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COMMUNICATIONS I N  ALGEBRA, 11(20) ,  2267-2275 (1983) 

MINIMAL PRESENTATIONS FOR F I N I T E  

GROUPS OF PRIME-POWER ORDER 

George Havas 
Div is ion  of  Computing Research 

CSIRO 
Canberra 

and 

M.F. Newman 

Department o f  Mathematics 
I n s t i t u t e  of  Advanced S t u d i e s  

A u s t r a l i a n  Nat iona l  U n i v e r s i t y  
Canberra ,  ACT, A u s t r a l i a  

I n  h i s  survey  "Minimal p r e s e n t a t i o n s  f o r  f i n i t e  groups" Wamsley 

C8, Q u e s t i o n  141 ,  a s k s :  "Are t h e r e  any f o u r  g e n e r a t o r - f i v e  r e l a t i o n  

f i n i t e  groups?" A more p r e c i s e  fo rmula t ion  is :  a r e  t h e r e  any 

f i n i t e  groups which can be genera ted  by 4 elements  b u t  n o t  by 

3 elements  and which can be d e f i n e d  by 5 r e l a t i o n s  on a  

4-element g e n e r a t i n g  s e t ?  The answer i s  y e s .  We d e s c r i b e  f o u r  

such groups and i n d i c a t e  how t h e y  were found. The groups a r e  

g iven  i n  o r d e r  of  i n c r e a s i n g  s i z e .  The proof  f o r  t h e  f i r s t  i s  

simply a  (huge) c o s e t  enumeration. The o t h e r  p r o o f s  a r e  more 

i n t e r e s t i n g ;  on ly  one is s p e l t  o u t .  

1 Copyright O 1983 by Marcel Dekker, Inc. 
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2268 HAVAS AND NEWMAN 

Consider t h e  group G which i s  genera ted  by { a ,  b ,  c ,  d l  

and i s  def ined  by t h e  r e l a t i o n s  

2 
a = Cd, clCb, a l  

2  
d = [d,  alee, blCb, a 1  

[d ,  b l  = Cc, a1 . 

C l e a r l y  t h e  commutator q u o t i e n t  G/G' i s  elementary a b e l i a n  of 

o r d e r  16 s o  G cannot  be genera ted  by 3 elements .  Thus it 

remains t o  show t h a t  G is f i n i t e .  In  theory  t h e  s i m p l e s t ,  

though n o t  n e c e s s a r i l y  t h e  s h o r t e s t ,  way t o  prove t h e  f i n i t e n e s s  

of  a  group g iven  by a  f i n i t e  p r e s e n t a t i o n  i s  c o s e t  enumeration 

over  t h e  i d e n t i t y  subgroup. In  t h i s  c a s e ,  us ing  a  reasonably  

s o p h i s t i c a t e d  computer program ( a  descendant  of  t h a t  descr ibed  

by Cannon, Dimino, Havas and Watson El]) wi th  enough computer 

memory t o  d e f i n e  some 250 000 a c t i v e  c o s e t s ,  t h e  approach works. 

Coset enumeration over  t h e  t r i v i a l  subgroup yield's t h a t  G has  

16 
order  2 . 

Now cons ider  t h e  group H which is genera ted  by 

{ a ,  b ,  c ,  d} and i s  d e f i n e d  by t h e  r e l a t i o n s  

a 2  = [ d ,  C I C ~ ,  a 1  
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MINIMAL PRESENTATIONS FOR FINITE GROUPS 

Cd, b l  = Cc, a 1  . 

The commutator q u o t i e n t  H / H 1  i s  elementary a b e l i a n  o f  o r d e r  1 6  

s o  H cannot  be  genera ted  by 3 elements  and aga in  i t  remains 

t o  show t h a t  H i s  f i n i t e .  In  t h i s  case  c o s e t  enumeration over  

t h e  t r i v i a l  subgroup cannot  be completed w i t h  t h e  r e s o u r c e s  

a v a i l a b l e  t o  us .  However c o s e t  enumeration over  t h e  subgroup A 

genera ted  by a does complete and y i e l d s  t h a t  A has  index 2 
1 3  

i n  H . With a n o t h e r  computer-aided c a l c u l a t i o n  t h i s  s u f f i c e s  t o  

prove t h a t  H i s  f i n i t e ,  a s  fo l lows .  

