN (:) . 

-1 
u--p vp , 

-i 
w = pvp 

is 

By Lemma 3, (a, b, c, d, e, r, s, t> is normalized by p . 
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(3) <a, b, c, d, e, r, s, t) is a normal subgroup in 

<a, b, c, d, e, r, s, t, u, v, w> But by Lemma 5 (28), (34), (12) we have 

(uv)21 
(UW)2~ " ( < a ,  b, c, d, e, r, 8, t) Q 

I 

(uw) 2J 

Hence the quotient is elementary abelian. Since u, V, w are involutions, it is of 

order 8 at most. 

Next we show that it is sufficient to show the finiteness of the group 

(a, b, c, d, e, 8> in F/N in order to prove that F is finite. 

LEMMA 20. In F/N we have 

(i) r normalizes <a, b, c, d, e, s, t) , 

(2) t normalizes <a, b, c, d, e, s> , 

(3) (a, b, c, d, e, s> is in (a, b, a, d, e, r, s, t> of index 4 at 

most. 

Proof. (i) is our Lemma 7. 

(2) By Lemma 5 (7) we have tbt ~ (a, b, c, d, e, s> . 

obtain tst ( <a, b, o, d, e, s) . By Lemma 5 (21) we have 

Use Lemma 18 (13) to conclude tat E (a, b, c, d, e, 8) • 

tdt ~ <a, b, e, d, e, s) . 

Obviously these computations suffice to prove (2). 

(3) reformulates (i) and (2). 

By the next lemma we shall now prove the finiteness of < a, b, e, d, e, s> in 

F/N . Then the preceding lemmas show that the finiteness of <a, b, e, d, e, 8) 

implies the finiteness of F . 

LEMMA 2]. The subgroup (a, b, c, d, e, s> of F/N is finite. 

Proof. First we claim that in F/N , a, b, o, d, e ~ sbs , 

To show these formulae, it suffices to see that a, b, c, d, e ~ sos . 

(*) 

since 

(**) 

b, e X sbs 

a, bed E center <a, b, c, d, e, s)) 

and since a, b, c, d , are involutions! bcd E center(a, b, c, d, e, s>) 
-i the formula sbcls = bed , which is obtained by applying p 

prove (*) remember that Lemma 5 (21) yields tct= bsbc8 in 

formula implies 

Use Lemma 18 (9) to 

tct (<a, b, a, d, e, s> . 

Then Lemma 18 (2) implies 

follows by 

to Lemma 18 (2). To 

F/N . Obviously this 
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(***) b ~ sbas . 

By Lemma 18 (lk) follows tacttbst = sabc which implies csbsacsbcs.sb = sabc by 

Lemma 18 (9) and (13) which then implies c ~ sbs and b ~ scs . Then, using (***) 

we have proved (*). Hence we know that A := (b, sbs, c, scs) is an abelian subgroup 

of (a, b, c, d, s) , which is centralized by a, b, c, d, e . Obviously A is also 

normalized by s . Hence A is normal in Ca, b, c, d, e, s) . £ is of order 16 

at most. By (**) the quotient (a, b, c, d, e, s)/A is of order 8 at most. 
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CHAPTER 3 

A DESCRIPTION OF G 

In this chapter we describe the application of computer implemented algorithms to 

investigation of the group G , examined in Chapter i, and some related groups. 

All computer calculations were done on a Univac 1100/42 at the Australian 

National University in Canberra. The principal programs used were an implementation 

of the nilpotent quotient algorithm (NQA, see Newman (1976)) and implementations of 

two different versions of coset enumeration, namely the Haselgrove-Leech-Trotter 

method (HLT) and the Felsch method (see Cannon, Dimino, Havas and Watson (1973)), with 

certain auxiliary programs. Henceforth reference to the NQA or coset enumeration will 

include reference to a computer implementation. 

First consider the group G (Chapter i, p. 56). The NQA applied to the 

presentation for G yields that G has a maximal nilpotent 2-quotient, Gf , of 

order 221 and class 9 . (Of course the proof in Chapter i shows G = Gf , and in 

this chapter we describe an independent proof. 1 

The consistent power commutator presentation for G~ given by that program 

follows. Detailed information about G~ (hence G ) can be read from this 

presentation, 

We denote the initial generators p and q of G by I and 2 , and the 

additional generators introduced by 3 to 21 . For brevity we omit those power 

relations which specify that squares of generators are trivial and those commutator 

relations which specify that a commutator is trivial. For convenient reference we 

also list the relations defining the additional generators separately. 

