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A Family of Non-quasiprimitiv eGraphs Admittin g aQuasiprimitive
2-arc TransitiveGroup Action

XIN GUI FANG, GEORGE HAVAS AND JIE WANG

Let 0 be asimple graph and let G be agroup of automorphisms of 0. The graph is (G,2)-arc
transitive if G is transitive on the set of the 2-arcs of 0. In this paper we construct a new family of
(PSU(3,q2),2)-arc transitivegraphs0 of valency 9 such that Aut0 = Z3.G, for somealmost simple
group G with soclePSU(3,q2). Thisgives anew infinite family of non-quasiprimitivealmost simple
graphs.
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1. INTRODUCTION

A permutation group on aset Ä issaid to bequasiprimitive if each of itsnon-trivial normal
subgroups is transitive onÄ. A quasiprimitive group G is said to be of type AS if S≤ G ≤
Aut(S), for some non-abelian simple group. Let 0 be afinite simple undirected graph with
vertex set V0 and edge set E0 and let G be a group of automorphisms of 0. The graph
0 is said to be G-quasiprimitive if and only if G is quasiprimitive on V0. In particular, an
Aut0-quasiprimitivegraph issaid to bequasiprimitive. A 2-arc of 0 is atriple (α0, α1, α2) of
vertices such that {α0, α1}, {α1, α2} ∈ E0 and α0 6= α2. If G is transitive on the 2-arcs of 0
then 0 is said to be (G,2)-arc transitive.

In [25] it isshownthat every non-bipartite2-arc transitivegraph is acover of aquasiprimitive
graph.Thus, toclassify 2-arctransitivegraphs, afundamental problemisclassifyingquasiprim-
itive2-arc transitivegraphs. For aG-quasiprimitivegraph0, Praeger [26] raised thequestion:
Under what conditionscanwebecertain that Aut0 isquasiprimitiveon V0?Baddeley [3, Sec-
tion 6] constructed aconnected (G,2)-arc transitivegraph0, for somequasiprimitivegroup G
of twistedwreathtype,andprovedthat itsfull automorphismgroupisisomorphic toC×G with
C somesmall non-trivial cyclicgroup, whichgivesthefirst examplewhereG isquasiprimitive
but Aut0 isnon-quasiprimitive.Hecommentstherethat suchgraphsseemdifficult toconstruct.
In [20], Li found an infinite family of (PSL(2,q),2)-arc transitive graphs with valency 4 and
proved their full automorphism groups to be isomorphic to Z2 × PSL(2,q). This gives the
first infinite family of non-quasiprimitive graphs0 such that PSL(2,q) acts quasiprimitively
on V0. However, the approach in [20] is hard to generalize to larger valency cases, because
valency 4 implies that thepoint stabilizer of theautomorphism group is a {2,3}-group.

Now we consider connected (S,2)-arc transitive graphs for non-abelian simple groups S.
Set C := CAut0(S) and let 0∗ be the quotient graph of 0 modulo C-orbits on V0 (obtained
by taking C-orbitsasverticesand joining two C-orbitsby an edge if there isat least oneedge
in 0 joining a point in the first C-orbit to a point in the second one). By [24], 0 is acover
of 0∗. For α ∈ V0, let 0(α) denote the set of all vertices adjacent to α. Clearly, the point
stabilizer Sα induces apermutation group on 0(α), which is denoted by S0(α)α . Since S is
transitiveon the2-arcsof 0, thestabilizer Sα is2-transitiveon0(α) and so S0(α)α isprimitive.
In [8, 10], Praeger and coworkers developed a general and systematic method to determine
theautomorphism group of certain typesof symmetric graphs. Let G = Aut0 ∩ Aut(S), then
by [8, Theorems 1.1 and 1.2], weconclude immediately the following.

THEOREM 1.1. Let 0 be aconnected (S,2)-arc transitivegraph with Sa finitealternating
group, a sporadic simple group or one of the following simple groups of Lie type: PSL(2,q),
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U3(q), G2(q), F4(q), 2B2(q), 2F4(q) or 3D4(q) (q even for3D4(q)). If C is a cyclic group
with prime order and if there is no quasiprimitive group of type AS inAut0 containing C.G
as a maximal subgroup, then0 is non-quasiprimitive. Further, ifAut0∗ is quasiprimitive with
socle S, thenAut0 = C.G.

