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Abstract. We undertake a thorough complexity study of the follow­
ing fundamental optimization problem, known as the ^p-norm shortest 
extended GCD multiplier problem: 

given ai,... ,an € Z, find an Ip-norm shortest gcd multiplier for 
a i , . . . , an, i.e., a vector x e Z" with minimum (X]"=i l^«D^^'' sat­
isfying 5Zr=i XiUi = gcd(a i , . . . ,o„) . 

First, we prove that the shortest GCD multiplier problem (in its feasi­
bility recognition form) is NP-complete for every ip-noim with p £ N. 
This gives an affirmative answer to a conjecture raised by HavEis and 
Majewski. We then strengthen this negative result by ruling out even 
polynomial-time algorithms which only approximate an ^p-norm short­
est gcd multiplier within a factor n ' '^ ' ' ' °* " ' , for 7 an arbitrary small 
positive constant, under the widely accepted complexity theory assump>-
tion NP 2 DTIME(nP°'>'('°8'')). 

For positive results we focus on the f2-norm GCD multiplier problem. 
We show that approximating this problem within a factor of \ /n is 
very unlikely NP-hard by placing it in NP PI coAM through a simple 
constant-round interactive proof system. This result is complemented by 
a polynomial-time algorithm which computes an ^z-norm shortest gcd 
multiplier up to a factor of 2^""'^'''^. 

This study is motivated by the importance of extended gcd calculations 
in applications in computational algebra and number theory. Our results 
rest upon the close connection between the hardness of approximation 
and the theory of interactive proof systems. 
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1 Introduction 

Extended gcd computation is of particular interest in number theory and in 
computational linear algebra, in both of which it takes a basic role in funda­
mental algorithms (see [14] for some references). The gcd problem for more than 
two numbers is interesting in its own right. Furthermore, it has important ap­
plications in its extended form where corresponding multipliers are required, 
for example in computing canonical normal forms of integer matrices ([13,10, 
15]). Of particular value are methods which find good solutions to the extended 
gcd problem with respect to some measure. Optimization problems for extended 
GCD calculation with respect to the ^o-metric and the max-norm (Coo) have 
been proved NP-complete [19] and approximation for these measures is handled 
in [21]. Interestingly, the ^o-metric problem is solvable in average polynomial 
time [12]. 

It is widely believed that some NP-optimization problems cannot be solved 
efficiently, i.e., in time polynomial in the input length of the problem. However, in 
many practical applications, including the extended gcd problem, approximate 
solutions of such problems do sufiice. Thus, there has been much work done in 
studying the complexity of finding approximate solutions for NP-optimization 
problems. 

It is desirable to have approximation algorithms such that the value of the 
returned solution is within a small factor of the optimum solution of the prob­
lem. For minimization problems, the worst-case ratio of the value of the solution 
returned by the approximation algorithm to the optimum solution is called the 
approximation factor of the approximation algorithm. It is useful to understand 
the quality of an approximation algorithm relative to the best that can be ex­
pected to be available in polynomial time. Thus, we may want to guarantee that 
a constructed approximation algorithm is best possible in that no substantially 
better approximation factor can be achieved, unless certain complexity theoret­
ical assumptions are wrong. 

In this context it is natural to study the complexity of the following opti­
mization problem: 

SHORTEST GCD MULTIPLIER in ^p-norm (SGCDMp) 
INSTANCE: n numbers a i , . . . ,a„ € Z 
SOLUTION: A vector x € Z" such that Y17=i ^i^i — gc<i(ai, • • • ,an) 
MEASURE: The ^ n o r m ||x||p ~ (Ei<i<„ [xil'')^^'' of the vector x 

Our strongest result states that, unless NP C DTIME(nP°iy('°8")), SGCDMp 
cannot be approximated within a factor n^/(p^°^''"), where 7 is an arbitrary small 
positive constant. To prove this inapproximability result we start by constructing 
a gap-preserving reduction from the MiN TOTAL LABEL COVER problem in 
^i-norm to the SGCDMi problem. In contrast we show that, for the ^2-norm, 
approximation within a factor of ^/n is very unlikely NP-hard using an interactive 
proof system. We conclude by analyzing the approximation quality of an existing 
algorithm. 
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2 Preliminaries 

Our proofs closely follow ideas in [1,21]. First, we briefly introduce some notation 
(see [3]). 

