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Abstract. We consider parallel algorithms for computing the Hermite normal form
of matrices over Euclidean rings. We use standard types of reduction methods
which are the basis of many algorithms for determining canonical forms of matrices
over various computational domains. Our implementations take advantage of well-
performing sequential code and give very good performance.

1 Introduction

Algorithms for exact linear algebra have been much studied. Many different
strategies for calculation of canonical forms of matrices have been proposed.
A comprehensive bibliography and a number of earlier methods for integer
matrices are examined in [8], including references to various polynomial time
algorithms. Some parallel and some more recent methods are described in
[16,9,6,22,20,11,12,21]). Reduction methods for general Euclidean rings are
studied in detail in [23].

We concentrate on algorithms which use reduction as their underlying
principle. In spite of the fact that the worst case performance of reduction
methods can be exponentially bad (see [4] and [13]), such techniques provide
the basis for many sequential implementations. We do not consider modular
methods in this paper. Rather we study other recent implementations which
focus on finding well-performing algorithms and good heuristics for reduction
methods. We start by outlining the mathematical background. We then show
how to extend sequential algorithms to a parallel environment. We finish by
presenting some sample performance figures and outlining recommendations
for choosing appropriate parallel algorithms.
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2 Mathematical background

A commutative ring R with identity 1 is Euclidean if there is a value function
¢ : R* -5 Ny (where R* = R\ {0} and N, is the set of nonnegative integers)
such that the following properties hold for a € R and b € R*.

1. For a # 0, p(ab) > ¢(a).
2. There exist ¢, € R with a = gb+r, such that either r = 0 or p(b) > ¢(r).

Paradigm examples of Euclidean rings are Z (the ring of integers, with
absolute value as value function) and Flz] (the ring of univariate polynomials
with coefficients in a field F, with degree as value function).

An element a € R is a unit if it has an inverse a=! € R such that
aa~! = a~l'a = 1. The set U(R) of all units of R is a multiplicative group.
Elements a,b € R are associates if there exists a unit ¢ € R such that a = bc
and we write @ ~ b. Association is an equivalence relation with equivalence
classes [a] := {b € R | a ~ b}. A subset R C R is a representative set for R
if: {[a]|a € R} =R/ ~; and Va,b € R, a # b.

For a Euclidean ring R a function p : R x R* — R is called a residue
class system if for all a,a’ € R and b € R*

pla,b) € {a—gb|ge R},

p(p(a,b)) < ¢(b), and
pla,b) = p(a’',b) <= 3FteR:a=a +tb

Let M C R with M # {0} be a finite, nonempty subset of R. The greatest
common divisor of M (ged(M)) is the equivalence class [g] such that: Va € [g],
a| M;and Vb € R with b | M, b | [g]. If we have a representative set R for
R and d € gcd(M) N R then d is uniquely determined. Further background
material on Euclidean rings is given in [18,7,5].

Matrices A and B with entries in a Euclidean ring R are column equiv-
alent if there exists a unimodular matrix V such that A = BV. Matrix V
corresponds to a sequence of elementary column operations: multiplying a
column by a unit of R; adding any multiple by a ring element of one column
to another; or interchanging two columns.

For any matrix B over a Euclidean ring R with representative system R
there exists a unique lower triangular matrix H which is column equivalent
to B and which satisfies the following conditions. Let r be the rank of B.

1. The first r columns of H are nonzero and the remaining columns are zero.

2. For 1 < j < rlet H;, ; be the first nonzero entry in column j. Then
i <2 < ... <ip.

3. H; ;€ R\{0},for1 <j<r.

4. For 1 <k <j<r, Hy = p(H;; x,Hi; ;).

This matrix is called the column Hermite normal form (HNF) of the
given matrix B and has many important applications. As already mentioned,
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there are many algorithms based on reduction methods for computing the
HNF. Descriptions of such methods for canonical form computation in Eu-
clidean rings (sometimes specialized to the integers) in the literature include
[18,7,5,19].

3 Sequential algorithms

Deterministic polynomial-time HNF algorithms (non-modular) include those
of Kannan and Bachem [14], Chou and Collins (3], and Havas, Majewski and
Matthews [12] for the integers; of Kannan [15] for Q[z]; and of Wagner [23]
for F, [z]. Heuristic algorithms (often faster and/or “better”) include those of
Havas and Majewski [9] for the integers and of Wagner (23] for F,{z]. All in
all, even the sequential algorithm situation is a quite complicated story, which
is addressed in much more detail in [23]. We do not go into this further here,
but rather build parallel algorithms based upon effective sequential ones.

4 Parallel implementations

The problem we consider is: Given A € Mat,,xn(R), compute in parallel H
the HNF of A together with a unimodular matrix V such that H = AV. To
unify the computation we actually compute the HNF of a working matrix

W = ( ;: ) Let K be the Hermite normal form of W. The first m rows of K

are the Hermite normal form of A and the last n rows of K give a unimodular
transformation matrix V.