This theorem highlights a way to construct graphs whereG is quasiprimitive but Aut0 is
non-quasiprimitive. In this paper, we first construct an infinite family of connected(U3(q),2)-
arc transitive graphs0 of valency 9 such that the centralizer of U3(q) in Aut0 is Z3. Then,
using Theorem 1.1, we show that0 is not quasiprimitive. Finally we prove that Aut0 = Z3.G,
whereG = Aut(U3(q)) ∩ Aut0. Thus we obtain a new infinite family of connected, non-
quasiprimitive graphs0 such that U3(q) acts quasiprimitively onV0 and transitively on the
2-arcs of0. The main result of this paper is the following. Recall thatC = CAut0(S) and
G = Aut(S) ∩ Aut0.

THEOREM 1.2. Let S= U3(q), where q= 2m with m= 3r for some odd integer r . Then
there is a family of connected(S,2)-arc transitive graphs0 with valency9 (see Construc-
tion(2.4)) which have non-quasiprimitive full automorphism groups. Further,Aut0 ∼= Z3×G.

In Section 2 we construct an infinite family of connected(U3(q),2)-arc transitive graphs
with valency 9. Theorem 1.2 is proved in Section 3.

2. (U3(q),2)-ARC TRANSITIVE GRAPHS WITH VALENCY 9

For a(G,2)-arc transitive graph0, as described in [9, Section 2], ifT is a core-free subgroup
of G (that is∩x∈GTx = 1) andg is a 2-element ofG such thatg2 ∈ T , 〈T, g〉 = G and
T is 2-transitive on the coset space[T : T ∩ Tg], then the graph0′ = 0(G, T, T gT) with
V0′ = [G : T] and E0′ = {{T x, T y} | xy−1 ∈ T gT} is a connected(G,2)-arc transitive
graph of valencyd := |T : T ∩ Tg|. For T ∈ V0′ = [G : T], write α = T . ThenGα = T
since the action ofG on V0′ is by right multiplication. Conversely (see [9, Theorem 2.1])
each connected(G,2)-arc transitive graph is isomorphic to0(G, T, T gT) for some core-free
subgroupT and 2-elementg satisfying these properties. Note that all connected(G,2)-arc
transitive graphs constructed in this section are given in terms ofGα andg as above.

Now we give some information aboutS := U3(q) for q = 2m. Write d = (3,q + 1). The
order ofS is q3(q2− 1)(q3+ 1)/d. Let τ be an automorphism of GF(q2) with τ2 = 1. Write
d = (3,q + 1). For k ∈ GF(q2)× anda,b ∈ GF(q2) satisfyinga1+τ ,b+ bτ ∈ GF(q) and
a1+τ + b+ bτ = 0, define

kτ :=
( k−τ 0 0

0 kτ−1 0
0 0 k

)
, Q(a,b) :=

(1 a b
0 1 aτ

0 0 1

)
.

Let Q(q) be the subgroup ofS generated by all theQ(a,b) with a,b satisfying the above
condition. Then, by [14, Chapter II, 10.12],Q(q) is a Sylow 2-subgroup ofSwith orderq3 and
NS(Q(q)) = Q(q):K (q), whereK (q) = {kτ | k ∈ GF(q2)×} ∼= Z(q2−1)/d. For convenience
we writekτ = k, K (q) = K , Q(q) = Q andH(q) = Q:K . In particular, for a subfield GF(q′)
of GF(q), we writeK (q′), Q(q′) andH(q′) respectively for the subgroups ofK , Q andH(q)
with entries in GF(q′). Let Kq−1 andK(q+1)/d denote the subgroups ofK with ordersq − 1
and(q + 1)/d, respectively. The following two lemmas give some properties ofS.

LEMMA 2.1 ([12]). Let M be a maximal subgroup of S. Then either M is conjugate to one
of the subgroups Pi given in the table below, or M is conjugate to P5(l ) := U3(q0) where
q0 = 2l for some divisor l> 1 of m such that m/ l is prime.
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Group Structure Remarks
P1 Q:K the normalizer of Q in S
P2 [(q + 1)/d].PSL(2,q) the stabilizer of a non-isotropic point
P3 (Zq+1) × Z(q+1)/d):S3 the stabilizer of a unitary base
P4 Z(q3+1)/(d,(q+1)):3 the type of U1(q3)