Definition 1. For an input / of a (positive-valued) minimization problem 11 
whose optimal solution has value optf[{I), an algorithm A (which produces a 
solution with value A{I)) is said to approximate optjj{I) within a factor f{I) iflf 
optnil) < Ail) < f{I) optjjil), where / ( / ) > 1. 

Definition 2. Let IT and U' be two minimization problems and g, g' > 1. 
A gap-preserving reduction from U to 11' with parameters {{c,g),{c',g')) is a 
polynomial-time transformation r mapping every instance J of iT to an instance 
/ ' = T{I) of 77' such that for the optima optn{I) and optn'{I') of I and / ' , 
respectively, the following hold: 

optn{I) < c = > optn'{I') < c' and 

optnil) > cg=^^ optn'il') > c' • g', 

where c,g and c',g' depend on the instance sizes \I\ and |/ ' | , respectively. 

3 Hardness of SHORTEST Z-SOLUTION OF LINEAR SYSTEM 

To prove our inapproximability result we construct a gap-preserving reduction 
from the MiN TOTAL LABEL COVER problem in ^i-norm to the SGCDMi 
problem via the problems SHORTEST Z-SOLUTION OF LINEAR SYSTEM in £i-
norm and SHORTEST DIOPHANTINE EQUATION SOLUTION in £i-norm. 

3.1 T h e M I N TOTAL LABEL COVER P rob lem 

In the following G — {Vi,V2,E) denotes a bipartite graph, B a set of labels 
for the vertices in Vi U V2, and for every e G E there exists a partial function 
Pe : B -> B describing the admissible pairs of labels. We adapt the notation of 
[2,1]. 

Definition 3. A labeling oi G — (Fi, V2, E) is a pair (Pi,T'a) of functions Vi : 
Vi —>• 2^, i = 1,2, which assign to each vertex in Fi U V2 a possibly empty set of 
labels. 

Definition 4. Let (Pi, P2) be a labeling of G = {Vi, V2, E) and let e = (t;i, ^2), 
t̂ i e Vi, i;2 e V2, be an edge of G. We call e = (t'i,i'2) covered iff •Pi(vi) ^ 0, 
'P2{v2) # 0 and for all labels 62 € 7'2('̂ 2) there exists a label 61 € •Pi('yi) such 
that Pe{bi) — 62. A labeling (Pi, •P2) of G = (^1,^2, E) is called a total-cover of 
G iff every edge of G is covered by the labeling {Vi,V2)-

Definition 5. The £i-cost of a labeling (Pi,P2) for a graph G — (Vi, V2, E) is 
defined as cost{'Pi,'P2) = Y^vj^Vi \Vi{vj)\. 
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Definition 6. MiN TOTAL LABEL COVER in ^i-norm ( M I N T L C I ) 

INSTANCE: A d-regular bipartite graph G = {Vi,V2,E), a set of labels B — 
{ 1 , . . . , A/"}, 7\A € N+, and for every edge e G E a partial function pe : B -^ B 
such that /9j^(l) 7̂  0 for the distinguished label 1 e B 
SOLUTION: A total-cover (^1,^2) of G 
MEASURE: The ^i-cost cost{'Pi,'P2) of the total-cover (^'1,^2) 

Remark 1. We can always ensure the existence of a total-cover with ^i-cost at 
most (|yi| -I- l)M\ we simply let Viivi) = B for all vi G Vi and 'P2(t'2) = {1} for 
all t;2 € V2-

The MiN TOTAL LABEL COVER in ^i-norm is expUcitly due to Khanna, 

Sudan and Trevisan [17] and a similar form of the following Lemma is implicitly 
proved in Limd and Yannakalds [18]. 

Lemma 1. 
1. For every constant g>l there exists a polynomial-time transformation T 

from 3-SAT to MiN TOTAL LABEL COVER such that, for all instances I: 

I e 3-SAT = > 3 total-cover [VuVi) of r ( / ) : cost{VuV2) = 1 • (|Vi| + |V 2̂|) 

I i 3-SAT = » Vtotal-cover (Pi,'Pa) of T ( / ) : cost{VuV2) > 9 • ( |^i| + iV âl). 

2. There exists a quasi-polynomial-time, i.e., DTIME(nP°'y('°^")), transfor­
mation T from 3-SAT to MiN TOTAL LABEL COVER such that, for all instances 
I: 

I 6 3-SAT ==» 3 total-cover (Pi,752) of T ( / ) : cost{Vi,V2) = 1 • (jV îj -H IF2I) 

/ ^ 3-SAT -=» Vtotal-cover (^1,^2) of T ( / ) : 0054(^1,^2) >9-{\Vi\-h IF2I), 

where g = 2'°^ K(̂ )l with 7 an arbitrary small positive constant. 

