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Abstract—This paper presents an analytic expression for the for PAM, ASK, and QAM, in the absence of measurement
probability of correct acquisition for blind reception of PAM,  noise, as a function of the number of received symbols. This
ASK and QAM digital modulation signals. The expressions are qantity is then used as the basis for an approximation to
a function of the number of measured symbols. Applications . _ . . .
include modulation acquisition for eavesdropping, as well as pilot- the blind acquisition _h_'gh SNR_BER_ flc_)or in fast fading
less digital broadcasting over rapidly fading channels. channels. A new acquisition algorithm is discussed, and results

are presented which show good alignment with the analytical
I. INTRODUCTION expression.

Blind signal reception has a wide range of applications,
from modulation acquisition for eavesdropping, to pilot-less Il. MATHEMATICAL BACKGROUND
digital broadcasting over rapidly fading channels. Blind re- We first present some elementary results in number theory.
ception relies solely on the received channel output and somest of the material in this section is distilled from [3].

a priori (often statistical) knowledge of the input signal.

Traditionally, blind algorithms are based on exploiting\: Gaussian Integers
higher order statistics of baud-rate sampled received signalsAs usual,Z is the set of integers, sometimes calkational
and most recent algorithms are based on subspace decpifegers TheGaussian integerare the sef[j] of all complex
positions. See [1] for a summary of the area. Examplegimbers:+bj where both: andb are integers, angl= v/—1.
include methods exploiting only second-order statistics, sub-Like the rational integers, the Gaussian integers can be

channel matching algorithms, and MUSIC algorithms. Otheihiquely factorized into prime factors. Any € Z[j] can
techniques include whitening the covariance matrix for the&pressed as
channel outputs which alleviates the sensitivity to unknown
channel order, and other schemes which rely on the signal
having a constant modulus constellation. These techniquesvéiiere thep; are Gaussian primeslf a Gaussian integer is
rely on the channel remaining constant for the duration @fime then so is its product with a unitl or +j. Primes
transmission, and require a large number of measurementgelated in such a way are calledsociatesPrime factorization

In this paper we target relatively fast fading channels, angl unique up to rearrangement of terms and their substitution
where adequate training is either not possible (eg. as in pacRgtassociates.
data transmission) or is not known (eg. as in eavesdropping
applications, or due to timing issues). The problem is parti?—' Ideals
ularly exacerbated when the fading is too fast to track, evenHere we define ideals only in rational and Gaussian integers.
with existing adaptive algorithms such as Kalman filters (eg. & ideal J is a subset of the (Gaussian or rational) integers
in [2]). The aim here is to estimate the channel using the ledstwith the properties that, when b € 3 andr € R, we have
possible number of received symbols. This paper considers flat b € J andra € J.
fading, however the techniques can be extended to frequencyor rational and Gaussian integers, an ideal can be repre-
selective channels. sented by a single element, generator(i.e., all ideals are so-

The main issue for blind detection is that without channeklledprincipal ideal9. Given a generatay, the ideal is the set
knowledge there are a number of potential detection ambiglkg | k¥ € R}. We use the notatiofy) to represent the ideal
ities. Regardless of the accuracy of any particular estimatiganerated by. Of course for rational integergg) = (—g),
algorithm, in the absence of training data there is always a rotd for Gaussian integer§y) = (jg) = (—jg).
tion ambiguity resulting from the symmetry of the modulation We define thenorm of an ideal as the absolute value of its
format. For example, for QAM it is impossible to distinguistgeneratorsi.e., |(g)| = |g|.
any multiple of a 90 degree rotation, even if one is able to Ideals can be multiplied by multiplying the generators, and
measure all symbols in the received constellation. We ctltlerefore they can also be factorized. In fact, ideals have a
these rotationally-equivalent constellations thaendamental unique prime factorization intprime ideals The prime ideals
constellations Of course if only limited measurements arare generated by prime elements.
made, then the ambiguities are even greater. Notice that(0) is a ‘special case’ of the ideals, in that it is

In this paper we provide analytical expressions for ththe only ideal that contains a finite number of elements. We
probability of acquiring one of the fundamental constellationssually take care to exclude this zero ideal from consideration.