P6 Z2
3:Q8 m= 3r for some primer > 3

P7 Z2
3:Q8: q = 8

LEMMA 2.2 ([14, II, 10.12]AND [15, VII SECTION 7, XI 13.9]). The following proper-
ties hold in Q and Q:K.
(a) Q is disjoint from its conjugates, and Z(Q) = Q′ = {Q(0,b) | b ∈ GF(q2), b+ bτ = 0}
is elementary abelian of order q and, for each x∈ Q\Z(Q), x has order4. Further, for any
Q(a,b), Q(a′,b′) ∈ Q,

Q(a,b)Q(a′,b′) = Q(a+ a′,b+ b′ + aa′τ ). (1)

Moreover, each elementary abelian2-subgroup of S is conjugate to a subgroup of Z(Q).
(b) K is cyclic of order(q2− 1)/d and, for any Q(a,b) ∈ Q and k∈ K,

k−1Q(a,b)k = Q(k2τ−1a, kτ+1b). (2)

Further Kq−1 is regular on Z(Q)\{1} by conjugation, while K(q+1)/d is the centre of Z(Q):K.

The following proposition forms the basis of our constructions of connected(S,2)-arc
transitive graphs with valency 9. LetT = Z2

3:Q8 < P7 < U3(8) with Q8 < Q and set

1(S, Q8) := {Q(0, ξ) 6∈ T | F2(ξ) = GF(q)}. (3)

PROPOSITION2.3. Let S= U3(q) with q = 2m, where m= 3r and r is odd. Let T=
Z2

3:Q8 < P7 < U3(8) with Q8 < Q. For each g∈ 1(S, Q8) (see(3) above), define
0 = 0(S, T, T gT). Then0 is a connected(S,2)-arc transitive graph of valency9. Moreover,
Aut0 contains a subgroup isomorphic to Z3× S.

PROOF. By Lemma 2.2, all elements ofS with order 2 are conjugate in Aut(S). So we
assume thatQ(0,1) ∈ Q8 < T . SinceQ8 < Q andg ∈ 1(S, Q8) ⊂ Z(Q), Q8 ≤ T ∩ Tg.
SinceQ8 is transitive by conjugation onZ2

3\{1}, T ∩ Tg is eitherT or Q8. In the former
case we deduce that a Sylow 2-subgroup of NS(Z2

3) has order at least 16. By Lemma 2.1,
NS(Z2

3) = P5(l ), for some divisorl of m with l > 1, which is impossible sinceP5(l ) is simple.
SoT ∩Tg = Q8. Thus0 is a(S,2)-arc transitive graph with valencyd0 = |T : T ∩Tg| = 9.
Now we show that〈T, g〉 = S. By Lemma 2.1 we have〈T, g〉 = U3(q1)

x, for someq1 = 2n

with n a divisor ofm andx ∈ S. Write Y = 〈T, g〉 and letQ1 be the Sylow 2-subgroup ofY
containing〈Q8, g〉. SinceQ8 < Q, Q1 ≤ Q by Lemma 2.2. SetN := NY(Q1). Then there
exists somev ∈ Q such thatN = Q1:K v

1 with |K1| = (q2
1 − 1)/d ≤ |K |. Sinceg ∈ Z(Q)

andv ∈ Q, g centralizesv−1. Thus, replacingT andN by Tv
−1

andNv−1
, respectively, we

may assume further thatN = Q1:K1, whereQ1 ∼= Q(q1) and Q(0,1) ∈ Q1. Note that
K contains a unique subgroupK (q1) of order (q2

1 − 1)/d. Thus K1 = K (q1). Moreover,
sinceQ1 containsQ(0,1) and sinceK (q1) acts transitively by conjugation onZ(Q1)\{1},
we haveZ(Q1) = Z(Q(q1)) = {Q(0, ξ) | ξ ∈ GF(q1)}. Now g = Q(0, ξ) ∈ Z(Q1) with
F2(ξ) = GF(q), which implies thatq1 = q, that is,〈T, g〉 = S. So0 is connected.

Finally we show that Aut0 contains a subgroup isomorphic toZ3×S. Now NS(T) = T :B =
P7 with B = 〈u〉 ∼= Z3. By the Frattini argument we can chooseB such thatQ8 � Q8:B and
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Z(Q8) = 〈Q(0,1)〉 with |Q(0,1)| = 2, Q(0,1)u = Q(0,1). By Lemma 2.2 (b),u = kv1,
for somek1 ∈ K(q+1)/d andv ∈ Q. For eachz ∈ Z(Q), again by Lemma 2.2 (b),zu = z.
In particular,gu = g since g ∈ Z(Q). Thus gu ∈ T gT. Then by [9, Proposition 2.4],
CAut0(S) = 〈σu〉 ∼= Z3 whereσu : T z 7→ T uz, for eachT z ∈ V0. Consequently Aut0
contains a subgroup〈σu〉 × S∼= Z3× S. 2

From Proposition 2.3 we obtain immediately an infinite family of(U3(q),2)-arc transitive
graphs with valency 9 defined as in the following.