The relations which define generators 3 to 21 are: 

3 = [ 2 ,  1 ]  , 4 = 12 , 5 = 22 , 6 = [ 3 ,  1 ]  , 7 = [ 3 ,  2 ]  , 8 = [ 6 ,  1 ]  , 

9 = [6, 23 , i0 = [7, 2] , ii = [8, 13 , 12 = [8, 23 , 13 = [9, i] , 

14 = [ 1 2 ,  13 , 15 = [ 1 2 ,  2 ]  , 16 = [ 1 4 ,  13 , 17 = [ 1 4 ,  2 ]  , 18 = [ 1 5 ,  1 ]  , 

19 = [16, 2] , 20 = [18, 13 , 2l = [19, 2] . 

The nontrivial power relations are: 
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12 = 4 , 22 = 5 , 32 = 8.9.10.13.15.18.19.21 , 62 = 11.14.16.17.18.19 , 

72 = 11.15.18.19.20 , 82 = 16.17 , 102 -- 16.17 , 112 = 21 , 132 -- 21 . 

The nontrivial commutator relations are: 

[2, i] = 3 , [3, i] = 6 , [3, 2] = 7 , [4, 2] = 6.8.9.10.11.13.14.15.16.17 , 

[4, 3] = 8.11.14.18.19.21 , [5, i] = 7.8.9.10.14.17.21 , 

[5, 3] = 10.11.15.16.17.18.19.20.21 , [5, 4] = 9.13.17.21 , [6, i] = 8 , 

[6, 2] = 9 , [6, 3] -- 12.13.15.17.19.20 , [6, 4] = 11.16.17 , 

[6, 5] = 12.13.14.15.18.21 , [7, i] = 9.12.14.17.20 , [7, 2] = i0 , 

[7, 3] = 13.14.15.17 ., [7, 4] = 13.14.16.21 , [7, 5] = 11.18.19.20.21 , 

[7, 6] = 14.15.16.17.20 , [8, i] = ii , [8, 2] = 12 , [8, 3] = 14.16.18.19.20.21 , 

[8, 4] = 16.17 , [8, 5] = 15 , [8, 6] = 16.20 , [8, 7] = 18.19 , [9, i] = 13 , 

[9 2] = 12.13.14.15.18.21 , [9, 3] = 14.15.16.19.21 , [9, 5] = 16.17.18.20.21 , 

[9 6] = 16.21 , [9, 7] = 16.17.18.19.21 , [9, ~] -- 20.21 , 

[i0 i] = 12.14.15.16.19 , [i0, 2] = 11.16,17.18.19.20.21 , [i0, 3] = 15.20 , 

[I0. 4] = 14.16.18.21 , [i0, 5] = 16.17 , [i0, 6] = 17.19.20 , 

[i0. 7] = 16.17.18.19.20 , [i0, 8] = 19.20 , [i0, 9] = 19 , [ii, i] = 16.17.21, 

[ii 2] = 16.17.21 , [ii, 4] = 21 , [ii, 5] = 21 , [12, i] = 14 , [12, 2] = 15 , 

[12. 3] = 17.18.19.20 , [12, 4] = 16 , [12, 5] = 16.17.18.19.20 , 

[12. 6] = 19.20.21 , E12, 7] = 19.20 , [12, 8] ~- 21 , [12, i0] = 21 , 

[13. i] = 21 , [13, 2] = 15.17.19 , [13, 3] = 18.20 , [13, 5] = 16.17.18.20 , 

[13. 6] = 20.21 , [13, 7] = 20 , [13, 8] : 21 , [13, 9] = 21 , [14, i] = 16 , 

[14 2] = 17 , [14, 3] = 19 , [14, 4] = 21 , [14, 5] = 19.21 , [14, 7] = 21 , 

[15. i] = 18 , [15, 2] = 16.17.18.19.20 , [15, 3] = 20 , [15, 4] = 20 , 

[15. 6] = 21 , [16, i] = 21 , [16, 2] = 19 , [16, 5] = 21 , [17, 2] = 19.21 , 

[17 5] = 21 , [18, 1] = 2o , [18, 4] -- 21 , [19, 2] = 21 , [20, 1] = 21 . 

