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Abstract. Let G(V,E) be a weighted, undirected, connected simple
graph with n vertices and m edges. The k most vital edge problem with
respect to minimum spanning trees is to find a set S∗ of k edges from
E such that the removal of all edges in S∗ results in the greatest in-
crease in the weight of the minimum spanning tree in the remaining
graph G(V,E−S∗). In this paper we present a better algorithm to solve
this problem for k = 2 and 3. The proposed algorithms run in times
O(n2α(3n, n)) for k = 2 and O(n3α(4n, n)) for k = 3, which improve
previously known results by O(n/α(3n, n)) and O(n/α(4n, n)) factors,
respectively, where α is a functional inverse of Ackermann’s function.
The algorithms can also be implemented on a CREW PRAM in which
case they need O(log n log log n) time using O(m+n2/ log n) processors,
and O(log n log logn) time using O(n3/ log n) processors, respectively.
Keywords: Combinatorial algorithms, minimum spanning trees, most

vital edges, network optimization, parallel algorithms.

1 Introduction

Let G(V,E) be an undirected, weighted, connected simple graph with vertex
set V and edge set E. Associated with each edge e ∈ E, there is a real valued
weight w(e). A minimum spanning tree (MST) of G is a spanning tree with
minimum total weight. For convenience, denote by MST(G) the MST of G, and
by w(MST(G)) the total weight of MST(G) (or w(MST) for short). The problem
of finding an MST in G has been well studied in the past two decades [2, 10]. The
best sequential algorithm for the MST problem needs O(m log β(m,n)) time [10],

where m = |E|, n = |V |, and β(m,n) = min{i : log(i) n ≤ m/n} (where log(i) is

the iterated logarithm so that log(i+1) = log log(i) for i > 0.) In particular, when

m ≥ n log(i0) n for some constant i0, β(m,n) is a constant. The best parallel
algorithms for the MST problem require O(log n log log n) time using O(m+ n)
processors on an EREW PRAM [4] for sparse graphs, and O(log2 n) time using
O(n2/ log2 n) processors on a CREW PRAM [3] for dense graphs, respectively.
It is worthwhile to mention that there are some fast randomized sequential and
parallel algorithms for the MST problem [5, 14, 6]. However the deterministic
simulation of these randomized algorithms may take more time than that of the



best known deterministic sequential and parallel algorithms. Therefore, in this
paper we focus only on the deterministic algorithms.

One closely related problem is the k most vital edge problem with respect to
an MST of G (the k most vital edge problem for short) which is to find an edge
subset S∗ ⊆ E, |S∗| = k, such that w(MST(G(V,E − S∗))) is maximized. This
problem has many practical applications including robust network design and
distributed computing [9, 11, 12, 13, 16]. Obviously, k ≤ λ ≤ dm/ne, where λ
is the edge connectivity of G. Otherwise, after deleting all edges in a minimum
cut of G with any other k − λ edges, the remaining graph is disconnected, and
there is no MST existing in this remaining graph. Therefore, usually we assume
that G is (k + 1)-edge connected at least if we are concerned with the k most
vital edge problem.

When k = 1, the problem becomes finding the single most vital edge which
has been extensively studied in the literature [11, 12, 13, 15, 19]. Hsu et al. [11]
first considered this problem, and gave O(n2) time and O(m logm) time sequen-
tial algorithms for dense and sparse graphs respectively. Iwano and Katoh [13]
improved Hsu et al.’s results by giving an O(tMST+min{mα(m,n),m+n log n})
time algorithm where tMST is the time used to find an MST of G, and α is the
inverse Ackermann’s function. Hsu et al. [12] later proposed two parallel algo-
rithms for this problem on an EREW PRAM. One of their parallel algorithms
requires O(n1+x) time and O(n1−x) processors with 0 < x < 1. The other
one requires O(m log(m/N)/N +nα(m,n) log(m/n)) time and O(N) processors
where N ≤ (m logm)/(nα(m,n) log(m/n)). Shen [19] presented another paral-
lel algorithm for this problem. His algorithm requires either O(log n) time and
O(m log log log n/ log n + n) processors on a priority CRCW PRAM in which
only the processor holding the minimum value is successful when a write conflict
happens, or O(log n log log n) time and O(m+n2/(log n log log n)) processors on
a CREW PRAM. Recently Liang and Shen [15] presented better NC algorithms
for this problem in different PRAM models. In detail, their algorithm on the
EREW PRAM requires O(log n log log n) time and O(m + n2/(log n log log n))
processors; their algorithm on the CREW PRAM has the same time complex-
ity as Shen’s algorithm [19], but uses O(m) processors rather than O(m +
n2/(log n log log n)) processors used by Shen’s algorithm.

