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Abstract

We give a detailed exposition of the theory of decompositions of linearised polynomials, using a well-
known connection with skew-polynomial rings with zero derivative. Itis known that there is a one-to-one
correspondence between decompositions of linearised polynomials and sub-linearised polynomials. This
correspondence leads to a formula for the number of indecomposable sub-linearised polynomials of
given degree over a finite field. We also show how to extend existing factorisation algorithms over
skew-polynomial rings to decompose sub-linearised polynomials without asymptotic cost.

2000Mathematics subject classificatioprimary 11T55, 16HO5.

1. Introduction

Let F be a field withF[X] the ring of polynomials with coefficients frora in the
indeterminateX. For polynomialsf, f;, f, € F[X], letded f) be the degree of and

fi o f, denote the compositioffy( f,). Note that de¢gf, o f,) = deqg f,) deg(f,). A
polynomial f is calledindecomposabléforall f,, f, € F[X] satisfyingf = f,0 f5,

then either degf;) = 1 or degf,) = 1. A complete decompositiaaf f € F[X]

is any decomposition of into indecomposable factors. The problem of polynomial
decomposition has been well studied wizbj[providing a survey of results. Generally,
decomposition behaviour can be split into two cases: the characterigtisafero or

the degree of the polynomial is not divisible by the characteristie;air F is a finite

field and the degree of the polynomial is divisible by the characteristic of the field.
In this article we consider two classes of polynomials over a finite field with degree
divisible by the characteristic. Determining results on decomposition behaviour for
such polynomials is, in general, less tractable.
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Let [, be the finite field of ordeq = p*® for a primep and[F; be the set of non-zero
elements off,. Polynomials off,[ X] with degree divisible by the characterispic
are calledwild polynomialsand those with degree not divisible Ipyare calledame
polynomials see B, 9]. For a positive integes, a p*>-polynomialL € [F4[X] with
degL) = p*is a polynomial of the shape

t
(1) LX) =) aXr,
i=0

whereg; € [, anda € [F;. Fors = 1, these polynomials are known kisearised
polynomialsand are precisely the linear transformationsrgf see [L4, Chapter 3].

Note thatp®-polynomials are, in a sense, the wildest polynomials, as the exponent of
each term is a power of the characteristic. Even more important here, the class of all
p*-polynomials oveif, is closed under composition.

Let L e Fq[X] be ap*-polynomial andd be a divisor ofp® — 1. ThenL(X) =
XM(X?) for someM € F4[X]. The polynomialS(X) = XM?(X) is called a
sub-linearised polynomialor, more precisely, &p°, d)-polynomialand is said to
be associated withL (simply, the polynomiald. and S are associated if and only
if LYX) = S(X%). Note that pS-polynomials are(p®, 1)-polynomials but the
distinction is important when one considers the additional properties satisfied by
ps-polynomials. However, a result of Henderson and MattheMi $hows that the
compositional behaviour @p®, d)-polynomials is in one-to-one correspondence with
the compositional behaviour g®-polynomials. It follows that any results concern-
ing the theory of decompositions @f-polynomials agp®-polynomials is relevant to
(p®%, d)-polynomials. Given our aim is to determine the number of indecomposable
(p°, d)-polynomials the distinction betwegrpolynomials andp®-polynomials will
be key in what follows. Results and further referencegmind)-polynomials can be
found in [11].

Section2 gives an in-depth discussion of compositionspSfpolynomials, and
hence(p®, d)-polynomials. Utilising earlier work of Odonilp], we then determine
a formula for the number of indecomposahpé-polynomials, and hencép®, d)-
polynomials, of given arbitrary degree. Inthe final section, we consider Ritt's Theorem
and show how to extend current decomposition algorithms to provide decompositions
of (p®, d)-polynomials for no asymptotic cost.