Let K be  t h e  l a r g e s t  normal subgroup o f  H con ta ined  i n  

A . Then K i s  c y c l i c  and has  f i n i t e  index i n  H . Let S b e  

t h e  c e n t r a l i s e r  o f  K i n  H . Then S c o n t a i n s  H '  and t h e  

c e n t r e  o f  S has  f i n i t e  index  i n  S . Hence (Robinson C71, 

p .  1 0 2 ) ,  t h e  commutator subgroup o f  S is f i n i t e .  The elements  

of  f i n i t e  o r d e r  i n  S t h e r e f o r e  form a f i n i t e  subgroup T and 

S/T is t o r s i o n - f r e e  a b e l i a n .  Thus H/T i s  an ex tens ion  o f  a 

t o r s i o n  f r e e  a b e l i a n  group by an elementary a b e l i a n  group of  

o r d e r  d i v i d i n g  1 6  . Information provided by a n o t h e r  computer 

program, t h e  n i l p o t e n t  q u o t i e n t  a lgor i thm ( s e e  Newman [61) ,  shows 

t h a t  H has  no q u o t i e n t  group of 2-power o r d e r  exceeding 217 . 

Hence H / T  and, consequent ly ,  H i s  f i n i t e .  A l i t t l e  more 

computing g i v e s  t h e  o r d e r  o f  H . Let N be  t h e  normal subgroup 

of H which has H / N  o f  o r d e r  217 . It i s  easy t o  s e e  from t h e  

p r e s e n t a t i o n  f o r  H / N  ob ta ined  from t h e  n i l p o t e n t  q u o t i e n t  
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2270 HAVAS AND NEWMAN 

a lgor i thm t h a t  aN has o r d e r  16 s o  AN has index 213 i n  H . 
Hence A c o n t a i n s  N . Therefore N i s  c y c l i c  of  odd o r d e r .  

Fur ther  c o s e t  enumerations over t h e  subgroups B , C , D 

(genera ted  by b  , c  , d  r e s p e c t i v e l y )  y i e l d ,  by a  s i m i l a r  

argument, t h a t  N i s  conta ined  a l s o  i n  B , C , D . Hence N 

is  c e n t r a l  i n  H . So H i s  n i l p o t e n t  and,  s i n c e  H/Ht  has 

2-power o r d e r ,  H has ?-power o r d e r  which must be 217 . 

S i m i l a r  arguments show t h a t  t h e  group genera ted  by 

{a, b ,  c ,  d )  and def ined  by t h e  r e l a t i o n s  

b2 = Cc, b l  

2  
c  = Cd, c l  

d2  = [ d ,  a lCc,  bib, a lCc ,  a1 

Cd, b l  = Cc, a 1  

i s  f i n i t e  of o rder  218 , and t h a t  t h e  group genera ted  by 

{ a ,  b ,  c ,  d l  and def ined  by t h e  r e l a t i o n s  

2  
a  = Cd, c l b ,  a 1  

b2 = Cc, b l  

c2  = [d ,  c l  

d2 = [d ,  a][c ,  blCb, a lCc ,  alCd, c l  
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M I N I M A L  PRESENTATIONS FOR F I N I T E  GROWS 

19 
is  f i n i t e  of  o r d e r  2 . 

Observe t h a t  t h e s e  groups a r e  groups of prime-power o r d e r ,  

s o ,  by t h e  ~ o l o d - z a f a r e v i ;  Theorem (Johnson [3], p.  1561, need 

a t  l e a s t  5  r e l a t i o n s  t o  d e f i n e  them. 

C a l c u l a t i o n s  of  t h e  s o r t  used above y i e l d  l i t t l e  more than  

t h e  in format ion  s t a t e d .  Other c a l c u l a t i o n s ,  such a s  t h o s e  

descr ibed  by Leech L41, might be used i n  an a t tempt  t o  ga in  more 

understanding.  It seems l i k e l y  t h a t  a  good d e a l  more e f f o r t  would 

be r e q u i r e d  t o  o b t a i n  any u s e f u l  i n s i g h t .  

The p r e s e n t a t i o n s  above have been a r r i v e d  a t  by a  p rocess  

o f  evo lu t ion .  A n a t u r a l  s t a r t i n g  p o i n t  was t h e  work of Mennicke 

Csl which e x h i b i t e d  f o r  t h e  f i r s t  t ime f i n i t e  groups which have 

a  ( n o n - t r i v i a l )  3-generator  3 - r e l a t i o n  p r e s e n t a t i o n .  These 

sugges t  f o r  4 g e n e r a t o r s  t h a t  one might cons ider  t h e  groups 

K(u) genera ted  by {a,  b ,  c ,  d l  and d e f i n e d  by t h e  6 r e l a t i o n s  

= a U  

bC = bU 

cd = cU 

da = dU 

[a ,  c ]  = [b, d l  = e  ( t h e  i d e n t i t y ) .  