Further investigation of G~ , using the consistent power commutator presentation 

and computer collection of eighth powers of an appropriate set of words (see Havas 

and Newman (these proceedings)), reveals that Gf does indeed have exponent 8 . 

The NQA does not cast any light on the question whether G is finite or not. 

For groups given by presentations a major approach to finiteness questions is coset 

enumeration. However, the order of the maximal nilpotent quotient of G implies that 

direct coset enumeration is likely to be very difficult, even if the group is finite. 

The largest subgroups of G which are easily seen (from the presentation for G on 

p. 56) to be finite have orders at most 8 . This means enumerating at least 218 

cosets over these subgroups to prove finiteness directly. Fortunately an indirect 

approach is available. 

Given a finitely presented group K and a subgroup H generated by a set {hi} 
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the following coset enumeration based technique exists for finding a subgroup H 1 , 

which is a cyclic extension of H (see Havas (1974)). If { is a coset of H such 

that ~.h = ~ for each element h of the generating set of H then ~ is called a 

normalizing (or stabilizing) coset of H . If c~ is a coset representative of the 

coset ~ then c~hci I 6 H ; so H 1 = < H, o~> is a cyclic extension of normalizing 

H . For our purposes we wish to start with a finite subgroup H of a group K and 

construct H 1 = (H, c~> with finite order. If c~ is a coset representative for a 

normalizing coset and m is the least positive integer such that c~ 6 H (m is the 

o r d e r  o f  c~ modulo H ) then [(H, d i>[  = mlH I . 

The implementations of coset enumeration available in Canberra include facilities 

for finding normalizing cosets, for finding coset representatives and for determining 

the orders of group elements modulo the subgroup whose cosets are being enumerated. 

There is no difficulty in completely determining all normalizing cosets, eoset 

representatives and the orders modulo the subgroup of the coset representatives from 

a complete table of cosets for a subgroup of a group. 

What is vital here is that from an incomplete coset table, under favourable 

circumstances, normalizing cosets (and coset representatives) can be found. Observe 

that if we find from an incomplete coset table for a subgroup H of a group X that 

coset { normalizes H , and that c~ ~ H then, due to possibly undiscovered 

coincidences between eosets, the actual order modulo H of c. is a divisor of m . 

This is enough to ensure that the cyclic extension H I = <H, c.)~ is finite provided 

H is finite. However, from an incomplete table it is possible that no power of c{ 

can be found to be in H . Fortunately, when a normalizing coset (and coset 

representative) can be found from an incomplete table a multiple of the order of the 

coset representative can frequently also be found. This suffices for our purposes. 

This technique can be applied repeatedly provided a suitable (possibly 

incomplete) coset table can be found, which yields normalizing cosets with 

representatives of finite order. Under these circumstances we can construct a 

subnormal chain of subgroups 

s = H 0 2 H 1 2 H2 ~ . . . .  

Moreover, when H is finite and multiples of the orders (modulo the subgroup being 

extended) of the extending elements are calculable, then upper bounds for the orders 

of the subgroups in the chain are calculable. 

Let us look at the application of the normalizing coset technique to G . For 
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brevity we include details of only one chain of subgroups constructed by the method. 

-i 
Consider the subgroup H of G generated by pqpq From the initial presentation 

for G , IHI divides 8 . An HLT coset enumeration for G H with a limit of 8000 

cosets does not of course complete. However four normalizing cosets are found, cosets 

2 2 -i -i -i -i 
with representatives q , pq p , pq pq and q p qp with orders modulo H 

dividing 2, 2, 8 and 8 , respectively. Let H I = <H, pq-lpq> . Then IHII 

96 With a limit of 8000 cosets the HLT enumeration GIH I does not divides 

-i -i -i 
complete, but three normalizing cosets are found, with representatives pq , q p 

and q-2 which have orders modulo H I dividing 4, 4 and 2 respectively. Let 

H2 : <HI, q-lp-l> : (pq-l, pq} . Then Is21 divides 28 , so [G : H2] is a 

multiple of 213 = 8192 . Using the Felsch method of eoset enumeration the index 

[G : H2] was determined to be 8192 (with a maximum of 8192 cosets). It follows 

that IGI divides 221 . This information combined with that given by the NQA proves 

that IGI : 221 . 

A modification to the NQA yields that the multiplicator of G has rank 7 . 