2. The ring A and its properties

The following result connects the compositional behaviour of the two classes of
polynomials considered in this article.
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THEOREM 2.1 ([11, Theorem 4.1])Let L be a ps-polynomial with associated
(p®, d)-polynomialS. The polynomial =L (L) for p"-polynomiald.;, L, € Fq[X],
wherer dividess andd dividesp” —1if and only ifS = S,(S,) for (p", d)-polynomials
S, SwhereLd(X) = S(X9),i =1, 2. Also,Ld(L,(X)) = S(S(X?)).

By appealing to this theorem, our results can be determined by simply considering
ps-polynomials. However, there is one distinction in the decomposition behaviour of
p°-polynomials and p®, d)-polynomials important to our task: @-polynomial may
be indecomposable ag-polynomial, but still be decomposable ag'apolynomial
for some integer dividings. This cannot be true for the associaf@é d)-polynomial
unlessd divides p — 1. We will return to this point later but for now it is enough
to realise that we need to consider the indecompospblgolynomials where the
decomposition factors are restricted to the same set (in other words thgy-are
polynomials themselves).

Let A be the set of alp®-polynomials overf,. It is easily seen thak is closed
under addition and composition of polynomials and that the triplg +, o) forms
a non-commutative ring. Throughout we uéeg to denote the ring A, +, o). It
is possible to relate decompositions A to factorisations in a non-commutative
polynomial ring, known as a skew-polynomial ring. This connection has been used
elsewhere (see, for examplé]). Let o be an automorphism df,. Then we must
haveo (a) = os(a) = a” for some integes. Construct the skew-polynomial ring
Fq[X; 05] consisting of polynomials in the indeterminatavhere forf, g € Fq[X; 0]
given by f(X) = YLy X', g(X) = Y12, X' their addition is performed in the
usual way, and their multiplication is given by

tittz

FOOgX) =Y hi X,
i=0

whereh; = >
given by

i+ @04 (B Itis easily seen that the mappidg : As — Fq[X, o4]

t t
Dg(L(X)) = @(Z a xps') => aX
i=0 i=0
is a ring isomorphism. Ind[6, 17] Ore considers more general skew polynomial rings
than the one described here and noted.if) fhat A, is isomorphic tdF,[ X, o1].

We give an exposition of the propertiesAfin terms of composition, as this enables
direct interpretation of compositional behaviour. We loosely follow the discussion
given in [15] for A,, as later we shall be interested in generalising a result from there.
It should be noted that, ignoring context, the general content of this section is not new
and can be found in a number of texts covering skew-polynomial rings, sudi2as [
Chapter 1].
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The ring As has no zero divisors; if o g =0 for f, g € A, then at least one of
or g must be identically zero. With respect to composition, the identity elemefit is
and the units (invertible elements) @X wherea € [;. As A is a non-commutative
ring we distinguish between right and leftideals (it is easily seen that the right and left
ideals of As are generally distinct). Inl]7] a version of Euclid’s division algorithm is
given that holds for a general skew-polynomial ring, and soXoas well. Precisely,
for Ly, L, € A there existf,g € As whereL;(X) = f(X) o Ly(X) + g(X) and
degg) < degL,). Itfollows thatA is a left Principal Ideal Domain (PID). We will
mainly consider left ideals oA but note that ass is an automorphism df,, A, is
also a right PID 12, Proposition 1.1.14], and so our statements shall also hold for
right ideals ofAs. Throughout, an ideal is a left ideal unless otherwise stated.

We represent left ideals iAs with angle brackets as follows:

(Ly=AoL={fol:feA).

Theideal(L) is a maximal leftideal of\ if and only if L € A isindecomposable (in
this case there is also a maximal right idealrgfgenerated by ). Setk = gcd(s, e),
andm = Icm(s,e) = se/k. It is readily seen that the centr€;, of the ring As
consists of polynomials of the shape

F(X) =iaxﬂ"‘,
i=0

whereg; € Fy. Infact, under the isomorphisths we see tha€s is indeed isomorphic

to the centre off [ X, 5], namelyFx[X™*, o5]. The ring F[X™*, 4] is in turn
isomorphic to the ordinary multiplicative polynomial rifig<[Y] (Y = X™*). SoCs

is acommutative PID whose maximal ideals coincide with the irreducible polynomials
of Fx[Y]. From [14, Theorem 3.25], the number of monic irreducibles of degree
Fx[Y]is given by

1 . .
2) Nor(d) = 5 3 (d/D) (P,

id

wherep : N — N is the Moebius function. Thubly(d) is the number of inde-
composables of degrg#® in C,. This formula will be useful when determining the
number of indecomposables & of given degree.