For general k, not much work has been done yet. Lin and Chen [16] have
shown that a generalized version of the k most vital edge problem is NP-
complete, where each edge in E is assigned a removal cost and the total removal
cost B is bounded. But their proof does not imply the NP-completeness of this
problem. Frederickson and Solis-Oba [9] recently proved that the k most vital
edge problem is NP-complete, and presented an approximation algorithm for it.
Their approximation algorithm requires O(min{km log n+k2n log n, km log2 n})
time, and the solution delivered by their algorithm is Ω(1/ log k) times optimal.
Shen [20] explored this problem by giving an exact algorithm and a randomized,
approximation algorithm. His exact algorithm needs O(nkm log β(m,n)) time
when k is fixed. Recently, Liang and Shen [15] further improved Shen’s algo-
rithm by presenting an O(nk+1) time algorithm for fixed k. The key ingredient



they used is called sparse, weighted k-edge certificates. Moreover, they also pre-
sented a parallel version of their algorithm. Note that, if k is fixed, there always
exists a polynomial algorithm for the k most vital edge problem which generates
exact solutions.
Obviously, it is not difficult to see that the two (three) most vital edge prob-

lem here is a special case when k = 2 (k = 3). By Liang et al.’s algorithm,
it is easy to see that this problem can be solved in O(n3) (O(n4)) time. In
this paper, we first present better algorithms for these special cases. The pro-
posed algorithms run in times O(n2α(3n, n)) for k = 2 and O(n3α(4n, n)) for
k = 3, respectively, which improve the results in [15] by O(n/α(3n, n)) and
O(n/α(4n, n)) factors respectively. These improvements are obtained by utilizing
a part of the algorithm for the sensitivity analysis of minimum spanning trees by
Dixon et al. [7]. We then show that the proposed algorithms can be parallelized
easily. The corresponding parallel algorithms require O(log n log log n) time us-
ing O(m + n2/ log n) processors and O(log n log log n) time using O(n3/ log n)
processors on a CREW PRAM with k = 2, 3.
Without loss of generality, in this paper we assume that the weight associated

with each edge of G is distinct and hence the MST or the minimum spanning
forest (MSF for short) of graph G(V,E − S) is unique for every S ⊆ E.
The rest of this paper is organized as follows. In Section 2 we introduce the

notion of sparse, weighted k-edge certificates. In Section 3 we present sequential
and parallel algorithms for the two most vital edge problem. In Section 4 we
present sequential and parallel algorithms for the three most vital edge problem.
A conclusion is given in Section 5.

2 Preliminaries

Consider an unweighted, undirected graph G. Let T ′
1 be a maximal spanning

forest of G, and T ′
i be a maximal spanning forest of graph Gi = G − ∪i−1

j=1T
′
j

for i > 1. Denote by U ′
i = ∪

i
j=1T

′
j , the union of the maximal spanning forests

T ′
1, T

′
2, . . . , T

′
i . Then the graph U

′

k is called the sparse k-edge certificate of G [17,
18], and U ′

k has the following property.

Lemma1. [17, 18] The graph U ′

k defined above is l-edge connected if and only
if G is l-edge connected at least, for any integer l with 0 ≤ l ≤ k.

Notice that Lemma 1 always holds no matter whether G is a simple graph
or not. We now define the sparse, weighted k-edge certificate of G as follows.

Definition 2. [15] Let G be a weighted, undirected graph, T1 be an MST/MSF
of G, and Ti be an MST/MSF of Gi = G − ∪i−1

j=1Tj for i > 1. Denote by

Ui = ∪i
j=1Tj , the union of the MSTs/MSFs T1, T2, . . . , Ti. The graph Uk is

called the sparse, weighted k-edge certificate of G.

Lemma3. [15] The graph Uk+1 defined above is (k + 1)-edge connected if and
only if G is at least (k + 1)-edge connected.



The proof of Lemma 3 is easy and omitted. Actually it is a corollary of
Lemma 1. The key point of Liang and Shen’s algorithm is the following lemma.

Lemma4. [15] If e ∈ E − S is not an edge in Uk+1, then e does not belong to
the MST of the graph G(V,E − S) for any S ⊆ E, where |S| ≤ k.

Lemma 4 says that the k most vital edge problem on G is exactly equivalent
to the k most vital edge problem on the sparse, weighted (k+1)-edge certificate
Uk+1 of G. As a result, instead of using G, we shall use Uk+1 to find the k most
vital edges of G. Before we proceed, we introduce the following popular lemma.