This implies that 9 is a lower bound for the number of relations required for a 

presentation of G (see Huppert (1967), p. 631). With this motivation consider the 

presentation 

: : : ( 2 2~4 r -i -i~4 (P, q I p4 : q4 (pq)q [pq-l]4 .P q ) : [PqP q ) 

~o2qpq2p )2 [p2q)8 [p 2)8 
: q : : q : i) 

(that is, a presentation with the 9 

with this presentation, say G m , has 

is the maximal nilpotent quotient of 

"simplest" relations of G ). Clearly the group 

G as a homomorphic image. The NQA reveals G 

G 
m 

If G and G are isomorphic then we have found a minimal presentation for G . 
m 

Since their nilpotent quotients are identical, to prove that G and G are 
m 

isomorphic it suffices to show that G is a finite 2-group. 
m 

To investigate the finiteness of G we cannot follow the same subnormal chain 
m 

we used in G because we cannot read from the presentation for G that the 
m 

-i 
s t a r t i n g  p o i n t ,  pclp q , has  f i n i t e  o r d e r .  Cons ider  the  subgroup H o f  G 

m 

generated by p2q . Clearly IHI divides 8 . With a limit of 20 000 eosets the 

HLT enumeration %IH does not  comple t e ,  bu t  y i e l d s  one n o r m a l i z i n g  c o s e t  w i th  
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representative pqp-lq-lp-2q-lp-2q-lp-lqp-1 with order modulo H dividing 2 . (An 

HLT enumeration with an 8000 coset limit does not yield any normalizing cosets.) 

-i -i -2 -i -2 -i -i -i, . With a limit Let H I = ( H, pqp q p q p q p qp ~ . Then I H I[ divides 24 

of 8000 cosets, the HLT enumeration GmlH does not complete, but yields one 

normalizing coset with representative pqp-lq-lp-lqp-i with order modulo H 1 

: {H -lq-lp-lqp-l> . With a dividing 2 . Let H 2 l' PqP . Then [H2] divides 25 

limit of 8000 cosets the HLT enumeration GmlH 2 does not complete, but yields one 

-2-1 
normalizing coset with representative pq p with order modulo H 2 dividing 2 . 

Let H3 = <H2, pq-2p-l> . Then IH31 divides 28 . Using a limit of 8000 cosets, 

the HLT enumeration %IH 3 does not complete~ but yields one normalizing coset with 

representative pq-lp-i with order modulo H 3 dividing 2 . Let 

H4 = <H3, pq-lp-l> = (p2q, pq-lp-l) . Then IH41 divides 27 , so < : H~ is a 

multiple of 214 = 18 384 if G m = G . Using the Felsch method of coset enumeration 

the index [% : H4] was determined to be 18 384 (with a maximum of 16 384 

cosets!). 

It follows that the nine relator presentation for % is a mfnimal presentation 

for G . 

Observe the effectiveness of the normalizing coset extension method in this case. 

Each coset representative used actually had as order modulo subgroup the number which 

was given as a multiple of its order from the incomplete coset table. 
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CHAPTER 4 

A DESCRIPTION OF F 

In this chapter we describe the application of computer implemented algorithms to 

the investigation of the group F examined in Chapter 2 and some related groups. 

The NQA applied to the presentation for F (Chapter 2, p. 124) yields that F 

has a maximal nilpotent 2-quotient, F~ , of order 233 and class 21 . The 

consistent power commutator presentation for F~ , given by the NQA follows. (The 

proof in Chapter 2 implies that F = F~ , so the presentation below gives detailed 

information about F .) 

We denote the initial generators Y and Z of F by i and 2 , and the 

additional generators introduced by 3 to 33 . For brevity we omit those power 

relations which specify that squares of generators are trivial and those commutator 

relations which specify that a commutator is trivial. For convenient reference we 

also list the relations defining the additional generators separately. 

