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GROUPS OF EXPONENT FIVE 

AND CLASS FOUR 
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I n s t i t u t e  o f  Advanced S t u d i e s  

A u s t r a l i a n  Nat iona l  U n i v e r s i t y  
and 

Div is ion  of  Computing Research 
CSIRO 

Canberra 

Department o f  Mathematics 
U n i v e r s i t y  o f  Melbourne 

Abstract  

We i n v e s t i g a t e  p r e s e n t a t i o n s  f o r  t h e  f r e e s t  two- 

g e n e r a t o r  group o f  exponent f i v e  and c l a s s  f o u r ,  and 

o b t a i n  a number of minimal  res sen-tations, inc lud ing  

two which c o n t a i n  t h e  l e a s t  p o s s i b l e  number of  n o n - f i f t h -  

power r e l a t o r s .  Our aims a r e  t h r e e f o l d :  f i r s t l y ,  t o  
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288 HAYAS AND RICHARDSON 

provide some partial evidence in favour of the finiteness 

of the Burnside group of exponent five on two generators; 

secondly, to examine a refinement of the well-known 

question concerning the existence of minimal 

presentations for finite p-groups; and thirdly, to 

illustrate several ways in which a number of available 

computer techniques can be combined to demonstrate the 

finiteness of a group with a given presentation. 

1. Minimal and opt imal  p resenta t ions  

Let G be a finite p-group minimally generated by d 

elements, and G % F I R  a presentation of G as a quotient of a 

free group F of' rank d by a normal subgroup R . A lower bound 

for the number of relators required in such a presentation, that 

is, for the size of a set of words with normal closure R in F , 

is given by the rank m of the p-multiplier 

R/[R, F]# % H~(G, 27 ) 
P 

(see Gruenberg C41, $ 7 . 2 ) .  Following Wamsley [161, we shall call a 

a?-generator, m-relator presentation for G minimaZ. It is a 

well-known open question whether all finite p-groups have such a 

minimal presentation (Swan C151, Wamsley [16]). 

Now suppose that G is finite of exponent q = pe . Relators 

for G may be categorized into qth powers and others, and 

presentations may be classified according to the numbers of each 
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GROWS OF EXPONENT F I V E  AND CLASS FOUR 289 

type of relator present. For example, we may ask: what is the 

smallest number of non-qth-power relators needed, together with 

qth powers, to present G ? 

If we are given a fixed minimal generating set for G (that 

is, a fixed homomorphism from F , of rank d , to G , with kernel 
R say), then a lower bound on the number of non-qth-power relators 

in the given generators required (together with qth powers) to 

define G is given by the rank s of 

since this is the quotient of the p-multiplier obtained by making 

a l l  qth powers trivial. We shall call a minimal presentation for 

G which involves exactly s non-qth-power relators, together with 

m - s qth powers, an optimal presentation. More generally, a 

presentation consisting of i non-qth-power and j qth-power 

relators will be called an (i, j) presentation for short. 

The question of whether all finite p-groups possess an 

optimal presentation (unlike the corresponding question for minimal 

presentations) admits a ready negative answer. For let 

B = B(d, p) be a d-generator Burnside group of exponent p , and 
- 
B ( S  FIR) its largest finite quotient: the existence of is 

guaranteed by Kostrikin's positive solution to the restricted 

Burnside problem [ll]. Since F/[R, FIP is a finite group of 

exponent p , we have [ R ,  FIP = R , and in this case s = 0 . So 

- 
an optimal presentation for B would consist entirely of pth- 

- 
power relators. A presentation for B with this last property 
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290 HAVAS AND RICHARDSON 

e x i s t s  i f  and o n l y  i f  B  = , o r  e q u i v a l e n t l y ,  i f  and o n l y  i f  B 

is f i n i t e .  I n  p a r t i c u l a r ,  i f  d 2 2  and p > 665 , s o  t h a t  by the 

c e l e b r a t e d  r e s u l t  o f  Novikov and Adian ( s e e  [ l ] )  B i s  i n f i n i t e ,  

t h e n  3 has  no op t imal  p r e s e n t a t i o n .  