Lemma5. Let G(V,E) be an undirected, weighted simple graph, V1 and V2 be
an arbitrary partition of the vertex set V , V1 ∪ V2 = V and Vi 6= ∅, i = 1, 2.
Further let Q = (V1 × V2) ∩ E. Then the minimum weighted edge in Q must be
in the MST/MSF of G.

Proof. The proof is straightforward, omitted. 2

Now let T be the MST of G, and e = (u, v) be a tree edge in T , the ith
minimum weighted replacement edge ri(e) of e is defined as follows. Delete e
from T . As a result, the vertex set V is divided into two subsets W and V −W
which are the vertex sets of the subtrees including u and v respectively. Let
Q = (W × (V −W ))∩E − {e}, then ri(e) is the ith minimum weighted edge in
Q. Obviously w(ri(e)) < w(rj(e)) if 1 ≤ i < j ≤ |Q|.

Lemma6. Let E(T ) = {e1, e2, . . . , en−1} be the edge set of T , and rj(ei), ei ∈
E(T ), be defined as above, then rj(ei) ∈ Uk+1 for all i and j, 1 ≤ i ≤ n− 1 and
1 ≤ j ≤ k.

Proof. For any edge e ∈ E(T ) and e = (u, v), if we can show that rl(e) ∈ Ul+1

for all l, 1 ≤ l ≤ k, the lemma follows. We now prove that rl(e) ∈ Ul+1. Assume
that rj(e) is the first edge which is not in Uj+1, i.e., r1(e) ∈ U2, r2(e) ∈ U3,
. . . , rj−1(e) ∈ Uj but rj(e) 6∈ Uj+1. Now we consider the graph G′ = G − Uj .
Obviously the edge ri(e) has been deleted fromG′ for all i, assume that r0(e) = e,
0 ≤ i ≤ j−1. Let Tj+1 be the MST/MSF of G

′ by Definition 2. Let Tv and Tu be
subtrees containing v and u respectively after the deletion of e from T1 (i.e, T ).
Let V1 and V2 be the vertex set of Tv and Tu. It is easy to see that Vi 6= ∅, i = 1, 2
and V1∪V2 = V . Let Q be an edge set in G′ in which the endpoints of the edges
are in V1 and V2 respectively. Then rj(e) is the minimum weighted edge in Q
because the edges e, r1(e), r2(e), . . . , rj−1(e) have been deleted, and rj(e) 6∈ Uj .
By Lemma 5, rj(e) must be in Tj+1. Therefore, it must be in Uj+1 = Uj ∪ Tj+1.
2

In the following we show how to find these rj(ei)s for all i and j, 1 ≤ i ≤ n−1
and 1 ≤ j ≤ k.

Lemma7. Let T be the MST of G, and E(T ) = {e1, e2, . . . , en−1} be the edge
set of T . The calculation of rj(ei) for all i and j can be done in O(n2) time,
where 1 ≤ i ≤ n− 1, 1 ≤ j ≤ k with fixed k.



Proof. By Lemma 6, we can use Uk+1 instead of G to compute all rj(ei), 1 ≤ i ≤
n−1, 1 ≤ j ≤ k with fixed k. It remains to present the detailed implementation.
For an edge e = (u, v) ∈ E(T ), the computation of all rj(e), 1 ≤ j ≤ k can be
done as follows: delete the edge e from T , as discussed above, so that T becomes
two subtrees containing u and v respectively. Label the vertices in each such
subtree by a unique identification. This costs O(n) time. Let W and V −W be
the vertex sets containing u and v respectively. Then we chose the jth minimum
weighted edge from Q′ = (W × (V −W )) ∩ Uk+1 − {e} which is exactly rj(e)
by Lemma 6. This can be done in time O(n) because |Q′| ≤ |Uk+1| < (k + 1)n
with fixed k. Therefore it costs O(k(k + 1)n) = O(n) time to compute all rj(e),
1 ≤ j ≤ k. The computation of all rj(ei), 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ k can be
done in time O(n2). 2

3 Algorithms for Finding the Two Most Vital Edges

In [15], Liang and Shen have proved the following lemma.

Lemma8. [15] Let T be the MST of G, and E(T ) = {e1, e2, . . . , en−1} be the
edge set of T . Assume that S∗ is the set of k edges whose deletion results in the
maximum increase in the weight of the MST of G(V,E−S∗). Then E(T )∩S∗ 6=
∅.