Z=pip2...-PN



C. The Mbbius Function & Inversion Formula We consider flat fading channels with white Gaussian noise
The (classical) Mobius functionis defined on the rational (variancec?) in the receiver. The received symbols, are

integers such that therefore given by
0 if n has one or more repeated factors, yi = ARz + 1) + & ®)
puin) =<1 if n=1, where A > 0 (A and¢; are complex in the case of ASK).
(—=1)* i otherwisen hask prime factors The blind acquisition problem is to estimate based on
(1) Mmeasurements; without knowledge of4 and in the absence
A well known identity is that of training data. _
- In the case of\/-ary QAM the modulation process can be
b _ Zﬂ(n)nis' viewed as mapping the data toGaussianinteger, ;. The
C(s) = transmitted symbol is then given by the constellation point

2x;+1+7, representing the amplitude and phase of the carrier.

where((s) is the Riemann zeta fL_mct|o_n . Tlae transmitted value is assumed to lie inside 2a&t, which
There are a (great) number of inversion formulae associate

. o . : ... we call theconstellation shapegor an appropriate real scaling
with the Modbius function. One particularly useful here is if factor A > 0, andS a set satisfying the conditions that

> 1) |zP<i = ze8t
A(n) = B 2 2
(n) 7;_:1 (mn) 2) 2) |z >1 = z¢ S and

: i, 3) the area ofS exists,i.e, its indicator function is Rie-
for some functionsA and B defined on the naturals, then mann integrable. Recall that, given a $¢tC C and
> x € C, theindicator function®(i{,z) of U is defined

m=1 1 ifzxel,

Following [4], we can generalise thedWius function in the U, x) = 0 otherwise.

obvious way to ideals: simply replace the integer argument

in (1) with the argumen® (the context will make clear the The unit circle and the unit rotated-square are therefore
sense in which: is used). In particular, following all the sameacceptable choices fof, and correspond to constellation
arguments that lead to Theorem 270 in [3], we may restate gf)apes which are used in practice. Note that, implicitly,

and (3) in terms of ideals (see also [5]). is a function ofA.
Theorem 1:When R is the set of rational or Gaussian The received symbols are
integers, yi = AQui +1+5) +& (6)
/ ) / .
Am) = Z B(mn) iff Bn)= Z p(m)A(mn), where A is complex.
mCR mCR As mentioned previously, the fact thdt is complex leads

where A and B are functions defined on the ideals®f and 0 multiple fundamental constellations which are indistin-
where we usezl to indicate that the sum excludés) guishable regardless of the number of symbols measured.

We define a functiorf to bemultiplicative(when defined on T.O overcome this problem it is typical either to ‘Ya”S”"t. a
ideals) if f(mn) = f(m)f(n) whenever the greatest commorP'IOt symbol at the start of a block, or to employ differential
divisor is (1). Following [4], we can state the following encoding.
theorem. IV. M AXIMUM -LIKELIHOOD ESTIMATION

Theqrem 2:f fis defined on ?dea_tls iR, the rational or  The |og-likelihood function for PAM is
Gaussian integers, anflis multiplicative then

N Lean(%, A | y) =~y - A@x+ 1> (@
!
Z f(m) = H Z £(p") for admissiblex, where constant factors have been discarded,
nCR p prime k=0 Il represents the Euclidean norm of its argument,=
whenever either side is absolutely convergent. (1, @n), @ndy = (y1,...,yn). By admissiblex, we
mean that (4) is satisfied. For inadmissibklgthe likelihood
ll. SiGNAL MODELS is zero. The vectoll has1 in every element.

