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Abstract. Coset enumeration, based on the methods described by Todd and
Coxeter, is one of the most important tools for investigating finitely presented
groups. Such methods do not, in general, constitute an algorithm. FEach
problem has to be addressed individually, and determining whether or not an
acceptable solution for a difficult problem can be found using given resources
requires an empirical approach (i.e., experimentation). We discuss some of
the ideas involved, and illustrate with examples which emphasize some of the
possibilities.
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1. Introduction

Coset enumeration is long established as a technique for the investigation of
finitely presented groups. It was used well before the days of electronic com-
puters, apparently first by Moore [14], and was later popularised by Todd and
Coxeter [17]. The first computer implementation was that of Haselgrove in
1953. This, along with other early implementations, is described by Leech
[10]. Detailed accounts of the techniques used in coset enumeration can be
found in [1, 6, 12, 15, 16], together with some experimental results.

Coset enumeration takes a finitely presented group and a finitely generated
subgroup as input, and attempts to find the index of the subgroup in the whole
group. In principle, it will succeed whenever this index is finite. However, the
computational complexity of coset enumeration is not well-understood. Even
using a fixed strategy, there is no computable bound on the number of cosets
which need to be defined to obtain a complete coset table (in terms of the
length of the input and a hypothetical index). Further, Sims [16] has proved
that there is no polynomial bound, in terms of the maximum number of cosets,
for the number of coset tables which can be derived by coset table operations
such as those used in enumeration programmes.
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Sims’ result implies that the running time of coset enumeration procedures,
in terms of the space available, may be very high. Pathological examples of,
for example, the trivial group exist which exhibit such behaviour. However,
the main factor determining whether or not we can succeed in completing an
enumeration is the amount of memory available; i.e., the number of cosets
we can define. So the maximum and total number of cosets defined during
an enumeration are often used as metrics, with smaller values being regarded
as ‘better’. Usually, the running time is proportional to the total number
of cosets, and is not a limiting factor. There is generally a close correlation
between maximum and total cosets, so we choose to concentrate on only one,
total cosets, in this paper.

One contributing factor to our less than perfect understanding of coset enu-
meration is the freedom of choice of which coset to define next that we have
during an enumeration. This freedom implies that the space of possible enu-
meration sequences, for a given coset enumeration problem, is extremely large.
It is not clear how best to generate an enumeration which is space efficient, or
from which an understandable formal proof can be extracted. In this paper we
discuss how features of a modern implementation of coset enumeration can be
used to explore the enumeration space and to gain insight into this challenge.

The coset enumeration implementation which we used was the one by Havas
and Ramsay [8], which is an enhanced version of the one described in [6]. The
enumerations were performed on an SGI Origin 2000 computer which was
equipped with enough memory to allow the definition of some hundreds of
millions of cosets when necessary.

Our enumerator has a large number of parameters, with a wide choice of
settings; we discuss the ones relevant to our examples. The most important
are CT and RT, which indicate the relative weightings attached to defining new
cosets using the coset table (traditionally called the Felsch strategy) and the
relator tables (traditionally known as the HLT strategy). Each unit in CT
indicates one definition, which is tested in all essentially different positions
in all the relators until all consequent deductions and coincidences have been
found and processed. Each unit in RT indicates one coset being scanned at all
relators, with definitions made as necessary to close all scans. If both CT and
RT are non-zero, then RT definitions and deductions are stacked, and tested
at the start of the next CT-phase (so ‘lookahead’ is performed after each RT
phase).

The Mend parameter controls a technique due to Mendelsohn [13], wherein
RT-style scanning is performed using all cyclic shifts of the relators; it can be
set on or off. It is occasionally very beneficial in reducing maximum and total
cosets, including enumerations for one of our examples.

As discussed in [6], some number of the relators can be treated as subgroup
generators, and scanned and closed at coset 1 (i.e., the subgroup) at the start
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of the enumeration. This is controlled by the No parameter; we will always use
all or none of the relators, so we will say that No is on or off.

Also discussed in [6] is the idea of preferentially filling any gaps of length
one noted when scanning relators, subject to a ‘fill-factor’ to ensure that some
constant proportion of the coset table is always kept completed. Our pro-
gramme implements this idea and allows gaps to be queued for later use (as
in [6]), filled immediately, or filled immediately and the consequent deduction
made immediately. We will say that Fi is on or off and, if on, explicitly state
which fill mechanism we used. Unless stated otherwise, the default fill-factor
will be used.