Incorporating Lemma 4 with Lemma 8, Liang and Shen [15] suggested an
O(nk+1) time algorithm for the k most vital edge problem with fixed k. When
k = 2, their algorithm obviously needs O(n3) time. In the following we present
a better algorithm for this special case.
Since |S∗| = 2, by Lemma 8, then, either (i) |S∗ ∩ E(T )| = 1; or (ii) |S∗ ∩

E(T )| = 2. We now analyze these two cases separately. Assume that all rj(ei)
have been calculated for all i and j with 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ 2.
When |S∗ ∩E(T )| = 1, this means that only one of tree edges of the original

MST is one of the two most vital edges. Let e∗ ∈ E(T ) be such a tree edge, then
we have

Lemma9. Let S∗ and T defined as above. If |S∗∩E(T )| = 1, i.e, e∗ ∈ S∗∩E(T ),
then another most vital edge in S∗ must be r1(e

∗).

Proof. Assume that r1(e
∗) 6∈ S∗, then the MST of G(V,E−S∗) is T ′′(V,E(T )−

{e∗} ∪ {r1(e
∗)}), and the weight of T ′′ is w(MST) − w(e∗) + w(r1(e

∗)) by the
definition of minimum spanning trees. Now consider a subgraph G′ of G after
deleting both e∗ and r1(e

∗) from G, then the weight of MST of G′ is w(MST)−
w(e∗)−w(r1(e

∗))+w(r2(e
∗)) > w(MST)−w(e∗)+w(r1(e

∗)) because w(r2(e
∗)) >

w(r1(e
∗)) by the definition in Section 2, which contradicts the assumption that

r1(e
∗) does not belong to S∗. 2

Now we discuss the case of |S∗ ∩ E(T )| = 2, which means both of the two
most vital edges are tree edges. In order to find these two edges, the approach



adopted is as follows: first, delete arbitrary two edges, ei and ej , from T , i 6= j,
then recompute the MST of the remaining graph G(V,E−{ei, ej}) (actually we
use U3 − {ei, ej} instead of G(V,E − {ei, ej}) by Lemma 4). Let Wei,ej

be the
weight of the MST after the deletion of edges ei and ej from G. As a result,
we chose one combination from all possible combinations of two edges among
n − 1 tree edges such that the remaining MST has the maximum weight. This
combination comprises the two most vital edges. Here the key is how to calculate
the MST quickly in the remaining graph after deleting two tree edges from G.
By utilizing the original, partial MST tree information, Liang and Shen [15]
are able to reduce the computing the MST problem to a selection problem.
Therefore, their algorithm needs O(n3) time when k = 2 because the number of
combinations is O(n2), and selecting an element from an unsorted set of O(n)
elements costs O(n) time at each time.
In this section we present a better algorithm for this problem by utilizing a

partial result of the algorithm for the sensitivity analysis of minimum spanning
trees due to Dixon et al. [7].

Lemma10. Let T ′ be the MST of a weighted undirected graph G′(V,E′) and
E(T ′) be the edge set of T ′, then all r1(ei), ei ∈ E(T ′), can be found in time
O(α(m′, n)(m′+n)) at most, or in time O(α(m′, n) log n) using O((m′+n)/ log n)
processors on a CREW PRAM, where 1 ≤ i ≤ n− 1, |V | = n and |E ′| = m′.

Proof. In the algorithm for sensitivity analysis of minimum spanning trees due
to Dixon et al. [7], one important part is computing r1(ei) (which was defined
as b(ui, vi) in that paper) for all ei = (ui, vi) ∈ E(T ′). The time upper bound
of the algorithm is O((m′ + n)α(m′, n)). Therefore, the time used for comput-
ing all r1(ei) is O((m

′ + n)α(m′, n)) at most, 1 ≤ i ≤ n − 1. Later Dixon and
Tarjan [8] gave a parallel version of the sensitivity analysis algorithm. Their par-
allel algorithm requires O(α(m′, n) log n) time and O((m′+n)/ log n) processors
on a CREW PRAM. Thus, the computation of all r1(ei) can be done in the
same amount time and using the same number of processors on this model,
1 ≤ i ≤ n− 1. 2

Combining the discussion above and Lemmas 6, 7, 8, 9 and 10, we have the
detailed algorithm in Figure 1 for the two most vital edge problem. Let the
variable Wmax contain the weight of the final minimum spanning tree in the
remaining graph, and e∗1 and e

∗
2 be the two most vital edges.

The correctness of the proposed algorithm is justified by the lemmas and the
discussion above. Now we analyze the time complexity of this algorithm.