However, t h e  q u e s t i o n  of  t h e  e x i s t e n c e  o f  op t imal  

p r e s e n t a t i o n s  f o r  f i n i t e  groups o f  s m a Z Z  prime-power exponent 

remains open, and h e r e  a  number o f  p o s i t i v e  r e s u l t s  a r e  a v a i l a b l e .  

For example, c o s e t  enumeration can be  used t o  show t h a t  t h e  t h r e e  

groups B(3, 31, B(2, 4 )  , and 

I ( 3 ,  4 )  = ( a ,  b ,  c I a2, b2 ,  c2; exponent 4 )  

have ( 0 ,  131,  ( 0 ,  9 )  , and ( 3 ,  7 )  p r e s e n t a t i o n s  r e s p e c t i v e l y  

(Leech [12]) .  The n i l p o t e n t  q u o t i e n t  a l g o r i t h m  o r  NQA (Macdonald 

[13], Bayes, Kautsky and Wamsley [2], Havas and Newman [ 8 ] )  

permi t s  computer c a l c u l a t i o n  of and i n  t h e  p - m u l t i p l i e r s  of t h e s e  

groups,  and shows t h a t  t h e  p r e s e n t a t i o n s  mentioned a r e  no t  o n l y  

minimal a s  p o i n t e d  o u t  by Macdonald [13] b u t  op t imal  a s  w e l l .  

Havas and Newman [8] g i v e  minimal p r e s e n t a t i o n s  f o r  a  group o f  

o r d e r  219 wi th  exponent f o u r ,  and f o r  exponent n i n e  groups of  

o r d e r  35 and 312 , whi le  Grunewald, Havas, Mennicke and Newman 

[51 g i v e  a  minimal p r e s e n t a t i o n  f o r  a  group o f  exponent e i g h t  and 

o r d e r  221 ; a l l  o f  t h e s e  p r e s e n t a t i o n s  a r e  i n  f a c t  op t imal .  

F u r t h e r  s t u d y  of  t h e  q u e s t i o n  of which f i n i t e  p-groups have 

an op t imal  p r e s e n t a t i o n  is  r e l e v a n t  i n  two ways t o  t h e  Burnside 
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GROUPS OF EXPONENT FIVE AND CLASS FOUR 2 9 1  

problem, and particularly to its first undecided case, that of 

exponent five. 

Firstly, the disparity in the above results between the case 

of the small exponents 3 and 4 and the case of large prime 

exponents parallels, at least superficially, the dichotomy in the 

answer to the Burnside problem (positive for the former exponents, 

negative for the latter). So an investigation into the existence 

of optimal presentations for groups of exponent five may indirectly 

shed some light on the Burnside problem in that exponent. 

Secondly, the computational techniques applicable in a search 

for optimal presentations are among those which would presumably be 

involved in a computer-aided attempt to prove B(2, 5) finite (for 

example along the lines suggested by M. Hall, Jr. [ 6 ] ) .  The order 

of p(2, 5) , namely 534 (see [ 9 1 ) ,  gives a hint of the 

difficulties which can be expected in such an attempt. However, a 

manageable analogue of the full Burnside problem is obtained if we 

seek optima2 presentations for quotients of B(2, 5) of small 

class. In such a search, the evasion of the problem of size is to 

some extent balanced by the imposition of the requirement of 

optimality. Thus the techniques available may be put to an 

interesting and still feasible trial, in the course of which they 

may be expected to undergo further development and refinement. 

Before discussing how computer techniques were successfully 

employed to obtain optimal presentations for the largest class-four 

quotient of B ( 2 ,  5 )  , we see how much can be said about optimal 
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292 HAVAS AND RICHARDSON 

presentations of low-class quotients of two-generator Burnside 

groups for primes in general. 

2 .  Results for an arbitrary prime 

Let F = (a, b )  be a free group on two generators, and define 

the following basic commutators in F : 

We begin by obtaining minimal presentations for the two-generator 

free nilpotent groups of class up to four. 