Next we consider the division rings constructed frégandCs. We show that we
have a special case: the division ring constructed fAQiis a finite dimensional vector
space over its centre, and this centre is the division ring constructed@tormhese
constructions are considered elsewhég put are included here for the convenience
of the reader and because we work with the riagrather tharf,[ X, os]).
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As C, is anintegral domain, the smallest field contain@gs the field of fractions

(3) F={g'of]|fgeCsg#0.

The addition of two elements df is calculated in the normal way and &sis an
ordinary (commutative) field of fractiong o f = f o g~ (which is determined
using the Euclidean algorithm).

Embeddings of non-commutative rings into division rings do not always exist but
we are fortunate as fok this can be done. For any two non-zero elemdntse As,
the intersection of the ideals they generafe,N (g), is non-empty as the existence of
a left least common composition (analogous to the least common multiplé)dod
g is guaranteed by the left Euclidean algorithm £t Supposén € A; is the unique
monic polynomial of least degree satisfyihng= fyo f = g;0gfor fi,g; € A. It
follows thatg o f~* = g;* o f, (in this caseA, is said to satisfy the Ore condition).
Thus, asAs has no zero divisors, we have satisfied the condition8, dttjeorem 1.2.2]
and can construct the ring of fraction3,of A, given by

(4) D={g'of|f,geA,qgs#0}.

Forg—to f,g;" o f; € D, in the standard way
glof+gitofi=h"to(hjof+hyofy),

whereh = h; o g = h, o g; for someh,, h, € A, and their composition is given by

(5) (@ o fo(gtof)y=mogo(mo fy,

wheremo f = m; o g; for somem, m; € As. From this point, it is readily shown that
these operations are well defined.

We will need the following properties d, F, As andC; in Section3. As we will
be using results fromlf], we follow the definitions given therein.

LEMMA 2.2. Let F be the field of fractions o€ (given by(3)) and D be the
ring of fractions of As (given by(4)). The following conditions hold foF, D, Cs
and Ag:

(i) Fis aglobal field andCs a Dedekind domain.

(i) D is asimple centraF-algebra of dimensioie/ k).

(i) Asis a maximalCs-order in D.

PROOF. (i) As F is isomorphic tdF , (T), from [18, Section 4eF is a global field.
As C, is isomorphic toF [ X] (a commutative PID), from1[8, Section 4alCs is a
Dedekind domain.
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(i) Following [18, Section 7b] we must show thBtis a simple finite dimensional
F-algebra wheré is the centre oD. We first show thaf is the centre oD. Recall
gltof = foglfor f,ge Cs Foreachh € A, there existh; € A such that
hoh; € Cs. Thenforg € C;,g*o (hoh;) = (hoh;) og~t. Composing on the right
with g and using the fag € C, we obtain

hohlzgflo(hohl)og
= (g*loh)o(gohl).

Now composing on the right witlig o h;)~* we haveh o g7 = g* o h, and its
inversegoh™' = h™'o g, for all g € Cs andh € A;. From these identities and the
multiplication rule forD (5) it follows that F is the centre oD.

It is a simple matter to show th& is a left and right~-module. Also, from§),
ao(boc)=(aoh)oc=bo(aoc)forallac F andb,c e D. ThereforeD is a
F-algebra. A is a division ring it only contains trivial ideals and fbis a simple
F-algebra.