Proof. Both statements 1. and 2. are simultaneously proved by combining ideas 
of Arora and Lund [2] and Lund and Yannakakis [18] with the recent result of 
Raz [20]. The proof is deferred to the full version. D 

3.2 SHORTEST Z-SOLUTION OF LINEAR SYSTEM 

SHORTEST Z-SOLUTION OF LINEAR SYSTEM in £i-norm (SZSLSi) 
INSTANCE: A linear system Ax = b of m equations in n variables where A is a 
rational mxn matrix and b an m-dimensional rational vector 
SOLUTION: A nonzero vector x S Z" satisfying Ax = b 
MEASURE: The l i-norm ||x||i :— X/i<t<n l"''<l of the vector x 

Theorem 1. There exists a polynomial-time transformation T from MiN TOTAL 

LABEL COVER to SHORTEST Z-SOLUTION OF LINEAR SYSTEM such that, for 
all instances I and for all g > 1: 

optMi„TLC>(/) - 1 • {\Vi\ + IF2I) = ^ optszsLSi(r(/)) = 1 • (|Fi| + 1̂ 2!) 

OptMinTLCi(^) > 9 • {\Vl\ + \V2\) = > OptszSLS, ( r ( / ) ) > 9 • (jFlj + IV2I). 
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Proof. Prom a given MiN TOTAL LABEL COVER instance / = {Vi,V2,E,p,B,Ar) 
we construct a linear system of equations Ax = b with A a.n m x n ma­
trix of entries {0,1}, b an m-dimensional all-one vector, m = \E\{N' + 1) and 
n=\Vi\M+\V2\Ar. 

For every pair {v, b) with t; € Vi U V2 and 6 € 5 we define a column vector 
^v,b 6 {0, l}"* of A as follows. The \E\{N' + 1) coordinates of a,,,;, are split into 
\E\ blocks of e-projections Ue(a„,6) — one {M + l)-length block for every edge 
e G £ .̂ In particular, we define for every (^21^2) € V2 x B 

iff e is incident to V2 
otherwise 

and for every {vi,bi) e.Vi x B 

I V _ J 1 — ep^(bj) iff e is incident to v\ and Pe(^i) 7̂  0 
U e ( a „ , , 6 j : - J Q ' otherwise 

where e j , j = 1 , . . . , A/", denotes the j'^'-unit vector and 0, 1 the all-zero, all-one 
vector in K.-^+^, respectively. 

Next, we define the right-hand side of oiu linear system — the vector b — 
as the vector having 1 in each of its \E\{N' + 1) coordinates. 

Now let X = ^Xv,b^v,b be an integer linear combination of the column 
vectors a„_i,. Then, assigning every vertex v a label b iff x„,i, ^ 0 defines a labeling 
(Pf ,7^^) induced by the vector x. From [1, Corollary 12] it follows that any such 
X induces a total-cover of {Vi, V2, E). Thus, any solution x € Zl^' WMV^W of the 
linear system Ax = b induces a total-cover of (Vi, V^,S). Therefore, we deduce 
that for any solution x e Z" of Ax = b we must have ||x||i > optMinTLCiC-'̂ )-

On the other hand, assume now that optMinTLCi C-'̂ ) — (|^i| + IV2I) and let 
{'Pi,V2) denote the corresponding labeling. Then, the vector x given by 

^Vj,Vi(vj) := 1 Vuj eVi, i = 1,2 
Xvj,b ••= 0 ^Vj eVi,^beB\Vi{vj), i = l,2 

is a feasible solution of the linear system Ax = b satisfying ||x||i = (|V î| + | ^ | ) . 
The reduction from the given instance / of MiN TOTAL LABEL COVER to 

the above constructed linear system Ax = b is feasible in time polynomial in the 
dimension of A which in turn is polynomial in \I\. Clearly, the above reduction, 
say r, is gap-reserving with parameters ((iV'il + |V2|,g), (|Vi| -I- |V2|,5)). D 

4 Hardness of Approximating SGCDMi 

4.1 A new Aggregat ion L e m m a 

The following Lemma establishes for the first time a polynomial-time reduction 
from a system of inhomogeneous linear equations to a single equation with iden­
tical ^p-bounded solution set. Previously, it was only known to hold by a result 
of Kannan [16] for the case of identical ^00-bounded solution sets. 
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Lemma 2. Letp,q e NU{oo} with l/p+l/q — 1, A be an integralmxn matrix, 
||-A||oo,g '•= ™3^i<«<m(53i<,<„ |ai,j| ')^^' '^'"''^ ^ ^^ " " integral m-dimensional 
vector. Then 

{
m —In —1 m —1 -. 

