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A Family of Non-quasiprimitive Graphs Admittin g a Quasiprimitive
2-arc Transitive Group Action

XIN GUI FANG, GEORGE HAVAS AND JIE WANG

Let I" be asimple graph and let G be agrou of automorphismof I'. The graph is (G, 2)-arc
transitive if G is transitve on the se of the 2-arcs of T". In this pape we construt a new family of
(PSUS, q2), 2)-arc transitve grapts I' of valercy 9 suc that Autl’ = Z3.G, for sonmealmog simple
growp G with sock PSU®3, g2). This gives anew infinite family of non-quasiprimite almog simple
graphs.
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1. INTRODUCTION

A permutatio group on asd €2 is sad to be quasiprimitive if ead of its non-tivial normal
subgroug istransitve on Q. A quasiprimitve group G is sad to be of type ASif S< G <
Aut(S), for some non-abelia simple group Let I be afinite simple undirectel gragh with
vertex sé VI" ard edge se¢ EI" ard let G be agrou of automorphism of I". The graph
" is sad to be G-quasiprimitive if ard only if G is quasiprimitve on VT . In particula, an
Autl"-quasiprimitve gragh is sad to be quasiprimitive A 2-arc of I is atriple («g, o1, a2) Of
vertices suth tha {ag, a1}, {a1, a2} € ET" ard ag # a2. If G istransitve on the 2-ars of T’
then T issaid to be (G, 2)-arc transitive

In[25] itisshowntha every non-bipartie 2-arc transitve gragh is acover of aquasiprimitve
graph Thus toclassify 2-arctransitvegraphsafundamentbproblenisclassifyirg quasiprim-
itive 2-arc transitve graphs For a G-quasiprimitve graph I", Preeger [26] raisead the question:
Unde wha conditiorscan webe certan tha Autl” isquasiprimitveon VI'?Baddeéy [3, Sec-
tion 6] constructd aconnectd (G, 2)-arc transitvegragh I, for sone quasiprimitve group G
of twisted wreah type, and proved that itsfull automorphisn groypisisomorphcto C x G with
C somre smal non-tiivial cyclic group which givesthefirst exampkewhere G isquasiprimitve
but AutI” isnon-quasiprimitve. He commenstheretha sud graptsseen difficult to construct.
In [20], Li found an infinite family of (PSL(2, q), 2)-arc transitve grapts with valercy 4 and
proved their full automorphim grougs to be isomorphe to Z; x PSL(2, q). This gives the
first infinite family of non-quasiprimitve grapts I' suc tha PSL(2, q) acts quasiprimitvely
on VT'. However, the approab in [20] is hard to generalie to larger valercy casesbecause
valercy 4 implies that the point stabilize of the automorphim growp isa {2, 3}-group.

Now we conside connectd (S, 2)-arc transitve grapts for non-abelia simple grougs S.
Sd C := Caur(S) ard let I'* be the quotiert graph of I' modub C-orbitson VI (obtained
by taking C-orbits as vertices and joining two C-orbits by an edgeif thereis at leag one edge
in T joining apoirt in the first C-orbit to a point in the secom one) By [24], T is acover
of I'*. For « € VT, let I'(«) denoe the sd of all vertices adjacemnto «. Clearly, the point
stabilize S, induces apermutation group on I' (), which is denot@ by S . Since Sis
transitve on the 2-ars of T, the stabilize S, is2-transitveon I' («) ard so § @ s primitive.
In [8,10], Preeger and coworkers developal a generdand systemati methal to determine
the automorphim group of certan types of symmetrc graphsLet G = Autl’ N Aut(S), then
by [8, Theorens 1.1 ard 1.2], we conclude immediatey the foll owing.

THEOREM 1.1. Let " be aconnectd (S, 2)-arc transitive graph with Safinite alternating
group, a spaadic simpke group or one of the following simpk groups of Lie type PSL(2, q),
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Us(@), Ga(q), Fa(@), ?Ba(a), Fa(q) or *Da(q) (q even for’Da()). If C is a cyclic group
with prime order and if there is no quasiprimitive group of type A&utI" containing CG
as a maximal subgroup, th@his non-quasiprimitive. Further, Butl™* is quasiprimitive with
socle S, thedutl’ = C.G.