2. Can we do it?

Consider the group W = (x,y | z3y*2®y” = 22y%27y® = 1). In 1996, D.L.
Johnson [3] reported the failure of coset enumeration to answer a question
of Malcolm Wicks in 1987; namely, is W the cyclic group of order 11, C11?
More recently, Havas, Holt, Kenne and Rees [7] have shown that W = Cy,
by combining the Knuth-Bendix process (originally described in [9]) with the
Todd-Coxeter process. They also note that the single coset of (y) (which
generates W) and the eleven cosets of (x) (which is trivial) can be enumerated
in, respectively, 22 million and 14 million cosets using coset enumeration alone.

These results leave unanswered the question of whether or not we can
enumerate the cosets of (1) in W directly. The number of cosets required for
an enumeration tends to grow as the size of the subgroup shrinks. (Note that
the result quoted above, where enumeration over {x) takes fewer cosets than
over (y), is not typical.) Experience suggests that parameter combinations
which work well for one subgroup often work well for other subgroups of the
same group. This suggests that we should consider selecting parameters for
W/(1) on the basis of those that work well for W/(x) or W/(y). (For brevity
here we denote the enumeration of the cosets of the group G over the subgroup
H by G/H.)

To test this idea, we performed each of the enumerations W/(z) and W/ (y)
121 times, varying the CT and RT parameters exponentially from 2°, 2! to
210 This gives good coverage of the parameter space in a reasonably small
number of examples, although, of course, we have no easy way of knowing
whether or not we have missed any ‘interesting’ combinations. Both Mend
and No were set on, Fi was set off, and the enumerator given enough memory
for 50 million cosets (i.e., 800MB of memory). The total numbers of cosets
defined (in thousands, to the nearest thousand) are given in Tables 1 and 2 (for
brevity, omitting RT values 512 and 1024, which are not significantly different
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to numbers obtained for RT = 256); “o/f” means that the enumeration attempt
overflowed the available space.

Table 1: Total cosets counts (thousands) for W/(x)

RT
CT 1 2 4 8 16 32 64 128 256
1 | 14262 14225 14227 14229 14232 14234 14241 14246 14251
2 | 14671 14271 14237 14229 14232 14234 14241 14246 14250
4 | 15611 14681 14308 14240 14232 14234 14241 14246 14251
8 | 14318 15622 14713 14312 14233 14235 14241 14247 14251
16 | 11458 14441 15706 14703 14244 14235 14242 14247 14251
32 8072 10059 14379 15677 14681 14424 14416 14427 14432
64 | 11402 6864 7895 11945 15553 14939 14681 14682 14688
128 | 24958 13012 6925 7877 11992 16070 15435 15180 15171
256 | 35621 24934 12928 8879 8632 12519 17295 16631 16343
512 o/f 34681 35009 18365 12691 10645 15464 19101 19122
1024 o/f o/f 40411 47665 30264 20811 18162 16159 15137

Table 2: Total cosets counts (thousands) for W/(y)

RT
CT 1 2 4 8 16 32 64 128 256
1 | 30172 30093 30071 30063 30068 30072 30085 30098 30108
2 | 28214 30191 30099 30076 30068 30072 30085 30098 30108
4 | 26263 28222 30204 30105 30068 30072 30084 30097 30107
8 | 29179 26319 28234 30212 30068 30072 30084 30098 30107
16 | 30984 29330 26290 28372 30165 30074 30083 30097 30106
32 | 31022 31087 29207 26212 28310 30094 30084 30097 30107
64 | 29382 31176 34018 28926 26511 28271 30260 30260 30282
128 | 40451 29472 27616 35021 29543 26131 28075 30593 30581
256 o/f 36678 26261 22981 26492 28962 26836 27136 31218
512 o/f o/f 31861 25873 21282 16871 14864 16216 27471
1024 o/f o/f o/f 37749 27671 24853 23903 21016 20072

These results highlight two parameter combinations for further investi-
gation; namely, the CT:64; RT:2 enumeration for W/(x), and the CT:512;
RT:64 enumeration for W/(y).