X e Z" : ^ ] ^ k'aijXj = ^ k% \ 
1=0 j=0 i=0 '' 

where B^ denotes the n-dimensional ball of tp-radius fj, centered at the origin 
and k > \\A\\oo^qiJ, + ||b||oo + 1 an integer. 
Proof. Denote the two sets by Sm and Si, respectively. Clearly, Sm C 5i . To 
prove the reverse inclusion, suppose that there exists an element x 6 5i not 
satisfying at least one equation of Ax = h. Let A —: [ a i , . . . ,am]^ and let 
^max denote the largest index for which (ai,x) ^ bi. As ||x||p < /i we have 
(using Holder's inequality) |(ai,x) - 6j| < ||A||oo,5M + l|b||oo < k — 1 and since 
X 6 5i we must have JZ^g '^'((^ii^) - ^i) = 0. By definition of imax this 
yields E i " " " ^ fc'((ai,x) - k) = -A;''"»''((ai„„,x) - 6i^„) with a nonzero right-
hand side implying that the left-hand side is also nonzero. Now the left-hand 
side is both a multiple of fc'"'" and in absolute value bounded by fc'""" — 1, a 
contradiction. D 

4.2 Hardness of Approximat ing SHORTEST DIOPHANTINE EQUATION 

SOLUTION or Aggregat ion P a r t I 

SHORTEST DIOPHANTINE EQUATION SOLUTION in ^i-norm (SDESi) 
INSTANCE: An equation xiai -\ -|-x„a„ = b with a i , . . . ,a„,6 £ Z 
SOLUTION: A vector x e Z" such that Y,7=i ̂ ««« = ^ 
MEASURE: The ^i-norm ||x||i := Yli<i<n l̂ »l oithe vector x 

Theorem 2. There exists a polynomial-time transformation r from (a restricted 
subset of) SHORTEST Z-SOLUTION OF LINEAR SYSTEM to SHORTEST DIOPHAN­

TINE EQUATION SOLUTION such that: 
1. for all instances I and for all c,g> 1: 

optszsLSi (/) = c = > OP<;SDESI(T(/)) = c 

optszsLS, {!)> c-g=^ optsDBSi {T{I)) > eg 

2. the constructed instance a'^x\ -\ h aJjX„ — b' of SDESi satisfies 

xa'j, = b' for some j * 6 { 1 , . . . , n} and some z € Z. 

Proof. Consider the Unear system Ax = b constructed in the reduction of 
the proof of Theorem 1. Recall that for the underlying d-regular graph G = 
(Vi, V2, E) with label set B, \B\ — M, the matrix -4 is a m x n matrix of entries 
{0,1} with m = \E\{Af+l) and n = 1^11 /̂"+ IV2IA/', and that the vector b has 
only l-entries in its coordinates. 
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Let aj- := a„2,6j for some V2 G V2, 62 € 6 be a nonzero column vector of 
A. Since the graph G is d-regular, aj« has exactly d 1-entries. Let a be the 
permutation shifting all 1-entries of aj» to its first d coordinates and note that 
a(b) - b . 

Aggregating now the (solution equivalent) linear system (T(>1)X = b via 
IV îlAT+IVal̂ -l 

Lemma 2 yields the inhomogenous Diophantine equation 2_\ °''i^i ~ ^' 
3=0 

|£;|(jv^+i)-i |£;|(;y^+i)-i 

with a'j := ^2 ^'"^(i),^ and b' := YJ ^'^i- ^^ particular, we have 
i=0 i=0 

< i - l . ^ d _ 1 \E\iJ^+l)-l ^\E\{J^+1) _ 1 
a',-. = y^fc ' = and b' = V^ A;' = ; : , and from the 

^ ^-^ k - \ - ^ fe-1 
1=0 t = 0 

regularity of G, i.e., ^1^2! = l^'l, it follows that {k"^ - 1) divides (fcl^^^+i) - 1), 
hence a^. divides b'. 