Proof: The only difficult case is class three, where it must 

be shown that c6 = c7 = c8 = 1 implies [c5, a] = 1 ; we are 

indebted to J.R.J. Groves for the following short proof. We work 

in the group 

G = ( a ,  b I c6, c7, c8) , 
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GROUPS O F  EXPONENT F I V E  AND CLASS FOUR 

and u t i l i z e  t h e  well-known commutator i d e n t i t i e s  

z 
Ex, yz l  = Cx, zlCx, y l  

= Cx, z lCx,  ylCx, y ,  z l  . 
Now 

Cb, a ,  bal = [ b ,  a ,  alCb, a ,  blCb, a ,  b ,  a1 , 

but a l s o ,  as [ b ,  a ,  a ]  = e4 is central i n  G , 

Cb, a ,  bal = @, a ,  abCb, a]]  

= [ b y  a ,  a 1 7 l ~ ~ y ~ ~  

= ( [ b y  a ,  blCb, a ,  alCb, a ,  a ,  b l )  [ b  ,a1 

= Cb, a ,  alCb, a ,  b l  Cb ,a1 

So we have 

Cb, a ,  b ,  a1 = Cb, a ,  b l - lCb,  a ,  b l  = [b, a ,  b ,  [ b y  a l l  

= [b, a ,  b ,  (b-'a-lb)a] 

1 - 1  a *  = [ b ,  a ,  b ,  a l [ b ,  a ,  b ,  b- a b ]  

-1 -1 -1 -1 
We deduce t h a t  [b, a ,  b ,  b a b] = 1 , so tha t  i n  G ,  b a b 

l i k e  b central izes  [ b ,  a ,  b ]  = c5 . Hence a also central izes  

c5 , as claimed. 

I t  fol lows t h a t  ( e4, e 5 )  i s  central i n  G . But 

by t h e  previous ( e a s i l y  proved) case. Hence G i s  indeed 
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294 HAVAS AND RICHARDSON 

nilpotent of class 3 , so G E F/y4F . The result for class 4 

is now readily deduced. 

For any prime p , let B = FIP = B(2, p )  denote the two- 
P 

generator Burnside group of exponent p . 

THEOREM: The largest nilpotent quotients o f  B of class up 
P 

t o  four have the minimal presentations 

B / Y B  .(a, b I UP,  P, c3), 
P 2 P  

B / y  B . ( a ,  b I u p ,  bP,  q, c 5 )  i f  p e 3 , 
P 3 P  

B / y  B - ( a ,  b 1 2, bP, c 6 ,  c 7 ,  c 8 )  i f  p~ 5 ,  
P 4 P  

B / y  B .̂ ( a ,  b 1 2 ,  bP,  [ci, a ] ,  [ci. b] (i = 6, 7 ,  8))  
P 5 P  

i f  p l 5 .  

Furthermore, each of these presentations i s  optimal, except when 

p - 1 is equal t o  the  class of the quotient group. 

Proof: We shall prove the last assertion; the other cases 

are similar. If G is the group given by the last presentation, 

then by the Lemma y5G = 1 . For 2 5 i 9 5 , has 

exponent p , since G/G1 does (Hu~pert [10], I11 2.13 (b), 

p. 2 6 6 ) .  Moreover, Y . G / ~ ~ + ~ G  is generated by the basic 
Z 

commutators of the appropriate weight; we conclude that [ G I  

divides p8  . But G is a preimage of B / y  B , and since p l 5 
P 5 P  
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t h e  o r d e r  o f  t h i s  l a s t  group is  e x a c t l y  p8 (Magnus, Kar rass  and 

S o l i t a r  [141, S e c t i o n  5.7,  Problem 9 ) .  I t  fo l lows  t h a t  

B  /y B  rz: G , a s  r e q u i r e d .  
P  5 P -  

For p  1 7  , Bp/y5Bp has  t h e  exponent p ex tens ion  

B /y B , of o r d e r  p14 (Magnus , Karrass  and S o l i t a r  , Zoc. c i t .  ) . 
P 6 P  

It  is  t h u s  c l e a r  t h a t  a p a r t  from t h e  two power r e l a t o r s  aP and 

bP , s i x  non-power r e l a t o r s  a r e  r e q u i r e d  t o  span t h e  p - m u l t i p l i e r  

of  B /y B , s o  t h e  ( 6 ,  2 )  p r e s e n t a t i o n  we have o b t a i n e d  i s  
P  5 P  

op t imal .  For p  = 5  , t h e  p - m u l t i p l i e r  i n  q u e s t i o n  s t i l l  has  rank 

8  , s o  i n  t h i s  c a s e  t h e  p r e s e n t a t i o n  found is  a t  any r a t e  minimal. 