For the enumeration W/ (1), we started by varying CT from 25 to 300 in steps
of 25 and RT from 2 to 16 in steps of 2. The other parameters were as above,
and the enumerator was given enough memory for 300 million cosets (i.e.,
4800MB of memory). All 96 of these enumerations completed successfully;
the results are plotted in Figure 1. More detailed investigations, varying CT
and RT in steps of 1, revealed that the CT:185; RT:4 enumeration is a local
minimum, requiring 139 330097 cosets. A similar search of the area around
CT:512; RT:64 revealed another local minimum at CT:761; RT:59, requiring
99222961 cosets.
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Figure 1: Total cosets counts for W/(1)
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So, in this case at least, we see that we can use an ‘easy’ enumeration to
guide us as to how best to do a more difficult one. Although our tests were
done on a machine with adequate memory, note that, if we had been working
on a machine which allowed the definition of only, say, 150 million cosets, the
technique discussed would have been crucial to success.

Despite what Figure 1 might suggest, in general the number of cosets re-
quired is not a ‘smooth’ function of the parameters. Figure 2 of the next section
witnesses this on a much smaller scale. Additionally, despite being guided to
good enumerations of W/(1) by examining those for W/(x) and W/(y), the
ratios of the number of cosets required for these three enumerations, for the
same parameters, is very variable.

Table 3: Variations between the three enumerations

W/ (y) W/(z) w/(1)
CT RT Total Normalised Total Normalised Total
2 128 30098364 0.142 14246404 0.067 212011726
185 4 28331117 0.203 9096142 0.065 139330097
760 59 19357727 0.112 19305998 0.112 172843398

761 59 19379546 0.195 19283983 0.194 99222961
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These points are illustrated in Table 3, where we list the total cosets re-
quired (both actual and normalised to the count for /(1)) for the minimum
parameters noted. We also include data for a parameter combination adja-
cent to one of the minima, and for a point in the ‘flat’ region where CT is low
and RT high. Finally, it is important to note that, despite our success, we do
not know whether or not we have, in fact, found the best possible parameter
combination.

3. How well can we do it?

Consider the group (8,7 | 2,3) = (a,b | a® = b" = (ab)? = (a7 1b)® = 1).
This has order 10752, so the octahedral subgroup (a?,a~'b) has index 448
in it. Leech [11] notes that this enumeration is “far from straightforward”,
seemingly due to the difficulty of establishing that the given relations imply
(a?b*)% = 1. This enumeration is one of those discussed by Cannon, Dimino,
Havas and Watson [1] and by Havas [6]; the best enumeration listed there
required the definition of 840 cosets.

Figure 2: Minimum and maximum total cosets for (8,7 | 2,3)/(a? a~1b)
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The effect of permuting the order of the relators and of rotating the relators
was discussed in [1], where it was shown that this can yield large variations
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in the number of cosets required in an enumeration. Our enumerator has the
ability to generate and use all possible relator orderings, relator rotations, and
relator inversions. For (8,7 | 2,3), this amounts to a total of (4!)(1.1.2.2)(2%) =
1536 possibilities. For each combination of CT and RT from 1 to 25 in steps of
1, we tested all of these possibilities and recorded the maximum and minimum
values of the total number of cosets defined. Mend was set off, and No and Fi
were set on, with fill definitions and their consequent deductions being made
immediately. The results, for CT and RT up to 20, are plotted in Figure 2.

The parameters CT:15; RT:3 yield the smallest minimum number of cosets,
namely 662. This is an appreciable reduction on the 840 previously achieved,
almost halving the number of redundant cosets. Interestingly, parameter com-
binations which yield short enumerations also seem to yield long enumerations
as the presentation is varied. This suggests that, in the general case, an unfor-
tunate choice of presentation can lead one badly astray when searching for the
best enumeration. Note that CT low with RT high strategies, where most of the
definitions are made in closing the relators, are conservative, in that, although
they do not yield short enumerations, they do not yield overlong ones either.
The minimum range noted for one parameter combination for the number of
cosets was 1220-1313 for CT:1; RT:19, and the maximum was 796-1879 for
CT:19; RT:23.