Thus, we have constructed a gap-preserving reduction from the linear system 
Ax = b to an inhomogenous Diophantine equation instance a'^xi H 1- aĴ Xn = 
b' with parameters ((c,5),(c,5)) such that there is an index j * € { 1 , . . . ,n} 
satisfying a!^.\b'. D 

4.3 The Final Reduction or Aggregation Part II 

The basic construction The MiN TOTAL LABEL COVER problem in ^i-norm 
is not approximable within a factor 2'°^ ", where 7 is an arbitrary small 
positive constant, unless NP C DTIME(nP°'y^'°8"^). Prom the gap-preserving 
reductions we have that the same inapproximability factor holds for the problems 
SZSLSi andSDESi . 

Theorem 3. Thtve exists a polynomial-time transformation r from (a restricted 
subset of) SDESi to SGCDMi such that, for all instances I and for all c,g > 1: 

OptsDESiil) = C=^ OptsGCDMi{r{I)) = C-|- 1 

optsDESi{I)> c-g=^ optsGCDMi{T{I)) > C• g + 1. 

Proof. We staxt with the instance a'^xi H h a^x„ = b' of SDESi constructed 
in the above Theorem 2 and consider for an arbitrary integer c € Z \ {0} the 
linear system 

CXn+l = C 

a'lXi H h a'nXn - b'Xn+1 = 0 

which forces the variable Xn+i to take on the value 1. Now, we fix 5 > 1 and apply 
Lemma 2 with suitable k to this linear system, obtaining the single equation 

ka[xi -I- • • • 4- ka'^Xn + {c — kb')xn+i = c. 

We observe that the right-hand side c in the last equation was an arbitrarily 
chosen integer and that b' satisfies (by Theorem 2) 
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xa'i. = b' for some i* e { 1 , . . . , n} and some x € Z . (*) 

This will give us the desired gap-preserving reduction T. Namely, we choose 
c = gcd(a'i, • • • ,a'„). By (*) this impUes 

gcd(fcai,--- ,ka'„,{c-kb')) 

= gcd(A;ai,• • • ,kai,_l,ka'i._^.l,... ,A;a^,gcd(fca'j., (c - fcxa^.))) 

= c. 

Since the variable x„+i is forced to take on the value 1, it is obvious from the 
above construction that the reduction T with r ( / ) = {ka'i,- • • , A;aJ,, (c — kb')} 
satisfies the claim of the Theorem. D 

Treating other norms Close inspection of the whole proof shows that it also 
implies the following general result. 

Theo rem 4. There exists a polynomial-time transformation r from SDESi to 
SGCDMp such that, for all instances I and for all c,g > 1: 

optsBESiil) = C ^ OptsGCDMp(T(/)) = VcTl 

optsDESi(-f) > c -5 = • optsGCDMp(-r(/)) > ^c-g + 1. 

4.4 Implications on the complexity of SGCDMp 

We are now ready to present our main result. 

Theorem 5. 
1. Unless NP C P, there exists no polynomial-time algorithm which approxi­

mates the SHORTEST G C D MULTIPLIER problem in £p-norm within a factor of 
k, where k >1 is an arbitrary constant. 

2. Unless NP C DTIME(nP°'y('°8")), there exists no polynomial-time algo­
rithm which approximates the SHORTEST GCD MULTIPLIER problem in ip-norm 
within a factor of n^/^^^°^ " \ for 7 an arbitrary small positive constant. 

Proof. Combining the gap-preserving reductions of Lemma 1 (first statement), 
Theorem 1, Theorem 2 and Theorem 4 gives for all instances / : 

/ e 3-SAT =^ optsGCDMp(r(J)) = ^\Vi\ + \V2\ + \ 

I i 3 - S A T =-> OptsGCDM,(T(/)) > ^5(|V^l| + l'^'2|) + l , 

where 5 > 1 can be any positive constant. Therefore, given a polynomial-time 
algorithm approximating the SGCDMp problem within a factor oi k — ^ 
would enable us to decide 3-SAT in polynomial-time, thus proving the first claim. 

The second claim follows similarly, via the second statement of Lemma 1 
instead of its first statement. D 

Corollary 1. For every (.p-norm, the Extended GCD problem is HP-complete 
(in its feasibility recognition form). 
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5 Limits on the Hardness of Approximating SGCDM2 

Theorem 6. The y/n/0{log n)-SHORTEST GCD MULTIPLIER in (.2-'norm is 
not NP-hard unless the Polynomial-Time Hierarchy collapses to its second level. 

Proof. We only give a brief outline of the proof, which uses results from Babai 
[4], Boppana et al. [6], Goldreich and Goldwasser [7], Goldwasser et al. [8] and 
Goldwasser and Sipser [9]. 

