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Abstract. Extended gcd computation is interesting itself. It also plays
a fundamental role in other calculations. We present a new algorithm
for solving the extended gcd problem. This algorithm has a particularly
simple description and is practical. It also provides refined bounds on
the size of the multipliers obtained.

1 Introduction

The gcd problem for more than two numbers is interesting in its own right (see,
for example, the research level problem in [8]). Furthermore, it has important
applications in its extended form where corresponding multipliers are required,
for example in computing canonical normal forms of integer matrices ([3, 4, 7]).
Some earlier algorithms for computing the greatest common divisor of more
than two numbers include those of {1, 2, 7, 14]. More recent algorithms and
analyses provide a much better understanding of the area. On the one hand we
have complexity results which show that there are a number of problems for
which efficient solutions are not always readily available [5, 9]. These include:
given a multiset of numbers, how many of them do we need to take to obtain the
ged of all of them? how can we efficiently find ‘good’ multipliers in an extended
ged computation? how quickly can we obtain the result? On the other hand we
have a selection of theoretical [9] and practical algorithms [5, 6, 10, 11] which
have been analysed and used in various applications.
~ We present a new algorithm with a particularly simple description. The al-
gorithm is readily implemented. It also provides refined bounds on the size of
the multipliers obtained.
The problein that we consider is to express the ged of n integers, for arbitrary
n, as an integer linear combination of the numbers. It is convenient to order
the multiset of input integers so that we can use linear algebra to describe the
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problem and solution. Thus, given a column vector A we wish to find a row vector
X such that XA = ged;(a;). The difficulty arises in finding “good” vectors X.
In particular we have the following result [9]: finding an optimal solution X with
respect to either the Lg metric or the Lo, norm is NP-hard. (The Lo metric
measures sparsity while the Lo, norm is the max norm.)

2 The New Algorithm

The new algorithm arises from a study of the ged-tree method in [9]. Basically
we construct a matrix P which has a solution to the extended ged problem for
A as its first row and a basis for the null space of A as its remaining rows. We
then row reduce the first row of P (using a least remainder reduction) to give
an improved solution.

Define g; = ged (ak,...,an), for 1 < k < n, and let

ay a1 ai 0 0 L 0 0

[¢%] 0 a Qs 0 0 0

as 0 as as as T 0 0
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Consider the n x n integer matrix
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Then PA = B, and because

(gl * LI * * \
0 .L_li_g_z_ * .. * *
g1
PC = g2
0 0 0 An—29n—1 *
In—-2
0 0 0 0 n-19n
In—1

we have det(PC) = det(C), so that det(P) = +1.

The important thing to notice about this construction is that any matrix
P satisfying the requirements suffices as a starting point. One such matrix is
readily obtained by using a straightforward recursive extended gcd algorithm.
Thus, in this approach, the first step is to compute the 2 X 2 matrix comprising
the rightmost entries of the top and bottom rows. Next, extend this to the 3 x 3
matrix comprising the rightmost entries of the top and the bottom two rows,
and so on.

3 Analysis

A general upper bound on the size of the multipliers (with respect to the max
norm) is given by a theorem in [9].

Theorem 1. There is an optimal time, optimal space algorithm for computing
the extended ged of n integers {ai,...,an}, which guarantees that no multiplier
is larger than the largest of the numbers divided by 2.

We refine that bound via an analysis of this new algorithm to obtain the
following result.

Theorem 2. Let {ay,...,an} be a multiset of positive integers.
Let m = max(ai,...,an—1) and let g, = gcd(ak,...,a,) for 1 < k < n. Then
there exists an integer solution to the equation

101+ -+ ZTpan =N

which satisfies

gj+1 gji+1 .
A TR for1<j<n—-1, 1)
2g; 77 2g;

|2a] < max (% 1) . (@)
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Proof: Part (1) is established by row-reducing the first row of the matrix P,

then setting 1 = P11, ..., n = Py . The proof of (2) has three cases.
1. gn=g1.
Then z; = -+ - = &p—1 = 0; hence z, = g, /a, = 1.
2. gn =201.

Then for some j we have wjdj + Znan = g1, wWith g;1 = 2g; and gy = ¢;
when i # j. It follows that z; = 1, which gives |z,| = (a; — g1)/(291) <
m/(2g1)- -

3. gn > 201
We have z; = 0 whenever g; = g;41; consequently

n-1
_ 1 gi+1 _ 1 gi+1 _ gn
dolesl= D0 lal<z D0 o =3 I1 0 " 20
j=1 95 <gj+1 gi<gj+1 gi<gi+1 77
It follows that
lxnlgn = ]wnanl = 191 — 207 — mn—lan—ll

<gr+arfr| 4+ +an_i|za|
<gr+m(e]+ -+ |zl

291

m
2|en| < —+ —.
gn 5N

Now 2|z,| and m/g; are integers, and 0 < 2g;/gn < 1. Therefore 2|z,| <
m/g1, and hence |z,] < m/(2g1). 0

Note that the bounds given here for the multipliers are optimal in the sense
that any individual multiplier can be made to approach its bound as closely as
desired. This can be seen by considering the example with repeated numbers
provided by the multiset {2,2k + 1,2k + 1,...,2k + 1}, with £ > 1, in various
orders. We also point out that this bound is not worse than about the square
of the best possible bound for distinct numbers, since it is shown in [6] that a
general lower bound for the Euclidean norm of the multiplier vector in terms of
the initial numbers a; must be at least O(y/max{a;}).

Furthermore we also provide bounds for the size of entries in the basis for
the associated null space.

Corollary 3. There is a unimodular transforming matriz P satisfying PA = B
with entries pg ; which satisfy

gi+1 gi+ .
- < Pr,j < for 1<k<j<n-1
2g; 7= 2g; ’
aj An—-1
|pk,n|§max(ﬁ,...,—2"§k—, 1) for lngn

This result is useful for situations where the transforming matrix is required.
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4 Concluding Remarks

We have presented a new algorithm for solving the extended gecd problem which
is simply described and practical. It yields good bounds on the size of the mul-
tipliers obtained.

The algorithm can be directly used in the computation of canonical forms
of matrices. The first author has investigated the computation of the rational
canonical form. It must be noted that any “exact” method that proceeds by
successive substitutions of the form A « T~ 1AT, with T a unimodular matrix
producing the ged g of elements ay, ..., a, in a given row of A, must necessarily
be of complexity exponential in n. The problem is that the values ay /g, ...,a,/g
must appear in T~!, and so the maximum size of the entries of A can double
at each step. The p-adic method of [12] avoids this difficulty, as does the ex-
act method of Ozello [13]. The Ozello algorithm relies on the computation of
dependence relations among integer vectors, and hence might be subject to im-
provement by application of our extended ged algorithm. This possibility remains
to be investigated.
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