The relations which define generators 3 to 33 are: 

3 = [ 2 .  1 ]  , 4 = 12  , 5 = [ 3 ,  1 ]  , 6 = [ 3 ,  2 ]  , 7 = [ 5 ,  1 ]  , 8 = [ 7 ,  2 ]  , 

9 = [8, i] , i0 = [9, i] , ii = [9, 2] , 12 = Eli, i] , 13 = [12, i] , 

14 = [12, 2] , 

19 = [17, i] , 

24 = [22, 2] , 

29 = [28, i] , 

The 

15 = [ 1 3 ,  l ]  , 16 = [ 1 4 ,  l ]  , 

20 = [ 1 9 ,  1 ]  , 21 = [ 1 9 ,  2 ]  , 

25 = [23, i] , 26 = [24, i] , 

30 = [ 2 9 ,  1 ]  , 3 i  = [ 2 9 ,  2 ]  , 

nontrivial power relations are: 

17 = [15, 2] , 

22 = [20, I] , 

27 = [25, i] , 

32 = [30, i] , 

18 = [16, 2] , 

23 = [21, i] , 

28 = [ 2 6 ,  2 ]  , 

33 = [ 3 2 ,  2 ]  . 

12 = 4 , 22 = 3.4.5.6o7.10.11.13.15.17.19.21.23..26.27.29.30.31.32 , 

32 = 5.6.10.12.15.17.18.21.22.23.24.25.26.33 , 

52 = 11.12.13.17.18.25.26.28.31.32.33 , 

72 = 10.15.16.17.18.19.21.22.26.27 , 

82 = 14.18.20.23.25.28.30.31.33 , 

92 = 16.19.20.23.24.25.27.28.30.33 , 
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112 : 18.26.27.28.29.30 , 

The nontrivial commutator relations are: 

[2, i] 

[4, 3] 

[5, 2] 

[5, 3] 

[5. 4] 

[6, l ]  

[6, 2] 

[ 6 ,  3 ]  

[6, 5] 

[ 7 ,  1 ]  

[7, 3] 

[7, 4] 

[7, 5] 

[8, 1] 
[ 8 ,  3 ]  

[8, 4] 

[8, 5] 
[8, 6] 
[8, 7] 

[ 9 ,  3]  

[9, 5] 
[9, 7] 

[1o, 1] 

[ 1 0 ,  3] 

[ io,  5] 
[1o, 8] 
[ii, 2] 

[ii, 4] 

[ii, 6] 

122 = 26.27.30.31 , 172 = 33 . 

: 3 , [ 3 ,  1 ]  : 5 , [ 3 ,  2 ]  = 6 , [ 4 ,  2 ]  : 6 , 

= 7 . 1 0 . 1 1 . 1 2 . 1 3 . 1 5 . 1 6 . 1 8 . 1 9 . 2 1 . 2 2 . 2 5 . 2 7 . 3 0 . 3 2 . 3 3  , [ 5 ,  1 ]  = 7 , 

= 7 . 8 . 9 . 1 0 . 1 1 . 1 6 . 2 1 . 2 4 . 2 5 . 2 7 . 2 8 . 2 9 . 3 2 . 3 3  , 

= 8 . 1 2 . 1 3 . 1 4 . 1 6 . 1 7 . 1 9 . 2 4 . 2 5 . 2 6 . 2 7 . 2 8 . 3 1 . 3 2 . 3 3  , 