Along the thread of the above Theorem and Boppana et al. [6] we have 
to show a constant-round interactive proof system for C05(n)-SGCDM2 with 
g = •^n/0{logn). Notice that the input to C05(n)-SGCDM2 is a tuple (a, I) with 
a e Z" and I 6 M and we have to show that yes-instances (i.e., optsGCDMjCa) > 
g • I) are always accepted, whereas no-instances (i.e., optsGCDM2(s) < 0 ^^ 
accepted with probabiUty bounded away from 1. The following simple interactive 
proof system establishes all that we need for an input tuple (a, I): 

Via, I) 

compute basis B = [ b i , . . . , b„_i] of lattice Z" fl 
compute V e Z" with (v, a) = gcd(a) 
l e tM:=max{ | | b i | | , . . . , | | b „_ i | | , | | v | | } 
pick r eR {p G L{B) : ||p||2 < 2" • M} 
p i c k 7 , e R { p G R " : | | p | | 2 < ^ } 
pick a S R {0,1} 
X : = r -1- CTV -1- Tj 

v , x 

p 

accept iff r = a 

computes r 

r 

_ f 0 iff dist(x, 
1̂  1 otherwise 

aM-̂  

L(B)) < dist(x 

P(a,0 

,L{B)+v) 

Following Goldreich and Goldwasser [7], the claimed properties of the above 
protocol axe witnessed below by two Lemmas, whose easy proofs are omitted. 

Lemma 3 . If optsGCDM2{^) > 5 • ^ then there exists a prover P such that V 
accepts with probability 1 when interacting with P. 

Lemma 4. Let c > 0 and g{n) > ^n/{c\ogn), if optsGCDM2(s) < ^ then, 
for any P interacting with V, the verifier V accepts with probability at most 
1 - l /n2^ 

Finally, transforming the above protocol with the methods of Babai [4] and 
Goldwasser and Sipser [9] into an AM proof system yields for the gap g = 
^/n/0{logn) the inclusion 5'(n)-SGCDM2 G NP n coAM. The rest of the proof 
is straightforward. D 
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6 A LLL-based approximation algori thm 

Here we give an overview of a polynomial time approximation algorithm for the 
^2-norm. This and related algorithms are studied in [14]: 

compute basis B = [ b j , . . . , b„_i] of lattice Z" fl aR-'-
compute multiplier v e Z" with (v, a) = gcd(a) 
apply the LLL-reduction to the basis [b i , . . . , b„_i] 
compute x' e L{B) with ||x' - v|| < 2'<''-'^^/'^mm.^^L(B) ||u - v|| 

by applying Babai's nearest plane algorithm to the reduced basis 
and the target vector v 

output short multiplier x := v - x' 

Theorem 7. On inputs a i , . . . , a„ e Z the above algorithm computes in poly­
nomial time a vector x with (x, a) = gcd(a) satisfying 

ll^ll <2("-i)/2.optsGCDM.(ai, . . . ,a„) . 

Proof. The lattice Z" fl aR-"- constitutes an n - 1 dimensional lattice in Z". As 
shown by Babai [5], the nearest plane heuristic run on the LLL-reduced basis 
of [b i , . . . , b„_i] and the target vector v dehvers a vector x ' 6 L{B) satisfying 
||x' - v|| < 2("-i)/2 niinugi,(B) ||u - v||. The Theorem follows. D 

7 Conclusions 

We have shown that the shortest GCD multipher problem (in its feasibihty 
recognition form) is NP-complete for every ^p-norm with p £ N. Furthermore, 
approximating an ^p-norm shortest GCD multipher within a factor n^/'^'^^^"', 
for 7 an arbitrary small positive constant is quasi-NP-hard. 

On the positive side, we specialize to the ^2-iiorm. Approximating the so­
lution to the ^2-norm problem within a factor of v ^ / y ' 0 ( l o g n ) is very un­
likely NP-hard. We see that there is a transition in theoretical complexity at 
around y/n: within a factor of (yn)^/^'"^^"^ is quasi-NP-hard; within a factor of 
v ^ / \ / 0 ( l o g n ) is unlikely to be NP-hard. 

The best known polynomial time algorithm for the ^2-iiorm problem achieves 
a factor of 2^""^^/^. It remains to be seen whether this substantial gap between 
around ^/n and 2'""^^/'^ can be reduced or whether a LLL-based algorithm can 
be better analyzed in some circumstances. 
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