Theorem11. Given a weighted undirected graph G(V,E), the two most vital
edge problem with respect to minimum spanning trees can be solved in time
O(n2α(3n, n)).

Proof. By the algorithm above, Step 1 can be done in time O(m log β(m,n)) =
O(n2); Step 2 is an initial assignment which can be done in O(1) time; Step 3
can be done in time O(n2) by Lemma 6. Step 4 needs O(n) time. Step 5 is the



Procedure Find Two Vital Edges(G,V,E)
1. find the MST T and the sparse, weighted 3-edge certificate U3 of G;
2. Wmax := w(MST);
3. for each edge ei ∈ E(T ) do

compute the edge rj(ei), j = 1, 2;
/* this can be done using the subgraph U3 of G. */

endfor;
/* Step 4 corresponds to Case (i) */

4. for each edge ei ∈ E(T ) do

if w(MST)− w(ei)− w(r1(ei)) + w(r2(ei)) > Wmax then

Wmax := w(MST)− w(ei)− w(r1(ei)) + (w(r2(ei));
e∗1 := ei; e

∗
2 := r1(ei);

endif;
endfor;
/* Steps 5 and 6 correspond to Case (ii) */

5. for each edge ei: 1 ≤ i ≤ n− 1 do

5.1 form a tree Tei by copying T ;
5.2 update the tree Tei by replacing ei by r1(ei);
5.3 WMST(ei) := w(MST)− w(ei) + w(r1(ei));

/* WMST(ei) is used to store the weight of Tei */
5.4 for each edge ej : 1 ≤ j ≤ n− 1 and j 6= i do

find the first minimum weighted replacement edge e′j
for ej from Tei by Dixon et al’s algorithm [7];

endfor;
5.5 for each edge ej : 1 ≤ j ≤ n− 1 and j 6= i do

if WMST(ei)− w(ej) + w(e
′
j) > WMST(ei) then

WMST(ei) :=WMST(ei)− w(ej) + w(e
′
j);

edge(ei) := ej ;
/* edge(ei) is possibly another vital edge */

endif;
endfor;

endfor;
6. for each edge ei : 1 ≤ i ≤ n− 1 do

if WMST(ei) > Wmax then

Wmax :=WMST(ei);
e∗1 := ei; e

∗
2 := edge(ei);

endif;
endfor

End.

Fig. 1. Pseudocode for the two most vital edge problem



dominant step which is analyzed as follows. Step 5.1 requires O(n) time; Step 5.2
costs O(n) time by replacing ei with r(ei); Step 5.3 needs constant time; Step 5.4
requires O(nα(3n, n)) time by Lemmas 4, 6 and 10; Step 5.5 costs O(n) time.
Therefore Step 5 can be finished in time O(n2α(3n, n)). Obviously Step 6 needs
O(n) time at most. The algorithm thus requires O(n2α(3n, n)) time. 2

Theorem12. Given a weighted undirected graph G(V,E), the two most vital
edge problem with respect to minimum spanning trees can be solved in time
O(log n log log n) using O(m+ n2/ log n) processors on a CREW PRAM.

Proof. The proposed algorithm can be parallelized easily. In the following we
analyze the computational complexities of this parallelization. Step 1 requires
O(log n log log n) time and O(m+n) processors on an EREW PRAM [4]. Step 2
costs O(1) time. Step 3 needs O(log n) time O(n2/ log n) processors. Its imple-
mentation details are as follows. For every edge e ∈ E(T ), make a copy of T . Let
this copy be Te rooted at r, delete e from Te, using the algorithm in [1] to label
each subtree. This can be done in O(log n) time using O(n/ log n) processors on
an EREW PRAM. Label the endpoints of each edge in U3 by its subtree iden-
tification which requires O(1) time and O(|U3|) = O(n) processors on a CREW
PRAM. Find the minimum weighted edge and the second minimum weighted
edge from the set consisting of edges in U3 whose endpoints are labeled by dif-
ferent subtree identification. It is obvious that this step can be done in O(log n)
time using O(n/ log n) processors on an EREW PRAM. So, finding all rj(e) re-
quires O(log n) time using O(n2/ log n) processors on a CREW PRAM for all
e ∈ E(T ) and j = 1, 2. Step 4 needs O(1) time and O(n) processors at most.
The analysis of Step 5 is as follows. Step 5.1 requires O(1) time and O(n) proces-
sors; Step 5.2 requires O(log n) time using O(n) processors on an EREW PRAM;
Step 5.3 needs O(1) time and O(1) processors; Step 5.4 requires O(α(3n, n) log n)
time and O(n/ log n) processors on a CREW PRAM by Lemma 10; Step 5.5
and Step 6 needs O(1) time and O(n) processors. Therefore, the proposed algo-
rithm requires O(α(3n, n) log n + log n log log n) = O(log n log log n) time using
O(m + n2/ log n) processors on a CREW PRAM because log log n > α(3n, n)
when n is enough large. 2