We now proceed to show th#t is a F-vector space of dimensiaie/k)2. As we
have noted above, for evehye A there exist$; € As such thah o h; € Cs. So the
elements oD may be written ag~ o f whereg € C. It follows that the number
of elements in a basis fdD over F is equal to the number of elements in a basis
for A; overC,. Seté = e/k. Take the normal basis fdf, over F, generated by
the elementr € F,, namely(a, o, ... ,«?" ™). Then every element € F, has a
unique representation

,8 — boO[ 4t b,;,l()[pwil)k
with by, ... ,b;_1 € Fy. LetSbe the set
S={ X" |0<i<é, 0<j<3é)

Each elemenf € A can be uniquely written as

F(X) = go(X) 0 @oX + - + go_s(X) 0 sy XP'
whereqgg, ... ,0s-1 € Cs. Thus A is a freeCs-module with basisS containing
8% = (e/k)? elements.

(iii) Following the definition given in 18, Section 8]As is a Cs-order in theF-
algebraD as A; is a finitely generate@,-module such thab = F - A;. Note that
every element irD can be written agg;* o f1) o f wheref € Aqandf;, g; € C. It
is now not difficult to see thad is the integral closure d@s in D and so is the unique
maximalCs-order inD (see [L8, page 110]). O

Note that in the above proof our methods have differed somewhat from those used

in [15).
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3. Counting indecomposable sub-linearised polynomials

In [15] a formula is given for the number of indecomposaphkpolynomials of
given degree oveF,. By extending these results to covpt-polynomials we can
apply Theorenm?.1 to give a formula for the number of indecomposabfg, d)-
polynomials of given degree ové wheres is the least positive integer such that
d divides p* — 1 (we can say this without loss of generality as in the cases where
d does dividep” — 1 for a proper divisor of s we can instead consid&to be a
(p", d)-polynomial). We remind the reader that we are concerned with theAing
and when we sal. € A is indecomposable we mednis indecomposable ovels.

THEOREM3.1. LetF, be a finite field of ordeq = p® k = (e, s), and
N =#L e As:degL) = p*andL is indecomposable if}.

Then.#; = q(q — 1) and fort > 2,

—1(qt —
= (qt(pl)k(q DS /gy
it

Further, if s is the least positive integer such thétividesp® — 1, then the number
of indecomposablép®, d)-polynomials of degree®' is given by 4.

PrOOF. If t = 1, then for alla; € Fq and for alla; € F, L(X) = aXP +ayX is
obviously indecomposable (@8-polynomials) sa4; = q(q — 1). For the remainder
of the proof we assumie> 2. LetL € As be indecomposable with degreé. Let
f € Asbethe unique monic polynomial of least degree suchtkatf oL € Cs. Then
h is indecomposable ovél; (as otherwise we would contradict our assumption that
isindecomposable anidhas least degree). So to countthe number of indecomposables
L € A of degreep®', we can count the number of indecomposahlesC; generated
in this way (which in turn shall mean determining their degrees) and the number of
distinctL € A that generate the same polynontialTo do this we use properties of
certain ideals ofA; andC; generated from an indecomposable A.

As L € A;is indecomposablgl ) is a maximal left ideal ofA;. The elements of
the quotient ringAs/(L) are

t—1
f(2)=> bz,

whereb; € F, and the degree of is less than the degree bf Therefore As/(L) is
a F4-vector space of dimensidrwith ' elements.
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Putp = (L) N Cs. Thenp is a maximal ideal o€, containing polynomiald o L
for f € Assuchthatf oL € Cq. Leth € A be the unique monic polynomial of least
degree such thdt € p. ThenAsp = pAs = (h). The elements of the annihilator,

B = anm (As/(L)), of the Ac-moduleAs/(L), are given by
PT=(fog:feA,geCs whereg=g;0L forg; € A}.

It follows that‘3 is a two-sided maximal ideal of\s contained in{L). Note also
p =P NCsandP = pAs = (h). By [18 Theorem 22.15] and Lemnia2 above,
each maximal left ideal of\s determines a unique (two-sided) prime idgs&nd vice
versa (ashs is a PID, its prime ideals and maximal ideals coincide).