For lu l  2 2 t h e s e  groups a r e  f i n i t e  ( a  s i m p l i f i e d  v e r s i o n  o f  

Mennicke's proof  s u f f i c e s ) .  We a r e  indebted  t o  B . H .  Neumann f o r  

first showing u s  t h e s e  p r e s e n t a t i o n s ;  t h e y  a l s o  appear  i n  Johnson 

(b1, pp. 49-50). For u  = 1 -k pk where p  is a  prime and 
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2 2 7 2  HAVAS AND NEWMAN 

k p  # 2 , t h e  group has  a  l a r g e s t  p-quotient  which is  n i l p o t e n t  o f  

c l a s s  2  and has  o r d e r  p8k . Coset enumeration shows t h a t  K(3) 

8 
has o r d e r  212 and Y(-2) has  o rder  3  . 

Replacing t h e  l a s t  two r e l a t i o n s  f o r  K(u) by t h e  s i n g l e  

r e l a t i o n  [ a ,  c]  = [b, d l  g ives  a  4-generator  5 - r e l a t i o n  

p r e s e n t a t i o n .  The n i l p o t e n t  q u o t i e n t  a lgor i thm y i e l d s  t h e  

fo l lowing  t a b l e .  

u  o r d e r  of t h e  l a r g e s t  p -quot ien t  

3  222 

- 2 ,  4  316 

-4 ,  6 515 

-6 ,  8  715 

-10, 12 1115 . 

These l a r g e s t  p -quot ien t s  a r e  i n t e r e s t i n g  because they  a r e  e i t h e r  

4-generator  5 - r e l a t i o n  f i n i t e  groups o r  they  a r e  f i n i t e  n i l p o t e n t  

groups whose d e f i c i e n c y  exceeds t h e i r  m u l t i p l i c a t o r  rank  (Wamsley 

[ E l ,  Quest ions 9 and 1 1 ) .  However we have n o t  been a b l e  t o  

dec ide  which i s  t h e  c a s e  here .  S i m i l a r  groups f o r  a l l  odd p  

a r e  g iven  i n  Wisliceny C91 and [ l o ] ;  t h e  n i l p o t e n t  q u o t i e n t  

a lgor i thm shows t h a t  t h e s e  have o r d e r  p15 f o r  smal l  odd primes 

( t h i s  presumably ho lds  f o r  a l l  odd pr imes) .  

I t  is n o t  d i f f i c u l t  t o  s e e  t h a t  a  4-generator  5 - r e l a t i o n  

group o f  prime-power o r d e r  has  o r d e r  a t  l e a s t  p14 . A s imple 
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MINIMAL PRESENTATIONS FOR FINITE GROUPS 

alteration to the above 5-relation presentation, replacing the 

last relation by [a, cl = [b, dl[a, bl , gives a presentation 
14 

whose group has largest p-quotient of order p when u = 1 + p 

with p odd. The nilpotent quotient algorithm shows that when 

20 u = 3 the group has a largest 2-quotient of order 2 . If the 

nilpotent groups so obtained are defined by the given presentation, 

it is reasonable to hope that methods based on coset enumeration 

might be successful in proving this for the "small1' orders (as 

they were for similar size problems reported in Grunewald, Havas, 

Mennicke and Newman [ 21 ) .  This has not been the case. However, 

as our main examples show, suitable modifications do work. 

We have investigated modified presentations obtained in a 

similar way, that is by incorporating into the relations various 

additional commutators. Of course the number of possible 

modifications is vast - we selected a few promising ones for 

testing. The chosen presentations were first checked with the 

nilpotent quotient algorithm for p = 11 . If the largest 11- 

quotient had order 1114 or 1115 , then the corresponding 

presentation for p = 2 was tested. Where the largest 2-quotient 

had order at most 219 , the resulting presentation was modified 

via Tietze transformations to a form which experience suggested 

was more likely to lead to successful coset enumeration. As well 

as providing the four 5-relation presentations for finite groups 

given, this procedure has yielded presentations for which we have 

no finiteness proof. In particular we have found presentations 

whose largest 2-quotients have order 215 where coset enumerations 
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2274  HAVAS AND NEWMAN 

have suggested t h a t  t h e  groups s o  d e f i n e d  might w e l l  be i n f i n i t e .  
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