This theorem highlights a way to construct graphs wt@ris quasiprimitive but AUt is
non-quasiprimitive. In this paper, we first construct an infinite family of conngtded)), 2)-
arc transitive graphf of valency 9 such that the centralizer of(d) in Autl" is Z3. Then,
using Theorem 1.1, we show tHais not quasiprimitive. Finally we prove that Aut= Z3.G,
whereG = Aut(Us(q)) N Autl'. Thus we obtain a new infinite family of connected, non-
quasiprimitive graph§’ such that (q) acts quasiprimitively ofvI" and transitively on the
2-arcs ofl". The main result of this paper is the following. Recall tRat= Cay(S) and
G = Aut(S) NAutr".

THEOREM1.2. Let S= Uz(q), where g= 2™ with m = 3r for some odd integer r. Then
there is a family of connecte(, 2)-arc transitive graphd™ with valency9 (see Construc-
tion (2.4)) which have non-quasiprimitive full automorphism groups. Furthet’ = Z3x G.

In Section 2 we construct an infinite family of connectéts(q), 2)-arc transitive graphs
with valency 9. Theorem 1.2 is proved in Section 3.

2. (U3z(q), 2)-ARC TRANSITIVE GRAPHS WITHVALENCY 9

For a(G, 2)-arc transitive graph, as described in [9, Section 2],Tifis a core-free subgroup
of G (that isNkegTX = 1) andg is a 2-element of3 such thatg? € T, (T,g) = G and
T is 2-transitive on the coset spack : T N TY], then the grapi’ = I'(G, T, TgT) with
VI'=[G:T] and EI'={{Tx Ty} |xy e TgT}isaconnectedG, 2)-arc transitive
graph of valencyd := |T : TNTY. ForT ¢ VIV =[G : T],writea = T. ThenG, =T
since the action ofs on VI is by right multiplication. Conversely (see [9, Theorem 2.1])
each connecte@s, 2)-arc transitive graph is isomorphic IdG, T, TgT) for some core-free
subgroupT and 2-elemeny satisfying these properties. Note that all connegt®d2)-arc
transitive graphs constructed in this section are given in tern®,andg as above.

Now we give some information abo&:= U3(q) for g = 2™. Writed = (3,q + 1). The
order ofSis g3(gq% — 1)(q3 + 1)/d. Let r be an automorphism of G§?) with 72 = 1. Write
d = (3,9 +1). Fork € GF(@®* anda, b € GF(g?) satisfyinga'*”, b + b* € GF(q) and
al™™ + b+ b’ =0, define

k™ 0 0 1 a b
k. ::( 0 k1 0), Q(a, b) := <0 1 af).
0 0 k 0 0 1

Let Q(q) be the subgroup o6 generated by all th€(a, b) with a, b satisfying the above
condition. Then, by [14, Chapter |1, 10.12)(q) is a Sylow 2-subgroup @with orderq? and
Ns(Q(q)) = Q(q):K (q), whereK (q) = {k; | k € GF(q®)*} = Z42_1),4- FOr convenience
we writek; =k, K(q) = K, Q(g) = QandH (q) = Q:K. In particular, for a subfield G§')
of GF(q), we writeK (q"), Q(q’) andH (') respectively for the subgroups Kf, Q andH (q)
with entries in GKq'). Let Kq_1 andK q+1),4 denote the subgroups & with ordersq — 1
and(q + 1)/d, respectively. The following two lemmas give some propertieS. of

LEMMA 2.1 ([12]). Let M be a maximal subgroup of S. Then either M is conjugate to one
of the subgroups jRgiven in the table below, or M is conjugate tg(P := U3(qo) where
qo = 2 for some divisor I> 1 of m such that ml is prime.
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Group Structure Remarks
P1 Q:K the normalizerof Q in S
P> [(d+1)/d].PSL(2,q) the stabilizer of a non-isotropic point
P3 (Zg+1) X Z@g+1/d):S8 the stabilizer of a unitary base
P4 Z(g3+1)/(d.(q+1)°3 the type of 4(g3)
Ps Z2:Qs m = 3r for some prime > 3
Py Z5:Qs: q=28