CONSTRUCTION2.4. Let S = U3(q) with q = 2m and m = 3r with r odd. Let T =
Z2

3:Q8 < P7 < U3(8) with Q8 < Q. Define

0(U3(q), T) := {0(S, T, T gT) | g ∈ 1(S, Q8)},
where1(S, Q8) = {Q(0, ξ) 6∈ T | F2(ξ) = GF(q)}.

3. PROOF OFTHEOREM 1.2

In this section we complete the proof of Theorem 1.2. The first proposition shows that there
is no quasiprimitive group of typeAScontainingC.G as its maximal subgroup. Given groups
A andB, let A◦B denote the central product ofA andB.

PROPOSITION3.1. Let Y be an almost simple group such that T� Y ≤ Aut(T), where
T is simple. Suppose that Y has a subgroup M= 3.G, whereU3(q) � G ≤ Aut(U3(q)) for
q = 2 f > 2. Then M is not maximal in Y .

PROOF. Suppose otherwise thatM = 3.G is a maximal subgroup ofY. ThusM contains
a normal subgroup of order 3, denoted byZ3. Then the maximality ofM implies thatM =
NY(Z3). In other words,M is a maximal 3-local subgroup ofY. Note thatM is unsolvable and
has exactly one non-abelian composition factor U3(q). If T is a sporadic simple group then,
by checking the ATLAS [6], we can see thatY has no such maximal subgroup.

Next we suppose thatT is a finite classical simple group defined over a field of characteristicr .
Moreover, assume thatY contains no graph automorphism of order 3 whenT = PÄ+(8, r s).
Then M must belong to one of the eight subgroup collectionsC i (1 ≤ i ≤ 8) defined by
Aschbacher [1] (see also [19] for details). IfT is a linear group PSL(n, r s), a symplectic group
Spn(r

s) or an orthogonal group On(r s), then a case-by-case check shows that no such maximal
subgroup exists (cf. [19, Chapter 4]).

If T = Un(r s) then, by [19, 4.1.4],T = U4(2 f ) and M ∩ T = [a].U3(2 f ).[b] wherea
and b are positives given by formula 4.1.3 of [19]. In this case, sinceG ≤ Aut(U3(2 f )),
we have 3|U3(2 f )| ≤ |M | ≤ |U3(2 f )| · 6 f (2 f + 1,3). On the other hand, by [19, 4.1.4],
|M ∩ T | = (2 f + 1)(2 f + 1,3)|U3(2 f )|, which implies f ≤ 4. If f = 4 or 2 thenM is not a
3-local subgroup. Iff = 3, by [19, formula 4.1.3],M ∩ T = [9].U3(8).3, which is not of the
form 3.G, a contradiction.

Now we consider the case thatT = PÄ+(8, r s) andY contains a graph automorphism of
order 3. In this case, all maximal subgroups ofY are determined by Kleidman [17]. It follows
that, if M is a local maximal subgroup ofY and has exactly one non-abelian composition factor
U3(q), thenM ≥ (Zq+1×GU3(q)).2 (see [17, 3.2.2]), which is not of the form 3.G.

Now we consider the cases whereT is an exceptional simple group of Lie type.
If T = 3D4(r s) then, by [18], the only possibility forM is 2< q = 2 f ≡ −1 (mod 3) and

M ∩ T = (Zq2−q+1 ◦ SU3(q)).[6], which is not of the form 3.G.
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If T = 2B2(2s) then, by [27], all maximal subgroups ofY are solvable except for2B2(2t )

for some divisort of s such thats/t is prime. Therefore, no maximal subgroup of form 3.G
occurs in this case.

Finally assume thatT = C2, F4, Ei (i = 6,7,8), 2G2, 2F4 or 2E6 defined over a finite
field of characteristicr . Write Inndiag(T) as the group generated by all inner and diagonal
automorphisms ofT . It is obvious thatM = NY(Z3) and, by [5], there are four cases to be
considered.