= 9.12.13.14.16.19.20.24.25.27.29.33 , 

= 7.8.11.13.14.15.18.21.24.25.26.28.30.33 , 

= 7.9.10.11.12.13.14.17.24.27.30.32.33 , 

= 8.12.13.14.16.17.19.24.25.26.27.28.31.32.33 , 

= 10.11.13.15o21.22.23.24.26.27.28.29.30.31.32 , 

= 9.10.12.13.14.15.17.18.20.21.24.28.33 , [7, 2] = 8 , 

= 9.10°12.13.16.17.18.19.20.22.31.33 , 

= 10.13.16.19.20.23.25.26.27.28.32.33 , 

= 10.12o13.16.17.18.19.22.23.29.33 , [7, 6] = 10.13.18.21.23.25.28.30.31.33 , 

= 9 , [8, 2] = 9.14.16.20.21.22.23.25.27.28.29.31.32.33 , 

= 10.11o13.14.16.18.19.21.22.23.24.25.27.29.30.32 , 

: 10.16.19.20.23.24.25.27.28.30.32.33 , 

= 13.15.16.19.21.22.23.24.27.28.29.30.32.33 , 

= 14.17.18.20.21.22.24.26.27.30.31.33 , 

= 13.15.16.17.20.21.25.27.28.33 , [9, i] = i0 , [9, 2] = Ii , 

= 12.17.19.20.21.23.27.30.31 , [9, 4] = 15.16.19.25.26.27.32 , 

= 13.15.16.17.23.25.28.30~32.33 , [9, 6] = 13.17.21.24.27.29.30.32.33 , 

= 15.20.21.24.26.27.29.31.33 , [9, 8] = 19.20.22.23.24.26.27.28.32 , 

= 15.16.19.25.26.27.32 , [i0, 2] = 13.14.15.16.19.20.21.25.26.27.32.33 , 

= 15.16.19.22.24.27.28.29.31.33 , [i0, 4] = 27.33 , 

= 19.20.21.22.26.29.31.32 , [i0, 6] = 28.30.31.33 , [i0, 7] = 22.24.30.32 , 

= 20.27.29.33 , [i0, 9] = 22.25.26.27.29.30 , [Ii, i] = 12 , 

= 12.17.18.31.32 , [ii, 3] = 13.14.18.19.21.22.23.24.26.29.30.32.33 , 

= 13.26.27.30.31 , [ii, 5] = 17.19.23.25.27.29.30.32 , 

= 18.20.24.25.26.27.28.29.30 , [ii, 7] = 17.19.20.24.26.30 , 

[ii, 8] = 24.26.29.31.32.33 , [ii, 9] = 21.22.24.26.27.29.30 , 

[ii, i0] : 24.25.32.33 , [12, i] : 13 , [12, 2] : 14 , 

[ 1 2 ,  3 ]  = 1 5 . 1 6 . 2 2 . 2 4 . 2 5 . 2 8 . 2 9 . 3 2 . 3 3  , [ 12 ,  4 ]  : 15 , 

[12, 5] : 17.19.20.21.23.25.29.30.31.33 , [12, 6] = 17.32.33 , 

[12, 7] = 19.20.21.23.24.26.27.28.32.33 , [12, 8] = 21.22.23.25.29.32 , 

[12, 9] = 23.24.25.27.30.31.33 , [12, i0] = 26.27.30.31 , 

[12, ii] = 29.30.31.32.33 , [13, i] = 15 , 

[13, 2] = 15.17.18.20.24.25.26.27.28.29.31.82.33 , 

[13, 3] = 17.19.22.24.26.29.30.31 , [13, 4] = 32 , 
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[13, 

[z3 

[z3 

[14 

[z4 

[z4 

[14 

[15 

[z5 

[15 

[15 

[z6 

[16 

[16 

[17 

[17 

[17 

[17 

[18 

[19, 

[19 

[19 

[19 

[20 

[2O 

[21 

[21 

[22 

[22 

[23 

[23 

[24 

[24, 

[ 2 5 ,  

[ 2 6 ,  

[ 2 6 ,  

[ 2 7 ,  

[28, 

[28, 

[29, 

[ 3 0 ,  

5 ]  = 2 0 . 2 1 . 2 4 . 2 5 . 2 6 . 2 8 . 2 9 . 3 0 . 3 1 . 3 2  , [ 1 3 ,  6 ]  = 3 0 . 3 3  , 

7] = 20.22.24.25.31.32.33 , [13, 8] = 24.25.31 , [13, 9] = 25.31.32 , 

1 0 ]  = 3 0 . 3 3  , [ 1 3 ,  1 1 ]  = 33 , [ 1 3 ,  1 2 ]  = 3 0 . 3 2  , [ 1 4 ,  1 ]  : 16 , 

2 ]  = 1 6 . 2 4 o 2 5 . 2 6 . 2 7 . 2 8 . 2 9 . 3 0 . 3 1 . 3 2  , [ 1 4 ,  3 ]  = 1 8 . 2 0 . 2 6 . 2 7 . 2 9 . 3 1 . 3 2 . 3 3  , 