3.  Resul ts  f o r  exponent f i v e  and c l ass  f o u r  

I n  t h e  remainder  o f  t h e  paper ,  we d e s c r i b e  a  computer-assis ted 

s e a r c h  f o r  op t imal  p r e s e n t a t i o n s  o f  B5/y5B5 , t h e  f r e e s t  two- 

g e n e r a t o r  group o f  exponent f i v e  and c l a s s  f o u r .  Since y5B5/y6B5 

h a s  o r d e r  52 , it is  ( 2 ,  6 )  p r e s e n t a t i o n s  which a r e  r e q u i r e d .  

Thus we a r e  seek ing  two non-power and s i x  power r e l a t o r s .  

F i r s t  we c o n s i d e r  l i k e l y  c a n d i d a t e s  f o r  t h e  power r e l a t o r s .  Here 

s h o r t n e s s  seems a  d e s i r a b l e  c r i t e r i o n ,  bo th  f o r  a e s t h e t i c  reasons  

and f o r  e a s e  o f  computation. To o b t a i n  a t  l e a s t  s i x  f i f t h  powers 

which a r e  d i s t i n c t  a s  r e l a t o r s ,  we must c o n s i d e r  words of  l e n g t h  up 

t o  t h r e e  i n  t h e  f r e e  group. There a r e  (modulo c y c l i c  permutat ion 
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8 296 HAVAS AND RICHARDSON 

and i n v e r s i o n )  e i g h t  d i s t i n c t  such words, namely 

a ,  b ,  a b ,  ab-l, a2b ,  a2b-', a b 2 ,  abW2 . 

The f i r s t  f o u r  o f  t h e s e ,  be ing  s h o r t e r ,  seem s u i t a b l e  s t a r t e r s ;  

two more a r e  needed. C a l c u l a t i o n  wi th  t h e  NQA shows t h a t  t h e  image 

o f  each o f  t h e  s e t s  { (a2b) 5 ,  ~ a b - ~ )  5} and { (a2b-I) 5 ,  (d2) 5} i n  

t h e  5 - m u l t i p l i e r  o f  B5/y5B5 is l i n e a r l y  dependent, s o  t h e s e  

p a i r s  a r e  e l i m i n a t e d .  This  l e a v e s  f o u r  s e t s  a s  c a n d i d a t e s  f o r  t h e  

power r e l a t o r s  o f  an op t imal  p r e s e n t a t i o n ,  namely 

5 2 -1 5 
S, = {a , b 5 ,  ( a b I 5 ,  ( a b 5  ( ~ z ~ b ) ~ ,  (a b ) } , 

5 
S2 = {a5, b 5 ,  ( a b )  , (ab-1)5, (a2b)5,  (ab2)5)  , 

5 
S, = {a  , b 5 ,  (ab-l)', (a2b-1)5, (ab-2)5} , 

and 

5 
S, = { a  , b 5 ,  ( a b ) 5 ,  ( ~ b - ' ) ~ ,  (ab2)5 ,  ( ~ b - ~ ) ~ }  . 

The nex t  s t e p  i s  t h e  s e l e c t i o n  o f  non-power r e l a t o r s .  Here we 

took a s  a  gu ide  t h e  minimal p r e s e n t a t i o n  

f o r  B5/y5B5 ob ta ined  i n  t h e  p rev ious  s e c t i o n ,  and a t tempted  t o  

r e p l a c e  non-power r e l a t o r s  one a t  a  t ime by power r e l a t o r s .  This 

approach al lowed us t o  b u i l d  up u s e f u l  exper ience  by t a c k l i n g  a  

s e r i e s  of s u c c e s s i v e l y  more d i f f i c u l t  problems. The words 
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GROUPS OF EXPONENT FIVE AND CLASS FOUR 

[c4, c3] and re5, c3] , which are trivial in B5/Y5B5 and 

shorter than those of the form [ci, a] and lei, b] 

(i = 6, 7, 8) , also proved useful as non-power relators. 