First let us examine th&/-ary PAM/ASK signal model with ~ From (7), it follows that the maximum-likelihood (ML)
Gray mapping and with\/ even. Thei!" symbol (in time) is estimate of A, given %, is the solution to a least-squares

a 2’s-complement signed integer;,. Thus, problem and therefore
—M/2 <z < M/2. 4 - 2% +1)"
/2 <@i< M/ (4) g = XDy @
For PAM, the amplitude2z; + 1 is transmitted (into the [2x + 1|

discrete-time channel), and for ASK it is mixed with a carrier 1, tact, it is possible to imprové to 1

- here, with only minor alterations
before transmission. to subsequent arguments.



Where two or more estimates have equal likelihood, we wirom the foregoing discussion, we know that a decoding error
choose the estimate for whichy_ is largest. can only occur when this g.c.d. is greater than 1. Hence,
Th rr nding expression n rived for QAM.
e corresponding expressions can be derived for Q Pr{E} = Pr{G>1}=1—Pr{G=1}.

V. ERRORANALYSIS IN THE ZERO-NOISE CASE . 0 .
) _ ) .. Using the Mdbius inversion formula (2), (3), we have that
As noted previously, even in the absence of noise, it is -

possible that the ML estimate is not unique. Pr{G =k} = Z 1(m) Pr{Djom }-
A. M-ary PAM me—1
First consider that when there is no noiggaw (%, A | y) Now, we would like to evaluate

equals zero for any admissibleand odd integek where _ _ o
A ) b1 Jim Pr{G =1} :N}@wzﬂ(k)Pr{Dk}.
=7 X =kx+ 5 1 k=1

Fortunately, these solutions do not present a problem to In order to exchange limits and summation, we apply the
Y: P P eierstrass\/-test to the summands. Observe that

ML estimation algorithm we have proposed, since we choose . N
the largest value ofl when there is a tie. A (k) Pr{Dy}| < (2 {M -1+ kJ) < <2> .
Clearly, A will not yield a ML estimate unlesg/A € Z™. SA\M 2k S \k

We already know thay /A = z = 2x + 1 is an integer vector. Now, whenn > 1,

Therefore, a necessary condition for an incorrect acquisition o N o

) - A . 2 _

is that there exists somé = yA with v > 1 such that Z ( ) —9n Z k=" = 2"¢(n) < oo.
k=1

. k
y/A=z/yer =i

. Hence, limits and summation can be swapped and we have
We see thaty cannot be irrational for them/~ could not be PP

integral. Sincey must be rational, writey = p/q wherep/q is . o — .

in lowest terms angh > 1. In order forz/~ to be integralp A}linoo PriG=1}= z_: ]\/}li»noo'u(k) PriD}

must therefore divide every element afHence, a necessary ko_ol

condition for a decoding error in the zero-noise case is that — pu(k)d(k)k™" 9)
ged{z1,...,2n} > 1 k=1

whered(k) is equal tol if m is odd or0 otherwise.

where ged {-} is the greatest common divisofy.c.d) of its oice that f(k) — u(k)d(k)k—" is multiplicative. There-
arguments. Notice that the g.c.d. cannot be even, since e by Theorem 2

of the z; are odd. If there is a g.c.d. greater than one, then it o
must be odd, and therefore each quotient with the g.c.d. isodd  Jim Pr{G =1} = H Zu(pk)d(pk)p*’m

too. Therefore, withy = p, the resultingk is also admissible, M—o0 » prime k=0
and we see that our necessary condition for making a decoding _ H (1 _ ,n)
error is also a sufficient condition. - e P
This leads us to the following theorem, which is very similar p > 2 prime »
in style to Theorem 3.1 of [6]. 1
Theorem 3:Let F represent the event that a ML decoding = H 1—pr
error is made on a series of noiseless observatignsg = | p > 2 prime
1,...,n,n > 1, of M-ary PAM symbols as defined by (5). If M o -1
each source symbol is independent and uniformly distributed — H Zp—nk
then 1 p > 2 prime k=1
lim Pr{F}=1— —«——. - -
Jim Prif} 1—2-7)C(n) '
= Z En
Proof: Let D, be the event thak divides eachz;. By Lk > 0 odd
a simple counting argument, and under the assumption of [ . . -t
independent and uniformly distributed source symbols, = Z k=" — Z k
9 | Me1dk |\™ Lk=1 k > 0 even
= | £ if kis odd, - oo -
PI‘{Dk}Z (ML 2k J) . B B 1
0 otherwise. =[(1-27")) k™
Let G be the g.c.d. of the;. Then we also have that B 1 =1
S ~(1—27)m)
Pr{D.} = Pr{G = mk}.
(D) Z { ! The result follows. [ |