4 Algorithms for Finding the Three Most Vital Edges

The idea behind the proposed algorithm for finding the three most vital edges is
basically the same as that for finding the two most vital edges. In the following
we present this algorithm in detail.
Recall that T is the MST of G, and E(T ) = {e1, e2, . . . , en−1} is the edge set

of T . Let S∗ be the set of the three most vital edges. Then, by Lemma 8 we know
one of the following cases must be held. (i) |S∗∩E(T )| = 1; (ii) |S∗∩E(T )| = 2;
(iii) |S∗ ∩E(T )| = 3. We now analyze these three cases separately. Assume that
rj(ei) has been calculated for all i and j with 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ 3.
When |S∗∩E(T )| = 1, this means that only one tree edge is one of the three

most vital edges. Let e∗ ∈ E(T ) be such a tree edge, then we have



Lemma13. Let S∗ be the set of the three most vital edges and T be defined as
above. If |S∗ ∩ E(T )| = 1, i.e, e∗ ∈ S∗ ∩ E(T ), then the other two most vital
edges in S∗ must be r1(e

∗) and r2(e
∗).

Proof. The proof is similar to that used in Lemma 9, omitted. 2

Next we discuss the case of |S∗ ∩ E(T )| = 2, which means two of the three
most vital edges are tree edges.

Lemma14. Let S∗ be the set of the three most vital edges and T be defined
as above. Assume that S∗ ∩ E(T ) = {e∗1, e

∗
2}. Then the third most vital edge

in S∗ is the minimum weighted edge in either Q1, Q2, or Q3, where Q1, Q2,
and Q3 are the edge sets which are defined as follows. After deleting e∗1 and
e∗2 from T , the vertex set V is divided into three subsets V1, V2 and V3 which
correspond to the three subtrees. Then Q1 = (V1 × V2) ∩ E = (V1 × V2) ∩ U4,
Q2 = (V2 × V3)∩E = (V2 × V3)∩U4, and Q3 = (V1 × V3)∩E = (V1 × V3)∩U4.

Proof. Let e
(1)
i be the minimum weighted edge in Qi, i = 1, 2, 3. In the following

we only deal with the case w(e
(1)
3 ) > max{w(e

(1)
1 ), w(e

(1)
2 )}. The other two cases

w(e
(1)
2 ) > max{w(e

(1)
1 ), w(e

(1)
3 )} and w(e

(1)
1 ) > max{w(e

(1)
2 ), w(e

(1)
3 )} can be

handled similarly, omitted. If w(e
(1)
3 ) > max{w(e

(1)
1 ), w(e

(1)
2 )}, then we show

that either e
(1)
1 or e

(1)
2 is one of the most vital edges. Assume neither one is the

third most vital edge, then the weight of the MST of the graph after deleting

all edges in S∗ from G is w(MST)−w(e∗1)−w(e∗2) +w(e
(1)
1 ) +w(e

(1)
2 ). Now we

consider the MST of the graph after deleting e∗1, e
∗
2 and e

(1)
1 from G whose weight

is w(MST )−w(e∗1)−w(e∗2) +w(r1(e
(1)
1 )) +w(e

(1)
2 ) which is larger than that of

the MST of G(V,E − S∗), where r1(e
(1)
1 ) is the minimum weighted replacement

edge of e
(1)
1 in graph G(V,E−{e∗1, e

∗
2}) which contradicts the assumption of that

S∗ is the set of the three most vital edges. Therefore the third most vital edge

must be either e
(1)
1 or e

(1)
2 for this case. Similarly, in the other two cases, we

can show that the third most vital edge is either e
(1)
2 or e

(1)
3 . The lemma thus

follows. 2

Last we consider the case S∗ ∩ E(T ) = {e∗1, e
∗
2, e

∗
3}. In this case the three most

vital edges are tree edges. In the rest we present how to find these three edges.
Assume that e∗1 and e

∗
2 have already been found. The question is to find e

∗
3. Let

Te∗
1
,e∗

2
be the MST of G(V,E − {e∗1, e

∗
2}). Then e∗3 is a tree edge in Te∗

1
,e∗

2
and

e∗3 ∈ E(T ) whose deletion results in the maximum increase of the weight of the
final MST. So, we can apply the algorithm of Dixon [7] to find the 1st minimum
weighted replacement edge for each edge in Te∗

1
,e∗

2
. The algorithm is presented in

Figures 2 and 3. Let the variable Wmax contain the weight of the final minimum
spanning tree in the remaining graph, and e∗1, e

∗
2 and e

∗
3 be the three most vital

edges.
The correctness of the proposed algorithm is justified by the discussion above.