(1) M is a maximal parabolic subgroup ofY andr = 3.
(2) Z3 6≤ Inndiag(T).
(3) Z3 ≤ Inndiag(T) andM is of maximal rank (see [5] and [23] for the definition).
(4) Z3 ≤ Inndiag(T) andM is not of maximal rank.
If (1) holds, thenM is an extension of a 3-group by the Chevalley group determined by a

maximal subdiagram of the Dynkin diagram ofT . It follows that no such maximal subgroup
contains U3(q) as a non-abelian composition factor.

If (2) holds then, by [11, Sections 7 and 9],M ∩T = CT (α) for an outer automorphismα of
prime order. By [2, Section 19], [11, Section 9] and [5, Proposition 2.7], none of them contain
U3(q) as a non-abelian composition factor.

If (3) holds then allM are determined and listed in [23, Tables 5.1 and 5.2]. Among these
maximal subgroups, no local one contains exactly one U3(q) as its non-abelian composition
factor.

If (4) holds then all possibleM are listed in [5, Table 1]. None of them contain U3(q) as its
non-abelian composition factor. This completes the proof of the proposition. 2

Let S, T, 0 be as in Construction 2.4. For anyT z ∈ V0, denoteσu : T z 7→ T uz as
in the proof of Proposition 2.3. Let0∗ be the quotient graph of0 moduloC-orbits, where
C〈σu〉 ∼= Z3. Write X := Aut0, andX∗ := Aut0∗. The next proposition shows that the socle
of X∗ is S.

PROPOSITION3.2. Let0 and S= U3(q) be given as in Construction2.4 and let0∗ be the
quotient graph of0 modulo C-orbits on V0. Then X∗ is quasiprimitive with socle isomorphic
to S.

PROOF. By [24], 0 is a cover of0∗, and henceS is transitive onV0∗ and the 2-arcs of0∗.
Let B := αC, theC-orbit containingα. Let S∗ := (C×S)/C ∼= SandG∗ := (C.G)/C ∼= G.
Set0∗ = 0(S∗, S∗B, S∗Bg∗S∗B), the quotient graph of0 moduloC-orbits, whereS∗B ∼= T :3 and
g∗ = Cgwith g ∈ 1(S, Q8). Now S∗ andG∗ are subgroups ofX∗. Further, by Lemma 2.1,S∗B
is a maximal subgroup ofS∗, and so CX∗(S∗) = 1 by [9, Proposition 2.4]. Ifsoc(X∗) 6= S∗,
by [10, Theorem 1.1], eitherX∗ has an almost simple subgroupY∗ with socleR∗ such that
R∗ 6= S∗ and G∗ is a maximal subgroup ofY∗, or X∗ contains a subgroupY∗ = Zd

2 :S∗
such that 2d = q3 andZd

2 is semiregular onV0∗. In the latter case|S∗B| must be odd, which
contradictsS∗B ∼= Z2

3:Q8:3. NowX∗ has an almost simple subgroupY∗with socleR∗ satisfying
the properties that:R∗ 6= S∗ andG∗ is a maximal subgroup ofY∗. By [21, 22],soc(Y∗) = An

andY∗ = AG∗1 whereG∗1 is an almost simple group with socleS∗ andA is a subgroup ofY∗
not containingAn such that eitherAn−k � A ≤ Sn−k×Sk with G∗ actingk-homogeneously of
degreen, or n is 6, 8 or 10. Clearly the latter case does not occur. In the former case, by [16],
S has nok-homogeneous representation fork ≥ 3 (see also [15, Chapter XII, Section 6]).
Hence, we havek ≤ 2. Also n ≥ m(S) = q3 + 1, wherem(S) denotes the minimal index
of proper subgroups ofS. Recall that the valency of0∗ is 9 (since0 is a cover of0∗). Thus
every prime divisor of|X∗B| lies in {2,3,5,7}. Moreover, sinceX∗ = X∗BS∗ and since the
largest prime divisor of|S∗| is less thanq2 (since|S∗| = q3(q2 − 1)(q3 + 1)/(3,q + 1) and
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q3+ 1= (q2−q+ 1)(q+ 1)), it follows that the largest prime divisor of|X∗| is less thanq2.
However, it is trivial to see that there is a primep with q2 < p < q3 + 1, and hence|X∗| is
divisible by p, which is a contradiction. Thussoc(X∗) = S∼= S∗. 2

Theorem 1.2 follows immediately from Propositions 3.1, 3.2, 2.3 and Theorem 1.1.
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