LEMMA 2.2 ([14, I, 10.12hND [15, VII SECTION 7, XI 13.9]). Thefollowing proper-
ties hold in Q and QK.
(a) Q is disjoint from its conjugates, and(®) = Q' = {Q(0, b) | b € GF(g?), b+ b’ = 0}
is elementary abelian of order q and, for eackexQ\Z(Q), x has orded. Further, for any
Q(a, b), Q@,b) e Q,

Q(a,b)Q@, b)) =Q@a+a,b+b +aa"). (1)

Moreover, each elementary abeli@rsubgroup of S is conjugate to a subgroup @f 3.
(b) K is cyclic of order(g® — 1)/d and, for any Qa, b) € Q and ke K,

k~1Q(a, bk = Q(k¥1a, k*t1h). 2)
Further Kq_1 is regular on ZQ)\{1} by conjugation, while lg1),4 is the centre of ZQ):K.

The following proposition forms the basis of our constructions of connec@)-arc
transitive graphs with valency 9. L&t = Z%:Qg < Py < U3(8) with Qg < Q and set

A(S, Qg) :={Q(0.8) ¢ T | F2(§) = GH@)}. 3

PROPOSITION2.3. Let S= U3z(q) with q = 2™, where m= 3r and r is odd. Let T=
Z%:Qg < P7 < U3(8) with Qg < Q. For each ge A(S, Qg) (see(3) above), define
'=T(S T, TgT). Thenl is a connecteds, 2)-arc transitive graph of valenc. Moreover,
Autl” contains a subgroup isomorphic tg X% S.

PROOFE By Lemma 2.2, all elements @8 with order 2 are conjugate in A(8). So we
assume tha®(0, 1) € Qg < T. SinceQg < Qandg € A(S5,Qg) C Z(Q), Qg <TNTE.
Since Qg is transitive by conjugation orzg\{l}, T N TY is eitherT or Qg. In the former
case we deduce that a Sylow 2-subgroup @u\g) has order at least 16. By Lemma 2.1,
NS(Z§) = Ps(l), for some divisot of mwith| > 1, which is impossible sincBs(l) is simple.
SoTNTY = Qg. ThusT is a(S, 2)-arc transitive graph with valendy = |T : TNTY9 = 9.
Now we show thatT, g) = S. By Lemma 2.1 we havéT, g) = Us(qp)*, for someq; = 2"
with n a divisor ofmandx € S. WriteY = (T, g) and letQ1 be the Sylow 2-subgroup of
containing(Qsg, g). SinceQg < Q, Q1 < Q by Lemma 2.2. SeN := Ny(Q1). Then there
exists some € Q such thatN = Q:K} with |[Ky| = (qf —1)/d < |K|. Sinceg € Z(Q)
andv € Q, g centralizeas—1. Thus, replacing” andN by T andNY respectively, we
may assume further thdd = Qq:K1, whereQ1 = Q(g1) and Q(0, 1) € Q1. Note that
K contains a unique subgroup(q;) of order(qf — 1)/d. ThusK; = K(q1). Moreover,
since Q1 containsQ(0, 1) and sinceK (q1) acts transitively by conjugation oA(Q1)\{1},
we haveZ(Q1) = Z(Q(d)) = {Q(0,§) | & € GR1)}. Now g = Q(0, &) € Z(Qa) with
Fo(&) = GF(q), which implies thatj; = q, thatis,(T, g) = S. SoT is connected.