4] = 20.30.32 , [14, 5] = 24.26 , [14, 6] = 30 , [14, 7] = 24.26.31.32 , 

8] : 30.31.32.33 , [14, 9] = 28.32 , [14, i0] = 30.33 , [14, ii] = 33 , 

12] = 31.32 , [15, i] = 32 , [15, 2] = 17 , 

3] = 19.20.21.22.23.24.26.33 , [15, 5] = 20.22.23.24.27.28.29.33 , 

6] = 20.33 , [15, 7] = 22.25.26.31.32 , [15, 8] = 25.26.30.31.33 , 

9] = 27.30.32 , [15, i0] = 32 , [15, ii] = 30 , [15, 12] = 32 , 

14] = 33 , [16, i] = 20.30.32 , [16, 2] = 18 , [16, 3] = 22.26.27.30.31.33 , 

4] : 22.32 , [16, 5] : 24.26.28.29.32 , [16, 6] = 24.33 , 

7] = 26.28.29.30.31 , [16, 8] : 28.29.30.32.33 , [16, 9] = 29.30.32 , 

i0] = 32.33 , [16, ii] = 31.32 , [16, 13] = 33 , [17, i] : 19 , 

2] = 19.20.21.33 , [17, 3] = 20.21.22.23.24.26 , [17, 4] = 20 , 

5] = 24.25.26.27.28.29.30.31.32.33 , [17, 6] = 33 , 

7] = 24.25.26.27.28.32 , [17, 8] : 28.32.33 , [17, 9] = 28.30.31.32 , 

i0] = 33 , [17, 15] = 33 , [18, i] = 26.27 , [18, 2] = 26.27.30.31.33 , 

3] = 30.31.32.33 , [18, 4] = 30.33 , [18, 5] = 33 , [18, 7] = 33 , 

1 ]  : 20 , [ 1 9 ,  2 ]  : 21 , [ 1 9 ,  3 ]  = 2 2 . 2 3 . 2 5 . 2 6 . 2 8 . 3 2 . 3 3  , [ 1 9 ,  4 ]  = 22 , 

5 ]  = 2 4 . 2 5 . 2 6 . 2 7 . 2 9 . 3 1  , [ 1 9 ,  6 ]  = 2 4 . 2 5 . 3 0 . 3 3  , [ 1 9 ,  7 ]  = 2 6 . 2 7 . 2 8 . 3 1 . 3 3  , 

8 ]  = 2 8 . 3 0 . 3 1 . 3 3  , [ 1 9 ,  9 ]  = 2 9 . 3 2 . 3 3  , [ 1 9 ,  1 0 ]  = 33 , [ 1 9 ,  1 1 ]  = 33 , 

12] = 33 , [19, 13] = 33 , [20, i] = 22 , [20, 2] = 22.24.33 , 

3] : 24.26 , [20, 5] = 28.31.32.33 , [20, 7] : 32 , [20, 8] = 30.33 , 

9 ]  = 3 0 . 3 3  , [ 2 0 ,  1 2 ]  = 33 , [ 2 1 ,  1 ]  = 23 , [ 2 1 ,  2 ]  = 2 3 . 2 6 . 2 6 . 2 7 . 2 9 . 3 1 . 3 2  , 

3] = 25.26.28.32 , [21, 4] = 25 , [21, 5] = 28.31.32 , [21, 7] = 28.29.30.31 , 

8 ]  = 30 , [ 2 1 ,  9 ]  : 3 1 . 3 3  , [ 2 1 ,  1 0 ]  = 33 , [ 2 1 ,  1 1 ]  = 33 , [ 2 2 ,  2 ]  = 24 , 

3 ]  = 2 6 . 2 8 . 2 9 . 3 0 . 3 2  , [ 2 2 ,  5 ]  = 2 9 . 3 0  , [ 2 2 ,  6 ]  = 3 0 . 3 3  , [ 2 2 ,  7 ]  = 3 0 . 3 2  , 

8] = 30.33 , [22, 9] = 32 , [22, ii] = 33 , [23, i] = 25 , 

2] = 26.27.29.31.32.33 , [23, 3] = 27 , [23, 4] = 27 , [23, 5] = 28.29.32 , 

6] = 28.30.31 , [23, 7] = 29.30.31.32.33 , [23, 8] = 31.32.33 , [24, i] = 26 , 

2] = 26.28.30.33 , [24, 3] = 28.29.30.32 , [24, 4] = 30.33 , [24, 5] = 30.31 , 

7 ]  = 3 0 . 3 2  , [ 2 4 ,  8 ]  = 33 , [ 2 5 ,  1 ]  = 27 , [ 2 5 ,  2 ]  = 2 7 . 2 8 . 3 1  , 

3] = 28.29.31.33 , [25, 5] = 30.31.33 , [25, 7] = 30.32.33 , [25, 8] = 33 , 

i] = 30.33 , [26, 2] = 28 , [26, 3] = 29.30.31 , [26, 4] = 32 , 

5] = 30.32.33 , [26, 6] = 30.33 , [26, 7] = 32 , [27, 2] = 28.31 , 

3] = 29.30.31.32.33 , [27, 5] = 30.32 , [27, 6] = 30 , [27, 7] = 32 , 

1 ]  = 29 , [ 2 8 ,  2 ]  = 2 9 . 3 0 . 3 1  , [ 2 8 ,  3 ]  = 3 0 . 3 1 . 3 2  , [ 2 8 ,  4 ]  = 30 , 