The power and non-power relators discussed above may be 

combined in various ways to yield a presentation P which has the 

form of a minimal or optimal presentation for B5/y5B5 . Let G 

be the group defined by P . It remains to be determined whether 

G is indeed isomorphic to B5/y5B5 . We now describe our 

approach to this problem. 

The presumed order of G , namely 58 = 390625 , precludes 

direct coset enumeration. Instead, we split the problem into two 

stages, by seeking a subgroup of G for which both the order and 

the index may be computed. In detail, the procedure is as follows. 

(a) A subgroup H , specified by generators expressed as 

words in a and b , is selected. The index of H in G should 

be moderately small. 

(b) The Reidemeister-Schreier method, implemented as 

described by Havas [7], is used to derive a presentation for H 

from P . 
(c) The presentation for H is simplified by a Tietze 

transformation program. This program successively eliminates 

redundant generators (either chosen automatically by the program in 

accordance with some prespecified order of preference, or selected 

interactively by the user). After each elimination, the program 

searches for common subwords and shortens relators thereby, and 
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298 HAVAS AND RICHARDSON 

uses any commutator r e l a t o r s  p r e s e n t  t o  c o l l e c t  t o g e t h e r  

occur rences  o f  l i k e  g e n e r a t o r s  i n  o t h e r  r e l a t o r s .  

( d )  I f  p o s s i b l e ,  t h e  o r d e r  o f  H is  determined from t h e  

s i m p l i f i e d  p r e s e n t a t i o n ,  by a  method a p p r o p r i a t e  t o  t h e  expected 

s t r u c t u r e  of  H . 
Our f i r s t  cho ice  f o r  H was t h e  d e r i v e d  subgroup G '  . I f  

indeed G is isomorphic t o  B 5 / y 5 B 5  , t h e n  G' is  o f  index  25 

i n  G , and elementary a b e l i a n  of  o r d e r  56 . I d e a l l y ,  t h e  T i e t z e  

program w i l l  reduce t h e  o r i g i n a l  p r e s e n t a t i o n  f o r  G '  , on 26 

S c h r e i e r  g e n e r a t o r s ,  t o  a  p r e s e n t a t i o n  o f  C: on 6 g e n e r a t o r s ,  

a l l  v i s i b l y  commuting and o f  o r d e r  5  . This  r e d u c t i o n  may be  

a i d e d  by t h e  i n t r o d u c t i o n  o f  r e l a t o r s  d e f i n i n g  some o r  a l l  o f  t h e  

elements  c i n  terms of  t h e  S c h r e i e r  g e n e r a t o r s :  i f  t h e  program i 

i s  t h e n  i n s t r u c t e d  t o  e l i m i n a t e  S c h r e i e r  g e n e r a t o r s  i n  f a v o u r  o f  

t h e  c , commutator r e l a t o r s  involv ing  t h e  l a t t e r  a r e  soon deduced i 

and r e s u l t  i n  r a p i d  s h o r t e n i n g  o f  t h e  p r e s e n t a t i o n .  

This  method was s u c c e s s f u l  i n  demons t ra t ing  t h a t  t h e  f i r s t  

t h r e e  p r e s e n t a t i o n s  shown i n  t h e  Table d e f i n e  B 5 / y 5 B 5  . 
The b e s t  r e s u l t  t h a t  we were a b l e  t o  ach ieve  v i a  au tomat ic  

e l i m i n a t i o n  i n  reduc ing  t h e  number o f  non-power r e l a t o r s  below f o u r  

was a  ( 3 ,  6 )  p r e s e n t a t i o n .  I n  o r d e r  t o  d i spense  w i t h  t h e  e x t r a  

f i f t h  power and t o  show t h a t  t h e  group ( G ~ ~  say)  d e f i n e d  by t h e  

