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Chapter 13 

On Sims' Presentation for Lyons' 
Simple Group 

Holger w. Gollan and George Havas 

Abstract 

This paper gives a verification that the corrected Sims presentation is in­
deed a presentation of Lyons simple group. We prove that Lyons original char­
acterization of his new simple group works inside a permutation group of degree 
8835156. 

13.1 Introduction 

In his original paper [7], Lyons describes a new finite simple group Ly with 
the following two properties: Ly has an involution t such that its centralizer 
CenLy(t) is isomorphic to the double cover 2All of the alternating group All, 
and additionally t ~ Z*(Ly). Sims [11] outlined a presentation for Ly, together 
with a proof for existence and uniqueness of such a group, but the details have 
never been published. Nevertheless, others have used this presentation to ver­
ify matrix representations for Ly (see e.g. Meyer, Neutsch and Parker [8], and 
Jansen and Wilson [6]), although the original presentation was not fully cor­
rect [6]. Cooperman, Finkelstein, Tselman and York [1] have used probabilistic 
algorithms and the representation of Ly S GL(111, 5) by Meyer, Neutsch and 
Parker to compute a permutation group G of degree 9606125 that should be 
isomorphic to Lyons simple group Ly. The first author [2] has then used Sims' 
ideas of bases and strong generating sets [10], together with some lengthy cal­
culations and additional arguments, to prove that G is indeed a group in which 
the two hypotheses of Lyons' original paper hold. 

In this paper, we first recall how to use Sims corrected presentation to pro­
duce a permutation group P on 8835 156 points, where the stabilizer of any 
point is isomorphic to G2 (5). In particular, we get !PI = ILyl. To check Lyons' 
original characterization, we have to find the centralizer of an involution in P. 
To do this, we use the concept of standard generators, as introduced by Wilson 
[12], as an intermediate step. A recipe to go from Sims' generators to standard 
generators is given by Jansen and Wilson [6], and we use some results from [2] 
to find generators for the centralizer as words in the standard generators. To do 
this, we do some calculations inside the permutation group G of degree 9606 125, 
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computed by Cooperman, Finkelstein, Tselman and York, using the concept of 
bases and strong generating sets. During the computations we use some results 
from [2] to describe our elements, but the actual proof is independent of [2], and 
can be reproduced with the details given here. 

13.2 The Permutation Group of Degree 8835 156 

We start with the corrected Sims presentation as given in [4]. This is actually 
a presentation on the five generators a, b, c, d, z. The four elements a, b, c, d, 
together with their relations, generate a group isomorphic to G2 (5) [6, 4]. To 
get a permutation representation on the cosets of this group we use the Adaptive 
Coset Enumerator (ACE), developed by the second author. As stated in [4], this 
run needs roughly half a gigabyte of memory with the parameters chosen. For 
more details on this enumeration the reader is referred to [4] and the remarks 
therein. The next lemma states the results of this coset enumeration. 

Lemma 13.1. Sims corrected presentation defines a finite group S with lSI = 

ILYI. The action of S on the cosets of the subgroup G2(5) = (a,b,c,d) gives a 
faithful permutation representation for S of degree 8835156. 

In the following we use the name P for this permutation group, and we want 
to show that P ~ Ly. To do this we want to find an involution t E P such that 
Cenp(t) ~ 2An and t ~ Z*(P). To find generators for the centralizer, we go 
via so-called standard generators. They have been introduced by Wilson [12] to 
give a unified treatment in the computational theory of sporadic simple groups. 
Standard generators are sets of elements that are relatively easy to find, with 
only a small number of defining relations. In the case of Lyons simple group we 
have the following from [12]. 

Proposition 13.1. Standard generators for Lyons simple group Ly are given by 
a pair (gl, g2) of elements of Ly such that 

o(gd 

g2 

0(glg2) 

o( (glg2)3 g2) 

2, 

E 5A, 

14, 

67. 

(Note that there are two conjugacy classes of elements of order 5 in Ly, but we 
have (25A)5 = 5A, and 25A is unique of its order.) 

As mentioned in the introduction, Jansen and Wilson [6] give a way to find 
standard generators when given Sims' generators. For completeness we state 
this in the following proposition. 

Proposition 13.2. With Sims' original generators a, b, c, d, z, and the additional 
element 
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the pair of elements 

k1 (cko)-Sa4( cko)S, 

k2 = (ckock5)-17 c(ckock5?7. 

is a pair of standard generators, if S ~ Ly. 

To get to the centralizer of an involution, we now need a way to find gener­
ators for such a centralizer as words in the standard generators. This is done in 
the next section in the permutation representation of Lyon 9606 125 points. 

13.3 The Permutation Group of Degree 9606 125 

In [2] it is shown that the permutation group G of degree 9606125, as computed 
by Cooperman, Finkelstein, Tselman and York, is isomorphic to Lyons simple 
group. This is done by checking Lyons' characterization from his original paper. 
To do this, two elements C3, C4 are computed that are shown to generate the 
full centralizer of an i~volution in G. Unfortunately, standard generators are 
not introduced in [2], but the first author has made additional calculations in 
an extended version ([3]) to make compatible the different sets of generators 
for Ly that are available in the literature. The first step is to go from the two 
generators of [1], an involution x and an element w of order 67, to standard 
generators. This is done by the following proposition. 