Now we analyze the time complexity of this algorithm.



Procedure Find Three Vital Edges(G,V,E)
1. find the MST T and the sparse, weighted 4-edge certificate U4 of G;
2.Wmax := w(MST);
3. for each edge ei ∈ E(T ) do

compute the edge rj(ei), j = 1, 2, 3;
/* this can be done using the subgraph U4 of G. */

endfor;
/* Step 4 corresponds to Case (i) */

4. for each edge ei ∈ E(T ) do

if w(MST)− w(ei)− w(r1(ei))− w(r2(ei)) + w(r3(ei)) > Wmax then

Wmax := w(MST)− w(ei)− w(r1(ei))− w(r2(ei)) + (w(r3(ei));
e∗1 := ei; e

∗
2 := r1(ei); e

∗
3 := r2(ei);

endif;
endfor;
/* Step 5 corresponds to Case (ii) */
/* Step 5 is shown separately in Figure 3 */
/* Steps 6 and 7 correspond to Case (iii) */

6. for each edge ei ∈ E(T ) do

for each edge ej ∈ E(T ) do

6.1 compute the weight WTei,ej
of Tei,ej if i 6= j;

6.2 find r1(e
′
k) for all e

′
k ∈ E(Tei,ej ), 1 ≤ k ≤ n− 1;

endfor;
endfor;

7. for each edge ei ∈ E(T ) do

for each edge ej ∈ E(T ) do

for each edge e′k ∈ E(Tei,ej ) ∩ E(T ) do

if WTei,ej
− w(e′k) + w(r1(e

′
k)) > Wmax then

Wmax :=WTei,ej
− w(e′k) + w(r1(e

′
k));

e∗1 := ei; e
∗
2 := ej ; e

∗
3 := e′k;

endif;
endfor;

endfor;
endfor

End.

Fig. 2. Steps 1 to 4, 6 and 7 for the three most vital edge problem

Theorem15. Given a weighted undirected graph G(V,E), the three most vi-
tal edge problem with respect to minimum spanning trees can be solved in time
O(n3α(4n, n)).

Proof. By the algorithm above, Step 1 can be done in time O(m log β(m,n)) =
O(n2); Step 2 is an initial assignment which can be done in O(1) time. Step 3
can be done in time O(n2) by Lemma 6. Step 4 needs O(n) time. The analysis
of Step 5 is as follows. Step 5.1 needs O(n) time because |U4| < 4n; Step 5.2
costs O(n) time; Step 5.3 can be done in O(n) time; Step 5.4 and Step 5.5 take



/* Step 5 corresponds to Case (ii) */
5. for each edge ei ∈ E(T ) do

for each edge ej ∈ E(T ) do

if ei 6= ej then

5.1 delete ei and ej from T , find the minimum

weighted edge e
(1)
k from Qk, k = 1, 2, 3;

5.2 re-build the MST Tei,ej for G(V,E − {ei, ej});

5.3 compute r1(e
(1)
k ) for e

(1)
k from graph U4 − {ei, ej}, k = 1, 2, 3;

5.4 if w(e
(1)
3 ) > max{w(e

(1)
1 ), w(e

(1)
2 )} then

/* this means e
(1)
3 is not chosen as a tree edge */

if w(e
(1)
1 ) + w(r1(e

(1)
2 )) > w(r1(e

(1)
1 )) + w(e

(1)
2 ) then

etemp := e
(1)
2 ; Wtemp := w(e

(1)
1 ) + w(r1(e

(1)
2 ))

else etemp := e
(1)
1 ; Wtemp := w(r1(e

(1)
1 )) + w(e

(1)
2 );

endif;
else

if w(e
(1)
2 ) > max{w(e

(1)
1 ), w(e

(1)
3 )} then

/* this means e
(1)
2 is not chosen as a tree edge */

if w(e
(1)
1 ) + w(r1(e

(1)
3 )) > w(r1(e

(1)
1 )) + w(e

(1)
3 ) then

etemp := e
(1)
3 ; Wtemp := w(e

(1)
1 ) + w(r1(e

(1)
3 ))

else etemp := e
(1)
1 ; Wtemp := w(r1(e

(1)
1 )) + w(e

(1)
3 );