( 3 ,  5 )  p r e s e n t a t i o n  i n  t h e  Table i s  B 5 / y 5 B 5  , t h e  program 

r e q u i r e s  a s s i s t a n c e .  I t  i s  necessary  t o  hand p ick  t h e  g e n e r a t o r s  

t o  be e l i m i n a t e d ,  w i t h  t h e  aim o f  producing,  o r  a t  l e a s t  
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GROUPS OF  EXPONENT F I V E  AND CLASS FOUR 

TABLE 

Minimal presenta t ions  o f  B5/y5B5 

No. Type Non-power r e l a t o r s  Power r e l a t o r s  Method 

T, E(4600) 

5  
a , b 5 ,  ( d l 5 ,  

T(with h e l p )  
(&-I) 5 ,  (a2b) 

Methods: T T i e t z e  t r a n s f o r m a t i o n s  i n  G '  . 
- 1 E Coset enumeration i n  ( b ,  a-'ba, aba ) (wi th  t o t a l  

number of  c o s e t s  d e f i n e d  shown i n  b r a c k e t s ) .  

p r e s e r v i n g ,  a s  many commutator r e l a t o r s  a s  p o s s i b l e .  I n  t h i s  way 

one can o b t a i n  a  p r e s e n t a t i o n  f o r  G i g  on s i x  g e n e r a t o r s  

x,  y ,  ... , which i n c l u d e s  r e l a t o r s  i n d i c a t i n g  t h a t  y  commutes 

wi th  a l l  g e n e r a t o r s  o t h e r  t h a n  x , and i n  a d d i t i o n  t h e  r e l a t o r s  

-1 
The s u b s t i t u t i o n  of  y-4 f o r  t h e  common subword x yx t rans forms  
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t h e  second r e l a t o r  i n t o  

HAVAS AND RICHARDSON 

( ~ o t e  t h a t  s i n c e  t h i s  is  longer t h a n  t h e  second 

s u b s t i t u t i o n  is no t  made by t h e  T i e t z e  program: 

r e l a t o r ,  such a  

t h e s e  d e t a i l s  

i l l u s t r a t e  a  l i m i t a t i o n  i n  t h e  program which, given t h e  

i n s o l u b i l i t y  of  t h e  isomorphism problem, is e s s e n t i a l l y  i n h e r e n t . )  

I t  can now be deduced t h a t  y25 = 1 , and t h a t  z normal izes  

( y ) , s o  t h a t  ( y ) i s  normal i n  Gig . If t h e  r e l a t o r  y i s  

5  
added, t h e  program quick ly  shows t h a t  G' / ( y )  s C5 . We now know 

35 

t h a t  / G ~ ~  1 d i v i d e s  5' ; b u t  t h e  NQA demonstrates  t h a t  t h e  

maximal 5-quotient  o f  Ga5  has  o r d e r  5' , s o  t h a t  

G35 2 B51y5B5 a s  d e s i r e d .  

S i m i l a r  methods us ing  only two non-power r e l a t o r s  y i e l d e d  

no th ing  b e t t e r  t h a n  a  ( 2 ,  1 4 )  p r e s e n t a t i o n  f o r  B5/y5B5 . 
Attempts t o  improve t h i s  r e s u l t  by apply ing  c o s e t  enumeration ( s e e  

C31) t o  t h e  p r e s e n t a t i o n s  produced by t h e  T i e t z e  program were 

u n s u c c e s s f u l ,  probably because G' is a  s i x - g e n e r a t o r  group,  s o  

t h a t  s t o r a g e  p e r  c o s e t  i s  l a r g e  and t h e  maximum number of  c o s e t s  

which can  be  d e f i n e d  i s  cor responding ly  smal l .  