Proposition 13.3. Given the two generators x and w from [lj, the pair of ele­
ments 

S1 x, 

S2 ((xw)5)XW 12 XW 33 

is a pair of standard generators for G = (x, w) ~ Ly. 

The next step in [3] is to find a strong generating set for the group generated 
by Sl and S2. This enables us to use Schreier vectors when searching for words 
for the centralizing elements C3 and C4. From [3] we get the following proposition. 

Proposition 13.4. Define 

S3 = (s2sd 2 S~S1 (S~S1)3 S~S1 (S~S1)3 (S~S1 S~S1)2 s~, 
S4 = S~(S1S~)2S1(S~S1S~)-1. 

Then the set {S1, S2, S3, S4} is a strong generating set for G with stabilizer chain 

This is enough preparation to write the elements C3 and C4 as words in the 
strong generators S1, S2, S3, S4, hence as words in the standard generators S1 
and S2. Having computed the Schreier vectors for the different groups in the 
stabilizer chain above, we get the following result 
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This gives a way to find the centralizer of an involution, actually S1, inside 
Lyons simple group, when given a pair (S1' S2) of standard generators for Ly. The 
next section deals with the question whether this also works in the permutation 
group P arising from Sims' group S as described in Section 13.2. 

13.4 The final Verification 

The standard generators for P, given in Proposition 13.2, together with the 
words given in Proposition 13.4 and Lemma 13.2, now give us two elements 
in P, say d3 and d4 that should generate the centralizer of the involution g1, 

if P ~ Ly. To prove that P ~ Ly, we have to show the following: first we 
have to prove that C = (d3 , d4 ) is the full centralizer of g1 in P; then we 
have to show that C ~ 2All ; and finally we need that g1 ~ Z*(P). We begin 
with the middle part, since this is easy by the calculations done in [2]. There 
is a classical presentation for 2All , already known to Schur [9], given by the 
following theorem. 

Theorem 13.1. The following are defining relations for the double cover 2All 
of the alternating group All as a finitely presented group on the ten generators 
b1,b2,b3,b4,b5,b6,b7,bs,bg,j: 

b~ j, 

b~ = j for a = 2, ... ,9, 

(b1b2 )3 j, 

(b1bA)2 = j for oX = 3, ... ,9, 

(b{3b{3+d 3 = j for {3 = 2, ... ,8, 

bl'b,5 jb,5bl' for 'Y = 2, ... ,7 and 6 = 'Y + 2, ... ,9. 

To find words in our two elements d3 and d4 for the above relations, we once 
again quote [2], where another application of Schreier vectors gives such words 
in the case of the permutation group G of degree 9606125. Using the same 
words inside P, we get the following theorem. 

Theorem 13.2. Define the elements 

Uo = d3 , 

U1 = d4 , 

U2 = u6U1Ug(U1UO)2(uOU1)2U02u1U04(U1U01)4u02, 

U3 = (U~U1)2uo(U~U1)2uOUIU01u1U03u1U02(U1U01}3, 

( ) 2( )2 2 -1 -2 -3 -1 
U4 = U3U2 U2U3 U3U2U3 U2 U3 U2 
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as intermediate results. Then the following elements 

generate a subgroup D of C that is isomorphic to 2All , which is confirmed by 
checking the relations in Theorem 13.1. 

The next step is to prove that C = D ~ 2All and that C is the full cen­
tralizer of g1 in P. To do this, we first note that C :::; Cenp(gd by checking 
the generators d3 and d4 of C. To compute the order of Cenp(gd, we use the 
formula for induced characters from page 64 of Isaacs' book on character theory 
[5]. It is easy to compute that g1 has 2772 fixpoints in our permutation repre­
sentation. Now choose any stabilizer U ~ G2 (5) with g1 E U. Then U has only 
one class of involutions, and the abovementioned formula gives 

where rp is the trivial character of U. Therefore we get the following lemma. 

Lemma 13.3. 

1 Cenp(gd 1 rpP(gd ·1 CenH(gd 1 

2772 x 14400 = 39916800 = 12Alli 

Since 2All ~ D :::; C :::; Cenp(gd, this gives 

Cenp(gd = C ~ 2All 

To end our proof that Lyons' characterization works for P, we have to show 
that g1 ~ Z*(P). But we have g1 E U ~ G2(5), and Z*(G2(5)) = {I}, hence 
g1 ~ Z*(G2(5)). This gives the following lemma immediately. 

Lemma 13.4. 
g1 ~ Z*(P) 

Now we have checked everything from Lyons' characterization, hence con­
clude with the following final result. 

Theorem 13.3. Sims corrected presentation describes Lyons simple group Ly. 
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