m=1



Now (9) yields a very good approximation to the probabilitgondition for an acquisition error in the noiseless case is also
of a decoding error in the zero-noise case. We see that a sufficient condition.
. . n The procedure we used for obtaining an analytic expression
Jim Pr{G=1}=1-37"-5"+.... for the blind acquisition performance of PAM, can be extended
to this QAM case. Unfortunately we are limited in space, so we
state the following theorem without proof. Numerical results
Mlim Pr{E} ~37". are presented in Section VII.
- Theorem 4:Let E represent the event that a ML decoding
That is, the probability of a decoding error is dominated fQfrror is made on a series of noiseless observatipns =
largen by the probability that all the; are multiples of3. 1,...,n, n > 2, of M-ary QAM symbols as defined by (6).
If each source symbol is independent and uniformly distributed

Hence, we can approximate the decoding error for larges

B. M-ary QAM then
Let us now turn to theM-ary QAM case, for which we lim Pr{E}=1— 1
follow a broadly similar approach. However, for QAM, we A0 (1—-2"")B(n)¢(n)’

will find it convenient to use the Gaussian integers and idea\'ﬁhereﬁ
As with PAM, it is possible to maké&oam (%, A | y) equal
to zero. One solution isi = A, but so also isA = A/k VI. A DECODING ALGORITHM
where k is any Gaussian integer not belonging to the ideal |n this section, we discuss an algorithm for blind decod-
(14 j) = (1 —j) (cf. the PAM case, wheré could be any ing of the received data. Our approach is inspired by the
rational integer which did not belong to the id€a}, the even maximum-likelihood procedure, but is not necessarily ML.
numbers). Here, Let us first revisit the ML procedure for PAM. We define
X=kx+ —"1. the vector
1—3 z=2x+1.
In particular,k can be any unit. Therefore (and as we woul
intuitively expect), we can never determidleunambiguously:
rotations of any multiple ofr/4 are equally likely. Hence, it Ayl = y-z _
is necessary to use coding at the transmitter that is invariant Z-z 1zl

under such rotations. One option is differentially encoded (DEyhere . here represents the dot (inner) product @nis the

QAM. However, all other values df need not trouble us, sinceangle petweery andz. Substituting into (7), we find that

in that casgk| > 1, and we have designed our ML procedure e
Yy z

to choose that valug ofl with largest absolute value from LPAM(&,A 1Y) =y y+ L2
amongst all equally likely values. R Z-Z
Let us now examine if there is any othet that could Hence, the maximum-likelihood procedure is to find the vector
maximise the likelihood. First observe that, in the noiselegsconsisting only of odd-integer elements which lies closest to
case, they; can be written as y in angle, under the additional constraint that each element
. . of z is less thanM in absolute value.

yi = AQ+ I - jzi +1] = Bz Immediately, we can see that the ML procedure can be

where B = (1+j)A andz; = (1 —j)z; + 1. That is, the implemented, since the number of candidatectors to test is

z; are Gaussian integers which do not belong to the idef#pite. This is because of the constraint on the absolute values
(1+ j). Thez; also belong to the séi — j)\S. Writing B = of the elements of. The number of candidate vectorsis™.