5] = 33 , [28, 7] = 33 , [29, I] = 30 , [29, 2] = 31 , [29, 3] = 32.33 , 

4 ]  = 32 , [ 2 9 ,  5 ]  = 33 , [ 2 9 ,  6 ]  = 33 , [ 3 0 ,  1 ]  = 32 , [ 3 0 ,  2 ]  = 3 2 . 3 3  , 

3] : 33 , [31, i] = 33 , [31, 2] = 33 , [32, 2] = 33 . 
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rf 

so 

Computer collection of eighth powers of an appropriate set of words reveals that 

does not have exponent 8 , but that 

8 
rf 

: r/< < [ z4 2z 2] 8>> r . 

: << "'[ZZ4y2Z2}8>) F .  : (32, 33> , 

f 

It follows that F* has a maximal nilpotent quotient, 

F~ , of order 281 and class 19 . (0f course F : Ff implies that r * = F~ .) A 

consistent power commutator presentation for F~ can be read f~m the consisten~ power 

commutator presentation given above for Ff by setting generators 32 and 33 trivial. 

A coset enumeration based proof for the finiteness of F is not yet available. 

Attempts at proofs like those given in Chapter 3 have not succeeded because of an 

inability to define sufficient eosets. Attempts have been made with presentations for 

F ~ and with presentations for low index subgroups of F* , with a limit of 40000 

cesets. (It is appropriate to note that the checking of the proof of Chapter 2 done 

by R.I. Yager involved use of some special purpose programs that he wrote to 

manipulate words.) 

The rank of the multiplicator of F is 9 as is the rank of the multiplicator 

of F * . By investigation of groups with ii relators selected from the 

presentations for F and F * the following presentations were found. 

The presentation 

(Y, Z I y4 : Z 8 : (yz-l) 2 = (yz)4 = (Z2Z2) 8 = (yZ218 : (Z4y2) 8 : [Z3y) 8 

: [z3 2] 8 = (z2 2z ] 8 : (z4  2z2z ]8 : l> 

F as its maximal nilpotent quotient and a minimal number of a group F m , say, has 

of relations. Replacing the relation [Z4y2) 8 = i by (YZ4y2Z2) 8 = i gives a 

presentation for a group F* which has F* as its maximal nilpotent quotient and has 
m 

= F and F ~ = F* a minimal number of defining relations. Questions as to whether F m m 

are as yet unsolved. 

The fact that a minimal presentation for G was found in Chapter 3 enables us to 

simplify the presentations for F and F* somewhat. A study of the proof that F 

is finite reveals that the relations (ix), (xi), (xxi), (xxii), (xxiii), (xxiv), (xxv) 

given in the presentation for F on p. 124 are used only to prove that the relations 

(8), (I0), (12), (13), (14) and (15) (Chapter 2, Theorem 3) hold in F . In view of 

the minimal presentation for G , this second set of relations is not required to 

prove the finiteness of G , so it follows that the first set is not required in the 

presentation for F . Further relation (xvi) is redundant because it is used only to 

prove that relation (27) holds in F . This is used only to prove Lemma 5 (19) which 
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is not used elsewhere, so is not essential to the proof. 

The above information gives us an 18 relator presentation for F (relations 

(i)-(viii), (x), (xii)-(xv), (xvii)-(xx)) and a 19 relator presentation for F* 

~namely the 18 relations for F plus (YZ4y2Z2) 8 = I ). 

Recall that G was selected as a preima~e of a subgroup of F* , namely 

(Zy)2Z -2, (YZ)2Z-2> , say S . A program auxiliary to the NQA enables computation of 

a subgroup of a group given generators for the subgroup and a consistent power 

commutator presentation for the group. The subgroup S in F ~ was computed and 

found to have order 214 

It follows that the mapping of G onto S has kernel of order 2 7 . The 

availability of the consistent power commutator presentation for F* enables us to 

compute generators for the kernel of this mapping. By mapping elements of the kernel 

into B we find words in the generators of B which are trivial in B . 
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