We t h e r e f o r e  decided t o  make a  new choice  f o r  H : t h e  t h r e e -  

g e n e r a t o r  subgroup ( b ,  a-'bay a h - ' )  ( a l s o  o f  index 25 i n  

B ly B ) was s e l e c t e d .  Given a  p r e s e n t a t i o n  P , s t e p s  ( a ) - ( c )  
5 5 5  

(with au tomat ic  s e l e c t i o n  o f  e l i m i n a t i o n s  by t h e  T i e t z e  program) 
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GROUPS O F  EXPONENT FIVE AND CLASS FOUR 301 

1 -1 
u s u a l l y  produce a  p r e s e n t a t i o n  f o r  H = ( b ,  a- b a ,  a b a  ) on t h e s e  

g e n e r a t o r s  and c o n t a i n i n g  about  70 r e l a t o r s  ( i n c l u d i n g  t h e  f i f t h  

powers o f  t h e  g e n e r a t o r s ) .  Many o f  t h e s e  r e l a t o r s  w i l l  b e  

redundant ,  a s  t h e  5 - m u l t i p l i e r  o f  H should  have rank 9 . I t  

may be  p o s s i b l e  t o  determine t h e  o r d e r  o f  H , u s i n g  t h e  s h o r t e s t  

dozen o r  s o  r e l a t o r s ,  by enumerat ing t h e  c o s e t s  o f  ( b )  ( o r  

( a - l b a )  o r  ( & a - l )  ) :  t h e  expected index  i s  s5 = 3125 . 
I n  t h i s  way a l l  t h e  p r e s e n t a t i o n s  i n  t h e  Table except  t h e  

f i f t h  have been shown t o  d e f i n e  B5/y5B5 . The c a l c u l a t i o n s  were 

performed by a n  implementat ion o f  t h e  Fe l sch  method o f  c o s e t  

enumeration w r i t t e n  by Havas and Al ford .  They were o f  vary ing  

degrees  o f  d i f f i c u l t y ,  a s  shown i n  t h e  Table by t h e  t o t a l  numbers 

of  c o s e t s  d e f i n e d .  (The e x a c t  f i g u r e s  depend on t h e  number of 

r e l a t o r s  used and t h e  subgroup whose c o s e t s  a r e  enumerated; t h o s e  

shown i n  t h e  Table a r e  t h e  s m a l l e s t  we have achieved i n  each c a s e . )  

Note t h a t  t h e  ( 2 ,  6 )  p r e s e n t a t i o n s ,  i n v o l v i n g  t h e  s e t s  s2 

and S3 o f  f i f t h  powers, a r e  op t imal .  I t  remains an open q u e s t i o n  

whether e i t h e r  o f  t h e  p r e s e n t a t i o n s  

( a ,  b  

d e f i n e s  B5/y5B5 

show t h a t  any o f  

[c,, e3] ,  [e5, c3], Sj) ( j  = I o r  4 )  

. I n  t h e  c a s e  o f  Sl , it was n o t  p o s s i b l e  t o  

t h e  t h r e e  known o r d e r - f i v e  subgroups o f  H had 

f i n i t e  index ,  even when some 150000 c o s e t s  were d e f i n e d .  With 

S4 , we were unable  t o  o b t a i n  a  p r e s e n t a t i o n  f o r  H on fewer t h a n  

f o u r  g e n e r a t o r s .  
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HAVAS AND RICHARDSON 

A comparison between the two approaches can now be made. The 

first (Tietze transformations in G' ) depends heavily on the 

presence of commutator relators in G' , and hence is more 

successful with presentations P in which many of the c i 

commute. Indeed, this method failed in all cases (e.g. 4, 6 and 

7 in the Table) where it is not evident from P that at least one 

of the c is central in G . This provides little encouragement i 

for the application of such an approach in an attack on 
B5 

itself, where only fifth-power relators would be available. 

The second approach (coset enumeration in ( b ,  a-lba, aba-l 

is not so much affected by the form of the presentation P , but 

subject to the usual random vagaries of coset enumeration. 

Although generally more successful than the first approach, it was 

unable (with the available storage) to produce any (3, 5) 

presentation. In principle one can envisage applying enumeration- 

based techniques to a study of presentations of higher-class 

quotients of B5 , but storage requirements may be expected to 

increase along with the subgroup indices to be determined. 
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