(14 j)A, we see that it is a necessary condition for a decodifgnce this implies a running time for the algorithm which is

error in the zero-noise case that there be valuds gf B such exponential in the number of symbols, we seek some way of
that eliminating candidates from consideratiarpriori.

y/B =z/y e Z[i]" One way of achieving this is to notice that given any candi-

. date, the volume ifR™ that might contain superior candidates
where B = yB. Clearly, v cannot be irrational, so we must(candidates with higher likelihood) is a cone whose apex lies at
be able to writey = p/q in lowest terms, wher@, ¢ € Z[i] the origin, whose principal axis is in the directionyfwhose
and|p| > 1. We see thap must divide every:; and so base is one of the walls of the cupeM +1, M — 1] and on
the surface of which lies the candidateTherefore, given any
candidate, the search for a superior candidate can be expedited
Note thatp is not a multiple ofl + j because none of the by restricting the search to the interior of the cone so defined.
are. Therefore, withy = p, each of the quotients;/p is also If a superior candidate is found, the cone is narrowed and the
not divisible by1 + j. Furthermore, we also see that, becausearch repeated. When no superior candidate can be found, the
of the properties ofS, the fact that thez; are in(1 — j)\S candidate must be ML. This is a similar approach to that used
implies that the quotients are also in this set, sim% > 2. for sphere decoding/], and this might instead be calledne
Hence, the quotients are also admissible and so the necessagoding It is also an example odimultaneous Diophantine

(s) is the Dirichlet beta function

P—'rom (8), we find that

N>

_ llyl[cos®

— — |ly|*sine.

lged {z1,..., 2} > 1.



approximation (with respect to the Euclidean norm; in theSNRs less than 40dB. Second, we observe that high SNR
relative sense) [8]-[10]. values for the simulated data are lower than those predicted.
Insofar as the similarity with sphere decoding extends, W&hile this requires more investigation, the authors hypothesise
note that the best known algorithms for sphere decoding whitltat it is due to the finite constellatiall = 64, where as the
guarantee that the most likely candidate is found havelimiting BER was derived assuming an infinite size lattice.
running time that is exponential in the dimension. Instead,
we seek an algorithm with a running time that is polynomial
in the dimension (number of symbols). For this reason, we This paper presented an analytic lower bound on the prob-
propose a slightly different approach. ability of correct acquisition for blind reception of PAM and
Unfortunately there is not enough space here to provide fiSK digital modulation signals, as a function of the number of
details of the algorithm, however it is essentially a ‘neare§teasured symbols. QAM signals were also discussed, as was
integer point’ problem which can be tackled using Babaig new acquisition algorithm. The analytic expressions were
algorithm [11]. While Babai’s algorithm does not guaranteghown to match simulated results. Extensions are possible to

VIII. CONCLUSIONS

that the nearest point will be found, it instead guarantees tiggguency selective channels and other modulation formats.

a point will be found whose distance is within a known factor
of the shortest distance. Importantly, it finds such a point in
polynomial time.
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VII. SIMULATION RESULTS

Simulations are now used to compare the theoretical results
for decoding errors in the high SNR case against a practicéll
implementation of our blind decoder. The performance 0[2]
the Babai decoder was tested for 64-DEQAM, and a value
e = 1/99 was used. Blind acquisition was performed based on
a finite number of received symbols. Figure 1 presents results
for the cases» = 3 to n = 7, and the SNR over a range
from 28dB to 66dB. The acquisition algorithm simulation[4]
results are plotted with discrete symbols (and of course longer
running-times would smooth out the points). The analytic
limiting BERs derived using Theorem 4 are plotted as dottetb]
horizontal lines. The BER is derived from the expression for
Pr{E} by assuming that, when a decoding error is made ofs]
a block of symbols, we expect half the bits will be wrong,
otherwise there will be, of course, no bit errors. Hence, th?,]
limiting BER is taken to bePr { E'}/2.
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Fig. 1. Blind decoding performance for 64-DEQAM.

First, we observe that for each valuewof the simulations
show the BER reaches its asymptotic (‘high SNR’) value for
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