Finally we show that AUt contains a subgroup isomorphicZg x S. Now Ns(T) = T:B =
P; with B = (u) = Z3. By the Frattini argument we can chooBesuch thatQg <1 Qg:B and
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Z(Qg) = (Q(0, 1)) with |Q(0, 1)| = 2, Q(0, )" = Q(0, 1). By Lemma 2.2 (b)u = k¥,
for someky € Kg+1)/d andv € Q. For eaclz € Z(Q), again by Lemma 2.2 (by" = z
In particular,g¥ = g sinceg € Z(Q). Thusg" € TgT. Then by [9, Proposition 2.4],
Cautr (S = (oy) = Zz whereoy : Tz — Tugz for eachTz € VI'. Consequently Aut
contains a subgroufp,) x S= Z3 x S. O

From Proposition 2.3 we obtain immediately an infinite family0§(q), 2)-arc transitive
graphs with valency 9 defined as in the following.

CONSTRUCTION2.4. Let S = Us(q) with g = 2™ and m = 3r with r odd. Let T =
Z2:Qg < P; < U3(8) with Qg < Q. Define

F(Uz(@), T) :={I'(S T, TgT) | g € A(S, Qg)},

whereA(S, Qg) = {Q(0,§) ¢ T | F2(§) = GR)}.

3. PROOF OFTHEOREM1.2

In this section we complete the proof of Theorem 1.2. The first proposition shows that there
is no quasiprimitive group of typAScontainingC.G as its maximal subgroup. Given groups
A andB, let AoB denote the central product éfandB.

ProOPOSITION3.1. Let Y be an almost simple group such thakTY < Aut(T), where
T is simple. Suppose that Y has a subgroup=N8.G, whereUsz(q) < G < Aut(Us(q)) for
q=2" > 2 Then M is not maximal in Y .

PROOF Suppose otherwise thtd = 3.G is a maximal subgroup of . ThusM contains
a normal subgroup of order 3, denoted By. Then the maximality oM implies thatM =
Ny (Z3). In other wordsM is a maximal 3-local subgroup &8f. Note thatM is unsolvable and
has exactly one non-abelian composition factgfd). If T is a sporadic simple group then,
by checking the ATLAS [6], we can see théthas no such maximal subgroup.

Nextwe suppose thatis afinite classical simple group defined over afield of characteristic
Moreover, assume that contains no graph automorphism of order 3 wies: PQ* (8, r®).
Then M must belong to one of the eight subgroup collectiGng1l < i < 8) defined by
Aschbacher [1] (see also [19] for details)Tlfis a linear group PS(n, r $), a symplectic group
Sp, (r®) or an orthogonal group £2r %), then a case-by-case check shows that no such maximal
subgroup exists (cf. [19, Chapter 4]).

If T = Un(rS) then, by [19, 4.1.4]T = Us2") andM N T = [a].U3(2").[b] wherea
andb are positives given by formula 4.1.3 of [19]. In this case, sifices Aut(U3(27)),
we have BU3(2")| < IM| < |Uz(2")| - 6f (2" + 1, 3). On the other hand, by [19, 4.1.4],
IMNT| =@ +1)@2" +1,3)|Uz2")|, which impliesf < 4.If f = 4 or 2 thenM is not a
3-local subgroup. Iff = 3, by [19, formula 4.1.3]M N T = [9].U3(8).3, which is not of the
form 3.G, a contradiction.

Now we consider the case tht= PQ"(8,rS) andY contains a graph automorphism of
order 3. In this case, all maximal subgroupsradire determined by Kleidman [17]. It follows
that, if M is a local maximal subgroup &fand has exactly one non-abelian composition factor
Us(q), thenM > (Z441 x GU3(@)).2 (see [17, 3.2.2]), which is not of the formG.

Now we consider the cases whérds an exceptional simple group of Lie type.

If T =3D4(rS) then, by [18], the only possibility foM is 2 < q = 2f = —1 (mod 3) and
MNT = (Zg_g410 SUz(Q)).[6], which is not of the form 3.
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If T = 2By(25) then, by [27], all maximal subgroups ¥fare solvable except f6iB,(2!)
for some divisott of s such thats/t is prime. Therefore, no maximal subgroup of fornG3
occurs in this case.

Finally assume thaf = C,, F4, E; (i = 6,7, 8), 2G», 2F4 or 2Eg defined over a finite
field of characteristic. Write Inndiag{) as the group generated by all inner and diagonal
automorphisms of . It is obvious thatM = Ny(Z3) and, by [5], there are four cases to be
considered.