Figure 3: Distribution of total cosets for (8,7 | 2,3)/(a?, a=1b)
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For the CT:15; RT:3 parameters (which give the smallest minimum), the
presentation as given needs 1004 cosets, while if the relators are sorted in
length-increasing order only 965 cosets are needed. For these parameters the
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number of cosets needed for all 1536 equivalent presentations was also recorded,
and the resulting distribution is shown in Figure 3. This distribution is highly
skewed, with 67.3% of the runs taking 1000 or less cosets and 91.7% taking
1100 or less. Thus, randomly changing the initially given presentation into
one of its equivalents has a better than 2 in 3 chance of yielding a superior
enumeration.

4. Can we prove it?

Consider the Fibonacci group F(2,7) =
(a,b,e,dye, f,glab=c, bce=d, cd=e, de=f, ef =g, fg=a, ga=0).

The first formal proof that F(2,7) = Cyg, the cyclic group of order 29, was
given by Havas [5], and was derived from the workings of an index 1 enumer-
ation over one of the generators. This enumeration used a total of 327 cosets,
and the proof extended over several pages. It is reasonable to expect that the
better the coset enumeration, the better any extracted proof. This focuses at-
tention on trying to do even relatively easy enumerations, such as this, as well
as possible. Leech [12] reports on a hand enumeration which took 129 cosets,
and was then pruned to 55 cosets. (This was reduced to 53 by Edeson [2]. In-
teresting new work on pruning by Felsch, Hippe and Neubiiser [4] includes the
result that this enumeration can be done in 50 cosets.) Leech’s enumeration
yields a shorter (but no less impenetrable) proof, and Leech remarks that ‘the
initial hand number of 129 will serve as a target for “intelligent” computer
algorithms’ The enumerator discussed by Havas [6] achieved a total of 169.

For F(2,7), direct RT-style definitions do not seem beneficial, so our tests
were done with the parameters CT:1000; RT:0. We also set Mend off and No
on. Since all the relators of F(2,7) have length three, gaps of length one will
be common, so we set Fi on. However, the effects of Fi are very variable for
F(2,7), so we do not use the default value of the fill-factor. Instead, we regard
the fill-factor as a useful means of exploring the space of possible enumerations;
values in the range 10-30 were used.

Another useful source of variation, particularly effective with CT-style def-
initions, is the order of the columns (i.e., the generators) in the coset table.
For our programme, this depends upon the order in which the generators are
listed to the enumerator, and we have 7! possibilities for F'(2,7). Due to the
symmetry of the presentation for F'(2,7), we can perform the enumeration
over any generator; so there are 7 possibilities here.

Combining all these different possibilities with the 712737 different equiva-
lent presentations (which can be obtained by permuting the order of relators,
formally inverting relators and rotating relators) gives a very large number
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of enumerations; far too many to exhaustively test. To sample these, we se-
lect possible enumerations at random, and use the selected presentation as
a starting point in a test of equivalent presentations. We allow each test to
run for up to a few days before terminating it and starting another run. To
maximise throughput, we give the enumerator only enough memory for, say,
150 cosets. Most enumerations quickly overflow and abort, allowing another
to be started; this technique allowed approximately 1000 enumerations to be
tested per second.

Over the course of 21 runs, a total of 3710 x 10 enumerations were per-
formed. Of these, 5245 beat Leech’s target, with 152 taking less than 120
cosets. Our best result, of 112 cosets, betters the target comfortably.

Of course, these enumerations can be manually pruned. In fact, we can im-
prove the computer results slightly by specifying what the first few definitions
are to be. (This is readily done by adding words which are formally trivial to
the subgroup generators.) This ‘encourages’ the enumerator to process par-
ticular words; suitable words are chosen by examining the output of previous
tests, and seeing which coincidence precipitated the final collapse. Using this
technique, our best ‘computer’ result is 109 cosets.

5. Conclusions

The examples we have discussed indicate that, while we can only explore a
very small proportion of the space of possible enumeration sequences, this
exploration is worthwhile. It can enable us to complete an enumeration where
we would otherwise fail, and it can yield dramatically shorter enumerations,
perhaps leading to more insightful formal proofs. It is difficult to give general
guidelines on how best to handle a particular enumeration, since cases seem
to be highly individualistic. However, the techniques described here should
certainly be considered when confronted with any new, difficult problem.
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