It is established in the proof oflB, Theorem 22.15] thad/*3 is a simple artinian
ring. In our case it is also finite. From.§, Theorem 7.4, 7.24] it follows thah, /3
is isomorphic to an algebra ef x « matrices over the finite fielfiy of Q elements,
M, (Fo) (herex is the capacity of? as defined in]8, page 213]). On the other hand,
As/ is isomorphic to(As/ (L))" (see the proof of]8, Corollary 24.8]). AsAs/(L)
hasq' elements, we haveA : ) = (As : (L) = (q)* = Q°, where(G : H)
denotes the index of a subgrotp of an additive abelian grou@ whereG/H is
finite. From [L8, pages 212-213] the inertial degre€ldfs the integef satisfying

(As:P) = (Cs:p).

From [L8, page 215} = «e/k and it now follows(Cs : p) = p*. Puts = e/k.
From the proof of part (ii) of Lemma&.2, A is a freeCs-module of ranks? so that
(As : pAs) = (Cs : ). SincepAs = B, we have(A, : ) = (Cs : p)*. Therefore
f = 6%k =8andQ = p'*. Now everything is in place to complete the proof.

By inspection of the above arguments we see that

M= Z L/%t,k,n)

(Cs:p)=p~t

where .4, is the number of indecomposablese A such that deg-) = p*

(t > 1) andC; N (L) = p. Recallp generates the unique maximal two-sided ideal
of A, namely3 = pAs. Since maximal two-sided ideaf8 in A correspond to
maximal left ideals inAs /8 and units are not counted i /3, we obtain

ik = (@ — D#{maximal leftideals inV, (Fp)}.

Since ¥« ,, does not depend on the choicegfwe can consider instead; =
(q — 1)G¢M; where

G, = #{maximal idealg c C; where(C; : p) = p*}
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and
M, = #maximal left ideals inV, (Fy«)}.

SinceG, is the number of indecomposabige C of degreep™ it can be determined
using @) (it is easily seen that iff € C with degg) = p™, then there argp*)!
elementsin the factorrinGs/(g)). PutA = M, (Fp«). ThenA is asimple centré .-
algebra. The maximal ideals of are generated bW € A with rankM) = (¢ — 1)
or, equivalently, the(x — 1)-dimensional subspaces of the vector spéige)*. It
follows thatM, = (p** — 1)/(p'* — 1). The value of #{ is now determined. That the
number of indecomposabig®, d)-polynomials of degre@®' is given by.4{ follows
from Theoren®.1 O

It is easily checked that fop-polynomials this result coincides witli$, Theo-
rem 1]. We have confirmed the result for small valuepoé, s andt through direct
computation using the algebra package MAGMA [

4. Tame behaviour of two wild classes

For the field of complex numbers, RittJ] has shown that the complete decom-
position of a polynomial is unique in the following sense: if we have two complete
decompositions of a polynomidl

f: flo"'OfnglO"'Ogn,

thenm = n and degf;) = degg,,) for some permutatiomr of {1,... ,m}. En-
gstrom p] and Levi [L3] extended this to any field of characteristic zero. The behaviour
for polynomials over a finite field is less simple and has generally been split into two
cases. Fried and MacRa#§ fstablished that Ritt's Theorem holds for tame polyno-
mials over a finite field,. By giving an example, Dorey and Whaplé&§ ¢stablished

that Ritt's Theorem does not hold for wild polynomials (the example used a class of
wild polynomials not considered here).

While it is true that Ritt's Theorem does not hold for wild polynomials in general,
the two classes considered in this artigie,polynomials and p*, d)-polynomials, do
satisfy Ritt's Theorem. Itis implicit in the work of Oréd §, 17] that A satisfies Ritt's
Theorem (as Ore shows that is a PID). Now Theoren2.1 tells us that(p®, d)-
polynomials must also satisfy Ritt’s Theorem. It is conceivable that no other classes
of wild polynomials not contained in these classes satisfy Ritt's Theorem.