A parallel computer P := {mo,... ,mn-1} consists of N processors with
distinct memory and a communication network. Let

ol,7) = {-

N 0 otherwise

! J {1 if 7 < (I mod N)
foreach0<7<N-1.

We use the matrix distribution model from [24]. Each processor 7, on
the parallel computer stores part of the working matrix W corresponding
to a (£(m,7) + 1) x n matrix A and a £(n,7) x n matrix V(") which are
submatrices of the working versions of 4 and the multiplier V' € GL,(F[z]),
respectively. An extra row, row £(m,7) + 1 of A(") is used to control the
computations. We call this the computation row.

The matrix is distributed rowwise to processors, but in stripes not in
blocks. For each operational row we also do a broadcast. Thus, we distribute
the input matrix A by storing the ith row of A in row i’ of matrix W(7) on
processor 7, where 7 := (i—1) mod N and ¢’ := |(i—1)/N]|+1for1 <i<m.
The parallel, hybrid HNF algorithm PARALLEL-HNF is given by pseudocode
in Figure 1. It uses the standard DIV operator for the appropriate Euclidean
ring and calls two subprocedures: COMPUTE-GCD and PARALLEL-ROD.
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PARALLEL-HNF(W ("), o, 8)
input T: processor index
W: 7 -part of a full column-rank, distributed matrix W
«, 3: non-negative integers
ke1
(i1,... ,in) < O
while k£ < n do
T+ 0
i+1
s « min{k + a — 1,n}
f«k
while r < s do
f e max{r+2, f}
p (i—1)mod N
if p = 7 then
j e lG-1/N] +1
broadcast Wj(;)*_l, Wj(y’}), el ,Wj(;) to all other
else
Jj & £&(m, 1)+ 1> Indez of computation row
receive Wj(;)_,_l, Wj(,r,), .. ,W].(; from p
if 1= i1-+1 then
for [ «+ f to s do

q« DIV(W‘(;)» Wj(,:)-f-l)
W «w —qw,,

W« CompuTE-GCD(W ™) j v+ 1, §, )
if W") | #0 then

Jir+1
(il,A . ,in) — (il,...ir,i,i-,-+1,.. . ,in_l)
rer+1
W « PARALLEL-ROD(W ™) 7, 8,41,. .. ,ir)
k—k+a

return W)

Fig. 1. Parallel hybrid Hermite normal form algorithm

A call CoMpUTE-GCD(B,1, jg, j1,j2) takes a matrix B with n columns,
an integer ¢ > 1 and 1 < jg < j;1 < j2 < n as input, where 7 is a valid row
index of B. It produces a right equivalent matrix B’ as output where

B’i,jo = ng(Bi,jo7Bi,j17' .. ,Bi,jz) and Bli,j =0

for j1 < j < j2. This algorithm computes B’ from B by unimodular column
operations (swapping of two columns, multiplying a column with an unit, and
adding a multiple of one column to another column). There are various differ-
ent methods to obtain B’ from B (e. g. [1,2,10,23]). By using gcd algorithms
whose execution depends only on the entries in the operational row we need
no additional communication for this purpose.
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The function PARALLEL-ROD reduces the off-diagonal entries. It is a
hybrid algorithm which is controlled by parameter 8 € Ny. For § + 1 greater
than or equal to the rank of the input matrix it is a parallel variant of the
standard reduction algorithm. For 8 = 1 this algorithm is a parallel version of
Chou-Collins’ reduction method. If we choose 3 equal to zero the algorithm
does not change the input matrix. A more detailed description of Parallel-
ROD algorithm can be found in [24].

Theorem 1. Let A € Matyxn(R) with rank r be in echelon form. Let 1 <
B <r andq:=|"352]. Then the PARALLEL-ROD algorithm uses {413 1 r

2 2
broadcasts to transfer at most ﬂg_ﬁﬂ@ ring elements.

A proof is given in [24].

The PARALLEL-HNF algorithm divides the input matrix into vertical
blocks of width a. For k := «,2a,... ,(p ~ 1)a,n (where p := [2]) the HNF
of the leading k-column submatrix is computed. This is shown in Figure 2.

M M’

Fig. 2. Computing the HNF of the leading k columns, for k = a, 2q, ...

Theorem 2. Let A € Mat,,xn(R) with rank r and 1 < a,8 < n. Then
the PARALLEL-HNF algorithm uses O(% + &%) broadcasts with distributed
3
W .= (IA) ,a and B as input. It transfers O(n—) ring elements.
n a
For R = Fz] thf procedure uses O((m + n — r)n33%4%||A||?) field opera-
tions. At most O(%Mu) field elements are transferred via broadcasts.
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Proof. Transforming a (m + n) x s principal submatrix of W with s €
{a,2a,...,(p—1)a,n} into echelon form requires at most m + n — r broad-
casts. Transforming the echelon form into HNF requires (by Theorem 1)
"—(%QB with ¢ := ["—EQJ broadcasts. In total this leads to the broadcast
bound

e 5 (L (0

s=a,...,(p—1)a
P , .
ia—2 (ia— 2
<pm+n-r)+ o + — 41
<pm+n-—r) ;(za [ 5 ( 3 )J)
d wz)2
<pm+n-—r)+ PP T Z
=1
1 2p® +3 1
:P(m+n—r)+a2@2+_)+[a2 P +12;; +p+ap(p;— )J
€0(n(n+m)/a) M ——— N
€0(n?/a) €0(n3/(aB)) €0(n?/a)

n®  nm
EO($+T>

To compute the echelon form we do not need to broadcast the linearly de-
pendent rows. Thus, the number of broadcast ring elements can be majorized
by