(1) M is a maximal parabolic subgroup ¥fandr = 3.

(2) Z3 £ InndiagT).

(3) Z3 < Inndiag T) andM is of maximal rank (see [5] and [23] for the definition).

(4) Z3 < Inndiag T) andM is not of maximal rank.

If (1) holds, thenM is an extension of a 3-group by the Chevalley group determined by a
maximal subdiagram of the Dynkin diagramDf It follows that no such maximal subgroup
contains W(q) as a non-abelian composition factor.

If (2) holds then, by [11, Sections 7 and 8),n T = Ct(«) for an outer automorphism of
prime order. By [2, Section 19], [11, Section 9] and [5, Proposition 2.7], none of them contain
Us(q) as a non-abelian composition factor.

If (3) holds then allM are determined and listed in [23, Tables 5.1 and 5.2]. Among these
maximal subgroups, no local one contains exactly op@lJas its hon-abelian composition
factor.

If (4) holds then all possibl& are listed in [5, Table 1]. None of them contaig(d) as its
non-abelian composition factor. This completes the proof of the proposition. o

Let S, T,T be as in Construction 2.4. For aflyz € VI, denotesy : Tz — Tuzas
in the proof of Proposition 2.3. Ldt* be the quotient graph df modulo C-orbits, where
C(oy) = Z3. Write X := Autl’, andX* := AutI'*. The next proposition shows that the socle
of X*is S.

PROPOSITION3.2. LetI" and S= U3(q) be given as in Constructiah4 and letl"™* be the
quotient graph of” modulo C-orbits on \'. Then X is quasiprimitive with socle isomorphic
to S.

PROOFE By [24], T is a cover off"*, and hencé&is transitive orv I'* and the 2-arcs df**.
Let B := «C, theC-orbit containingr. Let S* := (C x S)/C = SandG* := (C.G)/C = G.
Setl' = I'(S*, S, S59%Sy), the quotient graph df moduloC-orbits, whereS;; = T:3 and
g" = Cgwith g € A(S, Qg). Now S* andG* are subgroups of*. Further, by Lemma 2. 15
is a maximal subgroup d&*, and so G+ (S*) = 1 by [9, Proposition 2.4]. IBoq X*) # S,
by [10, Theorem 1.1], eitheX* has an almost simple subgrol¥ with socle R* such that
R* £ S* andG* is a maximal subgroup of*, or X* contains a subgrouj* = ZS:S*
such that ¢ = g® and Z§ is semiregular oV T'*. In the latter cas¢S;| must be odd, which
contradictsS; = Z%:Qg:& Now X* has an almost simple subgrovpwith socleR* satisfying
the properties thaR* # S* andG* is a maximal subgroup of*. By [21, 22],s0aY*) = A,
andY* = AGj whereGj is an almost simple group with socg andA is a subgroup o¥*
not containingA, such that eitheA,_x <1 A < §,_k x S with G* actingk-homogeneously of
degreen, ornis 6, 8 or 10. Clearly the latter case does not occur. In the former case, by [16],
S has nok-homogeneous representation for- 3 (see also [15, Chapter XII, Section 6]).
Hence, we havé& < 2. Alson > m(S) = g° + 1, wherem(S) denotes the minimal index
of proper subgroups db. Recall that the valency df* is 9 (sincerl is a cover ofl"*). Thus
every prime divisor of X§| lies in {2, 3, 5, 7}. Moreover, sinceX* = X5S* and since the
largest prime divisor ofS*| is less thag? (since|S*| = q3(q% — 1)(q® + 1)/(3,9 + 1) and
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%+ 1= (g°— g+ 1)(q+ 1)), it follows that the largest prime divisor ¢X*| is less tharm?.
However, it is trivial to see that there is a prirpavith g2 < p < g2 + 1, and hencéX*| is
divisible by p, which is a contradiction. Thusog X*) = S= S*. O

Theorem 1.2 follows immediately from Propositions 3.1, 3.2, 2.3 and Theorem 1.1.
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