endif;
else

/* this means e
(1)
1 is not chosen as a tree edge */

if w(e
(1)
2 ) + w(r1(e

(1)
3 )) > w(r1(e

(1)
2 )) + w(e

(1)
3 ) then

etemp := e
(1)
3 ; Wtemp := w(e

(1)
2 ) + w(r1(e

(1)
3 ))

else etemp := e
(1)
2 ; Wtemp := w(r1(e

(1)
2 )) + w(e

(1)
3 );

endif;
endif;

endif;
5.5 if w(MST)− w(ei)− w(ej)− w(etemp) +Wtemp > Wmax then

Wmax := w(MST)− w(ei)− w(ej)− w(etemp) +Wtemp;
e∗1 = ei; e

∗
2 := ej ; e

∗
3 := etemp;

endif;
endif;

endfor;
endfor;

Fig. 3. Step 5 for the three most vital edge problem



constant time. So, Step 5 takes O(n3) time. Step 6 is the dominant step which
is analyzed as follows. Step 6.1 requires O(n) time; Step 6.2 costs O(nα(4n, n))
time by Lemma 10. Step 6 thus takes O(n3α(4n, n)) time. Step 7 costs O(n3)
time. The algorithm thus requires O(n3α(4n, n)) time. 2

Theorem16. Given a weighted undirected graph G(V,E), the three most vi-
tal edge problem with respect to minimum spanning trees can be solved in time
O(log n log log n) using O(n3/ log n) processors on a CREW PRAM.

Proof. The proposed algorithm can be parallelized easily. In the following we
analyze the computational complexities of this parallelization. Step 1 requires
O(log n log log n) time and O(m+n) processors on an EREW PRAM [4]. Step 2
costs O(1) time. Step 3 needs O(log n) time O(n2/ log n) processors. Its imple-
mentation details are as follows. For every edge e ∈ E(T ), make a copy of T .
Let this copy be Te rooted at r, delete e from Te, using the algorithm in [1] to
label each subtree. This can be done in O(log n) time using O(n/ log n) pro-
cessors on an EREW PRAM. Label the endpoints of each edge in U4 by its
subtree identification which requires O(1) time and O(|U4|) = O(n) proces-
sors on a CREW PRAM. Find the 1st, 2nd and 3rd minimum weighted edges
from the set consisting of edges in U4 whose endpoints are labeled by differ-
ent subtree identification. It is obvious that this step can be done in O(log n)
time using O(n/ log n) processors on an EREW PRAM. So, finding all rj(e)
requires O(log n) time using O(n2/ log n) processors on a CREW PRAM for
all e ∈ E(T ) and j = 1, 2, 3. Step 4 needs O(1) time and O(n) processors at
most. The analysis of Step 5 is as follows. Step 5.1 requires O(log n) time and
O(n/ log n) processors. The implementation details are similar to that used in
Step 3; Step 5.2 requires O(log n) time using O(n/ log n) processors on an EREW
PRAM; Step 5.3 requires O(log n) time using O(n/ log n) processors on a CREW
PRAM; Step 5.4 and Step 5.5 need O(1) time and O(1) processors. Therefore
Step 5 needs O(log n) and O(n3/ log n) processors on a CREW PRAM. Step 6
is a dominant step. Step 6.1 requires O(log n) time and O(n/ log n) processors
on an EREW PRAM; Step 6.2 runs in O(α(4n, n) log n) time using O(n/ log n)
processors on a CREW PRAM by Dixon et al.’s algorithm [8]. Step 6 thus re-
quires O(α(4n, n) log n) time using O(n3/ log n) processors on a CREW PRAM.
Step 7 requires O(1) time and O(n3) processors on a CREW PRAM, or O(log n)
time using O(n3/ log n) processors on the same model by Brent’s Theorem.
Therefore, the proposed algorithm requires O(α(4n, n) log n + log n log log n)
= O(log n log log n) time using O(n3/ log n) processors on a CREW PRAM be-
cause log log n > α(4n, n) when n is enough large. 2

5 Conclusions

In this paper better algorithms for finding the k most vital edges with respect to
minimum spanning trees have been suggested for k = 2 and k = 3. The proposed
algorithms run in times O(n2α(3n, n)) and O(n3α(4n, n)) respectively, which
improve previously known results by O(n/α(3n, n)) and O(n/α(4n, n)) factors,



respectively. We also show that the proposed algorithms can be parallelized
easily. Actually a straightforward generalization of the algorithms in this paper
can be used to solve the k most vital edge problem in time O(nkα((k+ 1)n, n))
for any fixed k.
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