The polynomial decomposition problem introduced by Ritt newaives attention
mainly through the development of efficient decomposition algorithms. Algorithms
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for decomposingp®-polynomials and p®, d)-polynomials can be developed by ex-
tending existing algorithms. We end the article by outlining how this may be achieved
without asymptotic cost. We consider the following two decomposition problems
from [3].

THE COMPLETE DECOMPOSITION PROBLEMGiven af e Fq[X], find indecompos-
ablefy, ..., f, e Fg[X] suchthatf = fyo0--- 0 fn.

THE BI-DECOMPOSITION PROBLEM Given a f € Fq[X] andn € N wheren <
deg f), determine if there existy, f, € Fq[ X]suchthatf = f,o f, anddegf,) = n,
and if so, findf;, f,.

An algorithm for the complete factorisation df € F4[X, o5] is given in [LO,
Section 3] and an algorithm for the bi-factorisation bfe F4[X, os] is given in
[10, Section 4]. In B] it is shown how these results can be extended ppd)-
polynomials using Theorer. 1. Given the isomorphism betweeq andF,[ X, os],
it is clear that the scope of Giesbrecht's algorithms can be extended to decompose
ps-polynomials and p°®, d)-polynomials. We give simple descriptions of algorithms
for our decomposition problems in the case pf, d)-polynomials.

ALGORITHM 1 (Complete decomposition).
Input: A (p®, d)-polynomial S € F4[X] and the integers andd.
Output: Indecomposablép’, d)-polynomialss,, ... , S € Fq4[X] wherer dividess
andS=S/o0---0 S.
(1) Determine the least positive integesuch that dividess andd dividesp" — 1.
(2) ConvertSto a p"-polynomiallL.
(3) ConvertL to a polynomialf e F4[X, o;] using the isomorphisrnd, .
(4) Find irreduciblesfy, ..., fy € F4ly, o7] satisfying f = f,--- fy using the
algorithm from [LO, Section 3].
(5) Convert eactf; € Fqly, o] into a p’-polynomial using®; .
(6) Convert eaclp”-polynomial into a(p", d)-polynomial.

ALGORITHM 2 (Bi-decomposition).
Input: A (p°, d)-polynomial S € Fq[X], say S(X) = X( ZimzoaiX<"S‘*1))d, the
integerss andd, and an integen = p'.
Output: A pair of (p¥, d)-polynomialsS;, S, € F4[X] wherek dividess, d divides
pk —1andS= S o S, or a message that no such bi-decomposition exists.

(1) Determine the integék = gcdism t). If d does not divideg* — 1, then return
‘Shas no such bi-decomposition’.

(2) ConvertSto a p*-polynomiall.

(3) ConvertL to a polynomialf € F4[y, ok] using the isomorphisnd,.
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(4) Use the bi-factorisation algorithm frorh(), Section 4] to determine if there exist
f1, f2 € Fq[ X, o] satisfying f = f; f, and degf,) = t. If no suitable polynomials
exist, then returnShas no such bi-decomposition’.

(5) Convertfy, f, € F4[X, ox] to p*-polynomialsL,, L, using®, *.

(6) ConvertL,, L, to (p*, d)-polynomialsS,, S,. ReturnS,, S,.

The conversion algorithms from(@°, d)-polynomials to ap°-polynomial and the
reverse are found in3]. The conversion algorithm from @®-polynomial L to a
polynomial f € F4[X, os] is O(m) where degL) = p™ (that is,L hasm terms).

The reverse conversion has the same cost. We note that step 1 in the first algorithn
and steps 1 and 2 in the second algorithm are the only additional steps required whict
affectthe complexity analysis from3]. Step 1 (Algorithml) has cosO(slogs) while

step 1 (Algorithm?2) has cost bounded b@(Cost forgcdsm t)). Combining our
arguments with those oB] shows that the extension of the deterministic algorithms
for factorisation in skew polynomial rings,[ X, os] from [10] to (p®, d)-polynomials

is asymptotically free. As reported id]| these algorithms have been successfully
implemented.
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