8

Y (l+(a-1)=

i=1

for a (m + n) x s principal submatrix of W. Transforming the echelon form
to Hermite normal form requires broadcasting at most O(r?) ring elements.
Computing the Hermite normal form of all (m +n) x s principal submatrices
of W with s € {a,2¢,...,(p— 1)a,n} we need

p—1
O(na + Z ia?) + pO(r?) C O(na + p(p2— 1)oz) + O(pr?)
i=1
2 3

C O(na) + O(%) + 0(%) c 0(7;—3)

ring elements to be broadcast.
The proofs of the other two estimates are quite lengthy. They can be
found in [23].

5 Performance examples

We have implemented this and related algorithms in C/C++ on the IBM
SP2 at the GMD in Sankt Augustin. We have used the xIC compiler and
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the message passing library MPL (both IBM products). We have used the
Sorting-GCD algorithm, due to Majewski-Havas [17], for the implementation
of the COMPUTE-GCD function, where we used a heap for determining the
polynomial with the largest degree or the integer with the largest absolute
value, respectively in a subvector.

We have done many practical studies with these algorithms. In this paper
we give some details of the behavior of PARALLEL-HNF for some random
matrices over Fy[z] and Z. Thus we used an input matrix over F;[z] which
is a random 80 x 80 matrix, where the degree of each entry is less than or
equal to 80. The rank of this matrix is r = 80. The input matrix over Z is
a random 100 x 100 matrix. The absolute value of each entry is less than or
equal to 64.

Table 1 and Figures 3 and 4 show the results of experiments in which we
varied a and . We used 16 nodes of the SP2. The first row of each measure-
ment is the total running time (minutes:seconds.hundredth). The second row
gives the maximum degree (Fz[z]), or the number of bits in the largest ab-
solute value (Z) which arose during the computation. In Figure 3 the z-axis
shows a while the y-axes show run times and maximum degrees. In Figure 4
the z-axis shows a while the y-axes show run times and maximum number
of bits.

F; [x] Z
al f=1|F=a B=nt al f=1|8=a B =n+
l1—«a l—a
06:53.08(06:57.10{06:52.68 00:20.35/00:20.28/00:18.92
12708 | 12708 | 12717 1401 1401 1412
05:34.19|07:14.12(10:28.21 00:23.25|00:22.91|00:21.99
12708 | 15073 | 18646 1698 1698 2138
05:45.01]06:41.58(10:51.69 00:19.68|00:19.59(00:22.39
13701 | 15016 | 23377 1598 1744 2639
04:43.10{05:06.79{10:02.18 00:20.57|00:20.35|00:21.78
12232 | 19614 | 26823 1641 2374 3146
16 04:11.13|04:40.08{09:05.69 20 00:21.01]00:22.65 00:27.84&
12384 | 27387 | 33377 1263 5851 6506
20 04:28.23105:13.12{08:40.16 40 00:31.24|00:40.86/00:46.43
11270 | 29951 | 35593 1464 | 13977 | 14266
40 03:49.84106:12.17|06:02.98 60 00:43.38/01:14.43{01:11.70
9982 | 37468 | 37883 2043 | 20222 | 20222
60 03:32.68(08:11.38{05:00.42 80 01:37.72 03:09.35&01:49.23
11270 | 35593 | 30719 4544 | 64587 | 51291
01:33.32(07:01.55(01:32.47 11:36.60({11:36.20{11:38.67
20987

80 9955 | 43486 [ 9955 100 20987 20987\

Table 1. Effect of varying o and 8
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Fig. 3. Effect of varying a and 3 for a matrix over F;[z]: (a) running times, (b)
maximum degree

6 Concluding Remarks

The reuse of sequential code for parallel implementations is well supported by
the operation row concept. We have used earlier sequential GCD algorithms
for our parallel implementations. This leads to parallel implementations for
Hermite normal form computation with good speed-up. In the integer case
the hybrid algorithm gives best results for small a and 8 = n. For R = F [z]
we get the best performance for @ = n and small S.

For integer matrices with large rank, the new procedures are fastest. For
distributed computation it is good to use the parallel, hybrid procedure with
small a(< 10) and S := n. These procedures produce very good transfor-
mation matrices (i.e., entries with small absolute value) if the rank of the
matrix is less than the number of columns. The transformation matrices are
almost as good as ones obtained using LLL lattice basis reduction methods,
which are orders of magnitude slower. For matrices over I, [z] and for integer
matrices with small rank, “Gaussian elimination” type procedures (@ := n)
are fastest. For distributed computation use small (€ {1,2}).
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maximum number of bits needed
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